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LOCAL L2-BOUNDED COMMUTING PROJECTIONS IN FEEC

DOUGLAS ARNOLD™® AND JOHNNY GUZMAN?

Abstract. We construct local projections into canonical finite element spaces that appear in the
finite element exterior calculus. These projections are bounded in L? and commute with the exterior
derivative.
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1. INTRODUCTION

Bounded commuting projections are a primary instrument in the finite element exterior calculus (FEEC)
[1-3]. In particular, the existence of such projections from the Hilbert variant of the de Rham complex to a
finite dimensional subcomplex is the primary requirement for stable Galerkin approximations for the Hodge
Laplacian ([3], Thm. 3.8). Error estimates for the Galerkin approximation then follow. For this, the projections
must be bounded on the space of L? differential forms with exterior derivative in L2. A stronger condition is
that the projections are bounded on the larger space L2, which is a primary requirement to obtain improved
error estimates ([3], Thm. 3.11) and also to convergence for eigenvalue problems ([3], Thm. 3.19).

The first commuting projections were developed by Schéberl [15] and later by Christiansen and Winther
[4], who treated non-quasiuniform meshes and spaces with essential boundary conditions. In particular, the
projection [4] is bounded in L2. However, the projections [4,15] are not local, meaning that the projection of
a form u on a simplex T does not depend solely on u on a patch of elements surrounding 7. More recently,
Falk and Winther [9,10] constructed commuting projections that are local and defined for L? bounded k-forms
with its exterior derivative also belonging to L?. More recently in two and three dimensions, Ern et al. [8] have
developed commuting projections for the last part of the de Rham complex that are local and bounded in L?2.
Bounded commuting projections that are local may also be used to obtain error estimates in other norms such
as L> [7,11].

In this paper, inspired by the techniques of Falk and Winther [9], we construct local, L?-bounded, commuting
projections from the de Rham complex in any space dimension onto subcomplexes consisting of finite element
subspaces formed with respect to arbitrary simplicial meshes. To keep the presentation as simple as possible
we give details in the case of trimmed finite element spaces P, , although the results will also work for the full
polynomials spaces. While there is overlap, there are also important differences between the work here and that
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in [9]. That paper makes use of weight functions z’]ﬁ ([9], pg. 2642) which belong to the finite element spaces.
Here, instead, we use weight functions Z¥ (o) that are not finite element functions. Their use allows us to avoid
an extra correction step that seemed to be required in [9]. In order to define Z¥(o) we use the formal adjoint
of the exterior derivative and bubble functions to guarantee smoothness across interelement boundaries. Our
functions Z¥ (o) rely on the existence of regular potentials for closed forms on contractible domains, for which
we rely on the work of Costabel and McIntosh [5]. In particular, we use these results on the extended patch of
a subsimplex.

As in [9], we also first construct the projection onto the lowest-order space (e.g., the Whitney forms [16]).
Then our projection for higher order elements uses the lowest order projection. An important difference is that
we use alternative degrees of freedom for higher order elements. The degrees of freedom are essentially the ones
used in the projection-based commuting interpolants developed by Demkowicz and collaborators [6]. In fact,
the degrees of freedom which we use are exactly the generalization of the degrees of freedom of the ones used be
Melenk et al. [14]. These degrees of freedom we allow us to define the higher order projections more efficiently.

The paper is organized as follows. In the next section we give some preliminaries. We then state the main
result, Theorem 3.1, in the following section. In Section 4 we assume the existence of the weight functions Z¥ (o)
satisfying certain requirements, and use them to construct the projections onto the lowest-order spaces, i.e.,
the spaces of the Whitney forms [16]. In the next section, we build on the lowest-order case to construct the
projection onto higher order finite elements, concluding with the proof of the main result of the paper. Finally,
in Section 6 we give the deferred construction of the weight functions Z¥ (o).

2. PRELIMINARIES

2.1. Differential forms

The space of differential k-forms with smooth coefficients on a domain S is denoted by A*(S). The larger
space allowing L? coefficients is denoted by L2A(S) and similarly H*A*(S) denotes the space of k-forms with
coefficients in the Sobolev space H*(S). The exterior derivative, denoted by d*, maps A*(S) — A¥*1(S) and
extends to the spaces with less regularity. Finally, we define

HAR(S) :={u € L*A*(S) : d*u € L2A*T1(Q)}.

The Hodge star operator « maps L2A* isomorphically onto L2A"~* for each k. Using it we define the formal
adjoint of d*~! by:
Spw = (=1)F x7 1 d"F(xw) for w € A%(Q),

and the spaces
HsAR(S) = {v e L?A*(S) : 6o e L2A*Y(S)},  HsA®(S) = {v e HsA*(S) : traggxv =101},
the latter incorporating boundary conditions. The adjoint relation between d and d may be expressed as
<dkw,v>s = <w,5k+1v>s for w € HA®(S),v € HyA*1(9), (2.1)

where (-, - ) is the inner-product of L2A**1(S). We let [0]1Z25) = (v,v) ;. We simply write (-, - ) when the
domain S is understood from the context.

2.2. Simplicial complexes and co-boundaries

Let Q@ C R™ be a bounded domain and let T}, be a simplicial triangulation of {2 consisting of n-simplices. We

assume the shape regularity condition

h
— <Cs, o€y,
Po
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where p, is the diameter of the largest inscribed ball in o, h, is the diameter of o, and Cg > 0 is the shape
regularity constant. Closely related to the triangulation T} is the associated simplicial complex A(T},) consisting
of all the simplices of T}, and all their subsimplices of dimension 0 through n. We denote by Ax(7%), or simply
Ay, when the triangulation is clear, the collection of all the simplices in A(J},) of dimension k. If zg, ..., 2, € R™
are the vertices of o € Ay, we may write [zo, ...,z for o, the closed convex hull of the vertices. Often we need
to endow a simplex with an orientation. This is a choice of ordering of the vertices with two orders differing by
an even permutation giving the same orientation. If we select an ordering of all the vertices of T}, this implies
a default orientation for each of the simplices in A(J7,).

Let x1,...,xzny be such an enumeration of the vertices of the mesh and let A{,..., Ay be the continuous
piecewise linear functions such that A;(z;) = 6;;. For 0 = [z;,,...,x;,] € A, we define the bubble function

bg = /\io/\i1 N ')‘inv

a non-negative piecewise polynomial with support equal to o. To any simplex o = [z;,,...,z;,] € A(Th) we
also associate the Whitney k-form ¢, € HAF(Q) defined as

k
Bo = KUY (=1 N dNiy A= dAg A Ad, .
=0

For o € A(T},) we define the star of o as

st(o) = U 7, where st(o0) ={17€ A4, : 0 C7},
TESty (o)

i.e., the union of all n-simplices containing . The extended star of o is given by

es(o) = U 7, where esp(0) ={17€ A, : aNT#D},

TEesp (o)

the union of n-simplices intersecting o. As in [9], we assume that es(o) is contractible for all o in A(T}), as is
usually the case.

Associated with the simplicial complex are a chain complex and cochain complex. The space of s-chains is
the vector space

Cr:={ Z a,0 : ay ER}
oEAL

where o is given the default orientation and the same simplex with the opposite orientation is identified with
—o. The boundary map O : Cx — Cx—_1 is defined for o = [xg,...,xx] € Ag by

k

Opo = Z(—l)j[xo,...,fj,...,mk].

Jj=0

The dual space of € is the space C* of cochains. The basis Ay, for chains, leads to the dual basis o*, 0 € Ay,
for cochains, defined by
o*(1) =05r, 0,7 € Ag

(using the Kronecker delta). The coboundary operator d* : € — C*+1 is defined by duality in the usual way:

d*X (1) = X(Ops17), T € Cpy1, X € CF. (2.2)
For the coboundary operator applied to a basis cochain we find that
dk[moxl ozt = Z [ zoxy ... zk]". (2.3)
A<PAY

[ xowy...xk] EAR1
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2.3. The FEEC forms
For integers 0 < k < mn and r > 0, the space of trimmed polynomial k-forms of degree r on R" is
PoARR™) = Pp_ 1 AF(R™) 4+ kP, AFFL(R™)

where  is the Kozul operator (see [2]). For a simplex 7 in R™ of any dimension, the trimmed space on 7 is
given by restriction: - A*(7) = {tr,v : v € P AF(R") }. Associated to any triangulation Tj, of R™ and to the
integers k and r we then have the global trimmed finite element space P,- A¥(T7,), which is defined as

PoART) ={ve HA* : v|p € PoART), VT € A, ).

The Whitney forms ¢,, 0 € Ay, form a basis of P; A*(T3). The space P;- A¥(T3,) decomposes into a kernel
portion and its orthogonal complement:

3P AR(T) = {v e P AN Ty) - dv =0},
3P AR (Ty) = {w e PrAR(TR) ¢ (w,v) =0,V € 3P, A% (T,) }.

For a k-form v that is smooth enough to admit an L! trace on some o € A(T}), the de Rham map defines
the k-cochain R*v by

RFv(o) :/trav, o€ Ag.
From Stokes theorem we easily see that
RE(d* 1) (o) = RFLu(r0). (2.4)

The Whitney interpolant W* : ¥ — HA*(Q) is defined in term of the Whitney forms by W*(c*) = ¢,, so

WHX) = 3 X(0)ds

ocEAy

The following properties of the Whitney interpolant are crucial (see [16], (4), (5) in pg. 139)

RFWEX = X, X e ek, (2.5a)
d"Wk(X) = wkr(dFX), X eek, (2.5b)
supp ¢, C st(o), o€ Ag. (2.5¢)

In particular, (2.5a) gives for o € A,
REGo(T) = 057y, 0,7 € Ag. (2.6)

It is easily shown that
n_k

P llL2st(o)) < Cwhs —, o€ Ay, (2.7)

where h, is the local mesh size near 0. (We may define h, precisely as the diameter of ¢ if s > 0 and as the
diameter of st(o) if o is a vertex.)
Now that we have introduced the Whitney and de Rham maps we can define the canonical projection, IT¥
onto the Whitney forms, which is given by
Iy .= WFRF,
Since we are assuming that es(o) is contractible for all ¢ € A(T},), the local spaces P~ A%(es(0)) form an
exact sequence; see [1,2,9].
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Proposition 2.1. Assume es(o) is contractible. For any o € A(Ty,) and r > 1 the following sequence is exact:
C dO dl m—1
R —— P-A%esy(0)) — Py Al(esp(0)) — -+ —— P A"(esp(0)) — 0. (2.8)
We will also need a discrete Poincaré inequality on the extended star es(o).

Proposition 2.2. There exists a constant Cp such that for all o € A(T},) one has
0]l 2(es(o)) < CrhalldlL2(es(on), v € 3P, A(esn (o). (2.9)

To prove this one uses the equivalence of norms on a finite dimensional space, together with a compactness
argument and scaling by dilation. See ([2], Sect. 5.4) and ([9], Sect. 5) for similar arguments.

The following proposition can be found Costabel and McIntosh ([5], Thm. 4.9(c)). It is proven using a
generalized Bogovskii operator.

Proposition 2.3. Let D be a bounded, contractible, Lipschitz domain. Let u € }OL;A’“(D) satisfy opu = 0, and
also [, uvol® =0 if k = 0. Then there exists p € H' A¥T1(D) such that 0j41p = u. Moreover,
lpla 0y < Cpllullz2(py- (2.10)

Using Friedrich’s inequality (see [12]) we have that ||p[/z2(py < Cdiam(D)Cp||ul|z2(py. In [5] the authors do
not track the constant Cp. However, in [13] it is shown that if D is star-shaped with respect to a ball of similar
diameter then the constant Cp can be bounded. Moreover, in Theorem 33 of [13] bounds for the constants in
slightly more general cases are given. However, for arbitrary o € A(J}), the patch es(o) need not be star-shaped
with respect to a ball and we cannot show that in general it satisfies the conditions of ([13], Thm. 33). Therefore,
we assume that the constants Cey(,) are uniformly bounded.

Assumption 2.4. Proposition 2.3 is true when D = es(o) for all o € A(Ty) with constants Ceg(y uniformly
bounded.

Using that diam(es(c0)) < Ch,, we obtain the following result, which will use below.

Proposition 2.5. Let 0 € A(Ty). Assume the hypotheses of Proposition 2.3 with D = es(o) and also Assump-
tion 2.4. Then there exists a constant Cs > 0 such that

oMl L2 (eso)) < Cshollull L2 (es(o))s (2.11)
where p is the function defined in Proposition 2.3.
3. MAIN RESULT

We now present the main result of the paper.

Theorem 3.1. The operator w¥ : L2AX(Q) — P A*(T},) defined below in (5.2) is a projection. It commutes
with the exterior deriwative:

d*rhu = kb, we HAR(Q). (3.1)
Moreover, if the mesh is shape reqular and Assumption 2.4 holds, then we have the local L? estimates
HﬂlquLZ(T) < Cllullzz(es(ry), T € An, (3.2a)
|7kull 2y < Cllullrzesz(ry), T € An,r > 2, (3.2b)
where
es’(0) = U es(T)
TCes(o)
TeA,

The construction of the operator 7% and proof of the theorem is carried out in the remaining part of the paper.
In the next section we begin with the construction in the lowest order case.
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4. PROJECTION FOR THE LOWEST ORDER CASE r = 1

In order to motivate our construction of an L?-bounded projection, we recall the canonical projection which
maps an element u € A¥(Q) to

Miu = WERFu = >~ RFu(0)¢, € Py A*(T). (4.1)
oEAL

In order that R¥u(c) be well defined, tr,u must be defined and integrable. This is not the case for general
u € L2A¥(Q) when k < n. To obtain a projection that is well defined for u € L2A*(£2), we replace R¥u(c) with
(ZF(0),u) for a suitable Z¥ () € L?A*(9). (The subscript r, which refers to the polynomial degree, is introduced
for the higher-order projections introduced in the next section.) In this section we state the properties required
of the differential form Z¥(c) and, assuming that such a form exists, develop an L2-bounded projection into the
Whitney forms. We will verify the existence of a suitable form Z¥ (o) in Section 6.

Precisely, we shall show that for each » > 1 and 0 < k < n there exist a linear operator Z,’f : G — I;[(;Ak(ﬂ)
which satisfies

<Zf(a),u> = R*u(0), u € P AR(Ty), o € Ay, (4.2a)

SkZF (o) = 281 (0po), o€ Ay, (4.2b)

supp Z¥ (o) C es(o), o€ Ay, (4.2¢)
||Zf(0)||L2(es(g)) < C’Zh;%Jrk, o€ Ay (4.2d)

Definition 4.1. We define P* : L2A¥(Q) — P] A*(T},) as

Pru:= > (Z¥(0),u)d,.

cEAL

It follows directly from (4.2a) and (4.1) that P* is an extension of Hﬂ?:A’c(ﬂ):

T
Lemma 4.2. For any r > 1, the operator P¥ : L2A*(Q) — P A¥(T),) satisfies
Pru=T10u, ue P A(T). (4.3)
Moreover, the operators P* form bounded commuting projections:

Theorem 4.3. The operator P¥ : L2A*(Q) — Py A*(T3,) is a projection and the following commuting property
holds:

d*Pru = PF by, w e HAR(Q). (4.4)
Moreover, if the mesh is shape-reqular and Assumption 2.4 holds, we obtain the following bound:
HPfUHLz(T) < C”uHLz(es(T))a TeA, ue LQAk(Q) (45)

Finally,
/tr(,Pfu = / trou, o € Ap,u € P AR(T). (4.6)

Proof. The fact that P¥ is a projection follows from (4.3) and the fact that I} is a projection.

T
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To prove (4.5), let T € A,. Since #{0 € A, : 0 C T} =¢; := (}1]), we have

k+1
||PfUH%2(T) = Z Zk ¢a||L2(T) <a Z | Zk U>\ ||¢o||L2(T)
o€EA o€EA
oCT oCT
<a Z ||u||L2 (es(o) |Zk( )||%2(es(a'))||¢0”%2(T)
ocEA
oCT
<e10wCz Y [ulizestoy < ACWCollullZz ooy
JEATk
oC

where we used (2.7), (4.2d). To prove (4.4) it suffices to prove
RFFY(@* Pru) (1) = REFY(PELaku) (1), 7€ Apyq. (4.7)
To this end, let 7 € Agy; and use (2.6) to re-write the right-hand side as
RE(PEG) (1) = D (254 (p), )R, (r) = (Z1(7), d¥u).
PEAL 11

To treat the left-hand side we write
OT =00+ + Ort1, (4.8)

where the o; € Ay, are the k-faces of 7. By (2.3), d*o is the sum of terms * where 7 runs over the (k + 1)-
simplices which contain o; (taken with proper orientation), and, in particular, includes 7. Using again (2.6) we

see that
REFLWHFH (dRe)) (1) =1, 0<i<k+1, (4.9)

while, if o € A and o is not contained in the boundary of 7, then

REFLWHRH (dRo*)) (1) = 0. (4.10)
Therefore,
REFUAPIu)(7) = D (Z7(0), )R (d o) (7)
oEAL
= Z <Z7’f(0),u>ka+1(Wk+1(dka*))(T) by (2.5b)
gEA
k+1
= (Z(oi),u) by (4.9), (4.10)
i=0
= (23 (O 417), ) by (4.8)
= {8k ZETH(7),u) by (4.2b)
= (ZE1 (1), d"u) by (2.1)
Thus, (4.7) holds. Finally, (4.6) follows from (4.3) and the definition of IT¥. O

We see that 7¥ := PF is our desired projection in the lowest-order case. In the next section we will obtain the
projection in the higher order case r > 1 as a correction to Pf.
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5. HIGHER-ORDER ELEMENTS

5.1. Idea of the construction

Next we discuss the strategy for constructing the projection in the general case. The first step is to decompose
the space P A*(T}) using the projection IT§. For each » > 1 we have

Py AN(Ty) = TP, AM(T) @ (1 — )P, AK(T,) = PrAM(T,) @ MY,

where we have set M* = (I — II¥)P; A¥(T7,). Note that
MF ={ve P A*T,) : i =0} = {v e P ART)) : /trgv =0,Vo € Ay }. (5.1)

In particular, M = 0. Also, using Stokes theorem we easily see that the spaces MY with r fixed and k
increasing form a sub-complex of the complex formed by the P~ A*(T3,). The key step is to construct a projection
QF : L2A*(Q) — MF that is local, L?>-bounded and commutes with the exterior derivative

d*QFu = QM 'dFu, we HA¥Q).
Then we define 7% : L2A*(Q) — P A¥(T},) for all r > 1 as
7 = PPu+ Q% (u — PFu), we L2A%(Q). (5.2)

If u € P A¥(T,) then u — PPu € MF by (4.6) and hence mFu = u, so 7% is indeed a projection. Moreover, one
can easily show that it commutes with the exterior derivative.

5.2. Alternative degrees of freedom for v € P A¥(7)

We now turn to the key step of constructing the projection Q¥. For this, it is useful to use degrees of freedom
(dofs) for the space P;- A*(T},) different than the canonical degrees of freedom described in [2]. Instead we will
use dofs developed by Demkowicz and collaborators [6], a generalization of the ones found in Melenk et al. [14].

Let 7 be any simplex and consider the polynomial differential form spaces P,- A*(7) and UDJT_ Ab(r) = {v €
P-A*(7) : trog,v =0} where k < dim 7. We have the following exact sequence

o d o d N . d o . T
0 — P A1) — P ANT) — - PoANMT () s PpoAdMT() s R —— 0. (5.3)
Letting
v P Ak (1) kE<dimr
PrAF(r)y =" 27 ’
AT {{UE?:Ak(T) : [,v=0}, k=dimr,
we obtain the exact sequence:
y d d a .
0— PA%1) — PoAYNT) — - — PoAMT(r) — 0 (5.4)

Next, we decompose 5’: A¥(7) into the kernel of d and the space orthogonal to the kernel:
PrAk(r) = 3P AR (1) @ 3L P AR(r), (5.5)
where

3P AR = {ze P AR(r) 1 dz=0},
3P AR(r) = {n e P AR(r) ¢ (n,z)_ =0,Yz € 3P A" (r) }.
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Note that 3P-AR(r) = PrAR(7) when dim7 = k. Similarly, P A¥(7) decomposes into 3P; A*() and
3LPAR(T).
We know that ([2], Thm. 4.14)
dim P A*(7) = dim Py oy p—dim r—1 A TF (7). (5.6)
In particular, P A%(r) = 0 if dim 7 < k or if dim 7 > r + k. Therefore, by ([2], Thm. 4.13) that

dim Py AMT) = > dim Py AR(r). (5.7)
TEA(T)

In order to introduce the dofs efficiently we define the bilinear form
(u,v), = <P7u, P.,—’U>7_ + <du, dv>T, u,v € HA*(7),
where P, is the L2-orthogonal projection onto 3‘5’: A¥(7) given by
<P7u,w>T = <u,w>T, w e 3P A (7).

Note that (-, - ), is an inner product on the space P A¥ (7).
We now give the dofs for P, A¥(T') and prove their unisolvence.

Lemma 5.1. Let T be a simplex. Then, w € P, A¥(T) is determined by
{trrw,y),, yePraf(r), r € AT). (5-8)

Note that (5.8) is vacuous unless k < dim7 < r + k.

Proof. By (5.7) the total number of dofs in (5.8) is the same as the dimension of P,” A*(T'). Suppose that the
dofs (5.8) of w vanish. We must show that w = 0. We can do this by induction on dim7. The base case
dimT = 0 is trivial. By the induction step tr,w = 0 for all 7 C A(T) with 7 # T which in particular implies
that w € j”;/lk(TD). Thus, choosing 7 = T and y = w in (5.8) gives that (w,w)r = 0. Since (-, - )7 is an
inner-product on P;- A*(T), this implies that w = 0 O

As a corollary we immediately obtain dofs for the global finite element space P,” A¥(T7,).
Corollary 5.2. A differential k form w € P,;- A*(T},) is uniquely determined by

(trrw,y)-, y € PrAR(T), T € A(Th).
Remark 5.3. Let dim7 = k. Then the volume form of 7, vol;, belongs to j’;/lk(r) for all » > 1 and thus
[ w=(w, volT>T = (tr,w,vol, ), is always a dof of w € P;- A*(T},). If r = 1 then these are the only dofs given
in Corollary 5.2 and they coincide with the canonical dofs in the case r = 1.
In fact, based on this remark we have the following corollary.

Corollary 5.4. A differential k form w € MF is uniquely determined by

(trrw, y)-, y e PrA*(r), T € A(T)).
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5.3. Discrete extensions

In this subsection we define some key spaces and extension operators. A differential form w € P A*(T3,) is
determined by the dofs given in Corollary 5.2. For o € A(T},), we define G¥ (o) as the space of all w € P,- A¥(T},)
for which all those dofs vanish except those associated to the simplex 0. We note that G¥(o) = 0 if dimo < k
or dimo > r + k. In any case, if w € G¥(o), then suppw C st(o).

A simple consequence of Lemma 5.1 is the following:

Lemma 5.5. Let v € G¥(0), and suppose that T € A(Ty) does not contain o. Then,
trrv =0. (5.9)
In particular, this occurs when dim7 < dimo or dim7 = dimo but 7 # o.

Next we define an operator from E, : HA¥(o) — G¥(o) as follows. For any p € HA(0) let E,p € G¥(0)
satisfy

(troEop,y)o = {p:y)os v € Py A% (0). (5.10)
Note that E, maps a k-form on ¢ to a piecewise polynomial k-form on 2. In view of Lemma 5.1, we see that

v = Eytrou, v e GFo). (5.11)
The next result shows that the operator E,, is an extension operator if we restrict ourselves to j’; AF (o) and
that it commutes the exterior derivative if we further restrict ourselves to P A* (o).
Lemma 5.6. Let 0 € A(T,), 0< k <n andr > 1. Then,
tro Eop = p, pe P A (o), (5.12)
dE,p = E,dp, pe P A 0). (5.13)
Proof. We prove (5.12) first. Using (5.9) we have that tr, E,p € P A*(0). Then, ¢ = tr,Eqp — p € TJD’;A’“(U)
and it satisfies
<<¢7 y>>a' =0, ye€ j:);Ak(O—)

From this we conclude that ¢ = 0 which proves (5.12).
Next we turn to the proof of (5.13). Let p € P A*¥(0) and set w = dE,p — E,dp € Py A*+1(T},). We will
show that

(trrw,y), =0, yePrA(r), 7 e A(Ty). (5.14)

This in turn implies that w = 0 by Lemma 5.8. We consider separately the cases 7 # o and 7 = 0.
Case 1 : 7 # 0. Since E,dp € G¥*1(0) and 7 # o we have

(trrw,y)r = (trrdEsp,y) - = (tr-dEqp, PTy>T,

where we used that d od = 0. We only need to consider the case dim7 > k + 1 since otherwise ﬁ): ARy = 0.
If dim7 > k + 1 then by the exact sequence (5.3) we have that P,y = dm for some m € 3P A*(7). Hence,

(trrdEsp,Pry) = (trrdE,p,dm)_= (tr-Egp,m), =0, (5.15)

where we used that P,m = 0 and then that E,p € G¥(c). On the other hand, if dim 7 = k + 1, then we chose
¢ € Rso that fT(PTy—cvolT) = 0. Thus, again by the exactness of exact sequence (5.3) we have P,y—cvol, = dm

for some m € 3P A¥(7). Hence, using (5.15) we have

<terEUp, PTy>T = <terEUp, dm>T + c/

T

trdE,p = c/terEUp.
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Then, if we write 0T = Zle n; where n; € A,(Ty,) we have using Stokes formula

¢
/terEap=Z/ try, Esp.
T i=17"M

If n; # o then fm tr,, E;p = 0 since E,p € G¥(0) where we used Remark 5.3. If 7, = o then using, (5.10), and

Remark 5.3 we get fg troEsp = fa tr,p = 0 where we used our hypothesis that p € j’;/lk(a). Thus, we have
shown (5.14) in the case 7 # 0.
Case 2 : 7 = 0. Using the definition of E,, (5.10), and (5.12) we have

(trow,y)o = (tro (dEsp — Eydp),y)o = (d(trs Eop — p),y)o = 0.
0

In order to define the projections it is helpful to identify an orthonormal basis for j’; A (o) which we will
denote by p¥(s). For 0 < k < dim o we let 351 (o) be a basis of 31P A*(o) satisfying

(p:0)o = 0pgy  Pra €377 (0). (5.16)
For 1 < k < dimo, we define 3¥(c) := {dp : p € 35711 (0) } and if k = 0 define 32(0) = (. Finally, we define
pr(o) = 35(0) Ugy (). (5.17)

That this is a basis of P A¥(c) follows from the exactness of (5.3). Indeed, it is an orthonormal basis with
respect to the inner product (-, - ),:

(p.0)o = 6ps,  Drq € L(0). (5.18)

We can use these orthonormal functions to give a representation formula for any MF. This follows from
(5.18), Corollary 5.4, the definition of E, and (5.12).

Lemma 5.7. Any u € MF can be uniquely written as

u = Z Z (trou, 9)o Esg. (5.19)

oc€A(Tn) gepf(o)

5.4. The projection Qf

In this section we construct the projection Q¥ : L2A*(Q) — MF and show that it is bounded and commutes
with the exterior derivative. Following (5.19) it takes the form:

qu = Z Z <u, U’,f(o7 g)>Egg, u e L?A%(Q).

o €A(Th) gEpk(a)

Therefore we first construct the k forms U (o, g) and establish their key properties. As usual, let 0 < k& < n and
r > 1 be integers. The k-forms U are linear operators of the second argument

UF(r) : P AR (r) — HsA*(Q), g~ Uk(r,9),

to be defined for each 7 € A(T3). To define U%(7) we make use of the space MF (sty,(1)) = {v|s(r) : v € MF},
defined by (5.1) with the triangulation T3 replaced by the subtriangulation st (7). We will also use the function

bri= Y b, (5.20)

o€Estp(T)
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which is the superposition of the bubble functions on the n-simplices comprising st (7). Clearly it is supported
in st(7) and vanishes on any simplex in T}, of dimension less than n.

Turning to the definition of U¥(7), we note that if dim7 < k, then P A*(7) vanishes and so U¥(7) = 0. For
k < dim 7 we define U¥(7) separately on 3P A*(7) and 3-P7 A*(7), namely we define

UN(r.9) = b-B, g€ 3P, A7),
where 3 € M} (st (7)) is the unique solution to
<bTﬁ7 u>st(7) = <g,tr7u>T7 u € MF(sty (7)), (5.21)

and o
UI:(Tv g) = 5k+1U7]f+1(7-ﬂ dg)v g € EL?;Ak(T)

The following lemma establishes the properties of U¥(7).

Lemma 5.8. For every 7 € A(Ty) the following properties hold:

(u, Uk (r, 9)) = (trru,g)-, g e PrA (1), ue MF, (5.22a)

Sr1Up (7, dg) = UR(7, 9), g €3 P Ak (r), (5.22Db)
supp U¥(7, g) C st(7), g e PrAR(T), (5.22¢)
U7 (7, dm)l| 2y < Cob{T™ 772, m € 571 (7). (5.22d)

Proof. We see that (5.22b) and (5.22c¢) follow immediately from the definition of U. Let us prove (5.22a) first
in the case g € 3P A*(7). In this case dg = 0 and g = P, g and so

<u, U (r, g)> = <g,tr7u>7 = <PTg, PT(trTu)>T = (trru, g) -,

where we used (5.21). On the other hand, suppose that g € 3P A*(7). Then we note that dg € 3P A1 ()
and so by the previous case (du, UF(7,dg)) = (tr-du,dg), for any u € MF since du € MF*!. Thus, for u € MF
we can use the definition of U and integration by parts to get

(u, Uk (r, 9)) = <u,5k+1Uf(T, dg)) = (du, U (r, dg)) = (trrdu, dg)..
Using that dodg =0, P,dg = dg and P,g = 0 we get
(trrdu,dg), = <P7(tr7du), Png>T = <dtr7.u, dg>T = (tryu, g)-.
This proves (5.22a). The estimate (5.22d) follows from a scaling argument. [

Before proving the main result of this section we will need the following estimate that follows from the
definition of E; and a scaling argument

1 n—dim 7 —
EHEr(m)HLZ(s«;(T)) + (| Er (dm)l| 2 s(ryy < BT moe 5 (7). (5.23)
Lemma 5.9. The operator QF : L?A*(Q) — MP is a projection and the following commuting property holds
d"QFu = Q' dFu, we HA¥Q). (5.24)

Moreover,
HQqu”Lz(T) < C”UHLz(es(T))a TeA,. (5.25)
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Proof. The fact that QF is a projection follows from (5.19), (5.22a). To prove (5.24) we use (5.13) and (5.17) to
get
dQfu= " > (U(o,9),u)Es(dg)= > > (Ui(0,9),u)Es(dg).
c€A(Th) gEpk(o) TEA(TR) gezht (o)
On the other hand, using integration integration by parts we obtain

QFdu = Z Z (UKt (g, m), du) E;m = Z Z (SUFtY (g, m), u) E;m.

oEA(Th) mephtl(o) cEA(Th) mepht! (o)

If use (5.22b) then we see that §U**1(o,m) = 0 when m € 3¥*11 (). Hence,

QM ldu = Z Z (8UKTY (o, m), u) E;m = Z Z (UKt (5, dg), u) E,(dg).

T€A(Th) mezitt (o) TEA(TH) geskt (o)

We now see that (5.24) follows from another application of (5.22b). Finally, one can easily establish (5.25) using
(5.23) and (5.22d). O
5.5. The final projection

Having defined Q¥, the projection 7% : L2A*(Q) — P~ A*(T},) is defined by (5.2). As pointed out there, it is

indeed a projection operator. Moreover, since M{ = 0, the operator Q¥ vanishes and so 7¥ coincides with PF.

We can now prove our main result, Theorem 3.1.
Proof of Theorem 3.1. From (5.24) and (4.4) we obtain the commutativity:
d*rku = d* PPu + d*QF (u — PFu) = PF1dRu 4 QF (dFu — PP dRu) = ni i dR.

The result (3.2) follows from (5.25) and (4.5). O

6. CONSTRUCTION OF ZF

It remains to construct the linear operators Z¥ : @, — HyAF(Q) satisfying the properties (4.2a)—(4.2d) whose
existence was asserted in Section 4. We will again use a superposition of bubble functions as in (5.20), but now
defined with respect to the extended star of a simplex:

br= > b

o€esp(T)
Thus b, is supported in es(7) and vanishes on any simplex in T} of dimension less than n.

Lemma 6.1. Let 0 € Ay, and let L : 3+P; AF(esy (o)) — R be a linear functional. Then the following problem
has a unique solution:
Find v € 31+P Ak (esp(0)) satisfying

<bgdkv, dku> =L(u), wue 3P A%(esy(0)). (6.1)

Proof. This is a square linear system and therefore we only have to prove uniqueness. Suppose that
<hgdku7 dku> = 0 for some u € 3-P;” A¥(esy,(c)). Then, given the property of b, we have that for each 7 € A,
with 7 C es(o) we have that d*u vanishes on 7. Hence, d*u vanishes on es(c) or u € 3P, A*(esy(0)). Thus, u
must be zero. O
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We also need the following bound that follows from inverse estimates:
R¥(w)(0) < Chy # ¥ [ull 2 ey, u € Py A¥(esu (o). (6.2)
Finally, we will need the following result which follows from a scaling argument:

1Vbodpll 2(es(o)) < CllbodpllL2(es(oy)s  p € Py A¥(esn(0)). (6.3)

Theorem 6.2. Assume that the mesh is shape reqular and assume that Assumption (2.4) holds. For 0 < k < n,
there exists a linear operator ZF : C;, — HsAF(Q) satisfying (4.2a)—(4.2d).

Proof. The proof is by induction on k. To initialize we need to define Z%(c') € HsA*(2) for o € Ag and r > 1.
The 0-simplex o consists of a single vertex, say p. Let n = Xeg()/| €s(0)| denote the characteristic function of

es(o) normalized to have integral unity. Hence, <u, 77> = u(p) for any constant function u. Invoking Lemma 6.1,
we define v € 3+P A%(esy,(0)) by

<bgdov,d0u> =u(p) — (n,u), ue 3LP- A%esy (o). (6.4)

Note that 3P, A%(es, (o)) consists of constant functions, so both the left-hand side and right-hand side of the
equation in (6.4) vanish for u € 3P, A%(esy,(c)). Hence

<bgd0v, d0u> = u(p) — <n,u>, u € P A%(esp, (o). (6.5)

We now define
Z%(c) :==n + 61 (b,d"v). (6.6)

To finish the initial step of the induction we verify that the operator Z? has the desired properties (4.2a)—
(4.2d). For u € P, A%(T}), we have by (6.6), (2.1), and (6.5) that

<Zg(a),u> = <77 + 61(bgdov),u> = <77,u> + <bad0’u,d0u> = u(p),

which is (4.2a) in the case k = 0. For £k = 0 both sides of (4.2b) trivially vanish, and the locality condition
(4.2¢) is clear. Finally, to prove (4.2d) we note that

1]l 22 es(ay) < Chg ™. (6.7)
Moreover, by (6.5) we have
Vb6 d"0]| 72 es(0y) < 10D+ 11l L2 (es(on) 10]] 22 (es(o)
<h,? V] 22 es (o)) inverse estimate and (6.7)
< h;%+1||d0’l)||L2(eS(g)) by (29)
Hence, using (6.3) we get
v/ bng’UHLZ(eS(J)) < Ch;E—H.
By another inverse estimate we have
||51 (bng’U) HLQ(es(o’)) S Oh;i.

This combined with (6.7) shows (4.2d) for the case k = 0.

To complete the induction, we suppose that we have constructed Z¢ satisfying (4.2a)-(4.2d) for any ¢ < k,
and we construct Z¥. Let o € Ay be arbitrary. By Proposition 2.3 we have the existence of € HsA(es(o))
such that

opn = ZF"1(0po)  on es(o). (6.8)
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Here we used that 6;_1Z8~1(0x0) = ZF=2(0x_10r0) = 0 if k > 2 which follows from our induction hypothesis
and (4.2b) and also (Z%(010), 1>es(a) =0ifk=1.
We then define

Zy(0) =0+ Sg11(bsd*v), (6.9)
where v € 3P~ A*(es;, (o)) solves (by Lem. 6.1)
(byd"v, d"u) = R¥u(o) — (n,u), ue 3P, AF(esp(0)). (6.10)

Note if u € 3P, A*(esy,(c)) then the left-hand side of (6.10) vanishes. Moreover, by Proposition 2.8 there exists
w € P;- A*¥~1(esy (o)) such that d*~'w = u. Hence,

kau(J) — <n,u> = kadkflw(J) — <77, dk*1w>

= R*"w(9o) — (6xm,w) by (2.4), (2.1)
= RF1w(9o) — <Zf_1(30),w> by (6.8)
=0 by our induction hypothesis.
Thus, we have
<bgdkv, dku> = RFu(o) — (n,u), ue P AF(esp (o). (6.11)

We complete the induction by proving that indeed Z¥(o) has the desired properties. By (6.8), (6.9) and
the fact that dxdx+1 = O we have that (4.2b) holds. Clearly (4.2c) holds. We next prove (4.2a) holds. Let
u € P AF(Ty), then

(Z3(0),u) = (0 + pr1(bod" 0, u) by (6.9)
(n,0) + (byd¥v,d*u) by (2.1)
= R*u(o0) by (6.11).

To prove (4.2d) we note by (2.11) that
||77||L2(es(a)) < C5h0Hzlj_l(aa)HLZ(ES(a))'
By our induction hypothesis (4.2d) we have
_ —n4k—1
||Z7]f l(aJ)HL2(CS(0‘)) < Cho' 2 .

Thus,
—B4k
1122 (es(o)) < Cha . (6.12)
Using (6.10) we get

IV bod" o]l (o)) < IR 0] + ||77||L2(es N vl 22 es(o))

< Cha vl L2 estor) by (6.12), (6.2)
< Chy [ d40]| 12 es(o) - by (2.9)
Therefore, using (6.3) we have
V00 d 0]l 2(es(oy) < Cha ® T
If we now use an inverse estimate we get
18541 (bod0) || 2 es (o) < h%||bgd’“v]|m(cs(g)) < %H\/Ed%uwcs(g)) < Chy **, (6.13)
Combining (6.12) and (6.13) gives (4.2d). O
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