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Abstract
We explore under what conditions simple combinatorial attributes and algorithms such as
the distance sequence and degree-based partitioning and refinement can be used to distinguish
vertices of inhomogeneous random graphs. In the classical setting of Erdős-Renyi graphs and
random regular graphs it has been proven that vertices can be distinguished in a constant number
of rounds of degree-based refinement or the distance sequence at a logarithmic distance. This
yields a high-probability canonical labeling algorithm, and hence an efficient high-probability
isomorphism test.
In this paper we analyze the same attributes in the context of random graphs that come
from distributions that more closely model real-world networks. We first prove a technical
result about the effects of one refinement step in the general setting were edges are chosen
independently at random. This allows us to prove that an algorithm based on distinguishing
vertices yields a canonical labeling for graphs with scale-free degree distribution where edges
are added independently, and for Stochastic Kronecker Product Graphs with certain settings of
the parameters. Along the way we prove results on the degree distribution, connectedness and
diameter of Stochastic Kronecker Graphs with generating matrices of arbitrary size.

1

Introduction

Several random graph models have been proposed over the last two decades to model real-world
networks. For a more complete bibliograpy we refer the reader to the following books [19, 33], and
review articles [11, 36].
These models have applications to a variety of fields. In computer science they are used for modeling the Internet, the World Wide Web, and social networks [2, 3, 15, 25, 24, 27]. In biology they are
used as models for protein-protein, gene-gene, and gene-protein interaction networks [38]. Random
network models have also been extensively used in statistics and social sciences (see e. g. [17]).
The new random graph models try to explain properties such as small-world, clustering coefficients, and shrinking diameters, which are not captured by the classical models of Erdős-Renyi
∗
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graphs [20] and random regular graphs [10, 9]. One important difference between the new models
and the classical models is that the vertices are not homogeneous.
We explore under what conditions simple combinatorial attributes which can be computed
efficiently such as the distance sequence and a degree-based partitioning and refinement procedure
can be used to distinguish vertices of inhomogeneous random graphs. In the classical setting of
Erdős-Renyi graphs and random regular graphs it has been proven that vertices can be distinguished
in a constant number of rounds of degree-based refinement and by the distance sequence at a
logarithmic distance [4, 5, 9, 10]. This yields a high-probability canonical labeling algorithm, and
hence an efficient high-probability isomorphism test.
In this paper we analyze the same attributes in the context of random graphs that come from
distributions that more closely model real-world networks.
Our main results are for settings where edges are added independently at random. In general,
let P be an n×n matrix with entries 0 ≤ P [i, j] ≤ 1. We consider a probability distribution G(n, P )
on the set of all graphs on n vertices. A graph G ∈ G(n, P ) is selected by independently adding
each edge (i, j) with probability P [i, j]. In other words
Y
Y
P(G) =
P [i, j]
(1 − P [i, j]).
(i,j)∈E(G)
/

(i,j)∈E(G)

The main application of our technique in this paper is the following (see subsection 2.2 for the
precise definition of partition-refinement and the distance sequence):
√
Theorem 1.1 Let P [i, j] = Θ(1/ ij), and pick the graph G ∼ G(n, P ). Note that with high
probability G will have scale-free degree distribution. With probability 1 − o(1/n), we have:
• deg(1) > deg(2) > · · · > deg(k), for all k = o(n1/5 (ln n)−2/5 ). In other words the degree of
every vertex i = o(n1/5 (ln n)−2/5 ) is unique in G.


• Every vertex i = O lnn8 n is uniquely determined by the degrees of its neighbors.
• We call two vertices equivalent if they have the same set of neighbors. Every vertex that is
connected to the giant connected component will be distinguished from every other vertex that
is not equivalent to it by partition-refinement initialized by the distance sequence.
This theorem implies that our algorithm is a canonical labeling algorithm for almost every graph
in the distribution G(n, P ).
In subsection 3.1 we prove the more general technical results that we need for the theorem
above. These results can be used in various other applications, for example they also underly our
results for Stochastic Kronecker Product Graphs [27]. We defer the definition of this model to
section 4. Our main result in this setting is the following: in a stochastic Kronecker graph, every
vertex that has expected degree at least n , for any constant  will be distinguished after one round
of naive partition-refinement. In fact, this gives us a canonical labeling algorithm for the setting
where the Stochastic Kronecker Graphs are connected with high probability. The precise statement
is more involved, and requires to first prove results about the degree distribution and connectedness
of Stochastic Kronecker Graphs with generating matrices of arbitrary size. These had previously
only been analyzed for 2 × 2 generating matrices [30].
We study the above random graph models for two reasons: they are mathematically clean, and
several other models build upon them (see e.g. [25, 22]). Simulations show that these attributes
2

can be used to distinguish vertices in very few rounds even for preferential attachment graphs [3],
where the edges are not independent.
Our algorithms can be easily implemented in a distributed setting. Whenever the algorithms
require few rounds, the corresponding distributed implementations become very efficient, with few
communication steps, and low running time.
Finally we note that procedures to distinguish vertices can be useful even in cases where they
do not distinguish all the vertices in the graph (and hence do not obtain a canonical labeling). For
example, they can be used for leader selection in distributed settings, for anti-aliasing, or to reduce
the search space for node correspondence in maximum-likelihood parameter estimation. Our main
result shows that in graphs that exhibit a core-periphery structure, vertices in the core will be
easier to distinguish. This is good news, since these are the more “interesting” vertices.
The rest of the paper is organized as follows. In section 2 we discuss related work and precisely
describe the algorithms. In section 3 we present our main technical tools and apply them to scalefree random graphs with independent edges. Then in section 4 we discuss our results for stochastic
Kronecker graphs. In section 5 we present our experimental results for preferential attachment
graphs. We conclude and discuss further work in section 6.

2
2.1

Background and Preliminaries
Graph Isomorphism

The Graph Isomorphism problem asks whether two input graphs are isomorphic or not. Graph
Isomorphism has a very interesting computational complexity status: it is in co-AM, and hence is
not NP-complete unless the polynomial-time hierarchy collapses to the second level [8]. However,
we do not know any polynomial-time algorithms for this problem. Graph Isomorphism is the only
important natural problem with this complexity status.
Graph Isomorphism has applications to several areas, including chemistry and SAT-solvers,
and there is considerable interest in practical algorithms to solve the problem. There are software
packages [31, 21, 18] that perform well on most instances that arise in practice, but take exponential
time on some instances [32].
√
The fastest worst-case algorithm for Graph Isomorphism runs in time exp(O( n log n)) [7].
This algorithm was obtained by combining a combinatorial trick due to Zemlyachenko [39] and
Luks’ polynomial-time isomorphism test for bounded degree graphs [29]. Luks’ bounded degree
result is the crowning achievement of the group theoretic methods for graph isomorphism, first
introduced by Babai in 1979 [6].

2.2

Algorithms

We now describe two simple algorithms to distinguish vertices of graphs: degree-based partition
and refinement, and distance-sequence computation.
Degree sequence and refinement. Partitioning and refinement is an effective heuristic for
graph isomorphism (cf. Read and Corneil [35]). This heuristic is at the heart of most practical
graph isomorphism algorithms (see e.g. [31, 21]). For almost all graphs this technique provably
works in polynomial time, giving some theoretical explanation for its success [4, 5].
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We consider colored graphs. The refinement procedure will work for any coloring, but one good
example to keep in mind for this discussion is to initially color vertices by their degree. The goal
of the refinement technique is to get closer to a coloring of the vertices such that each vertex gets
a unique color. Given a graph X = (V, E) and a coloring c : V → C, where C is a set of colors, one
“refinement step” computes a new coloring c0 that is a refinement of c. The new color of a node is
defined by the multiset of colors of the neighbors, more precisely,
c0 (v) := (c(v), {c(u) | (u, v) ∈ E})

∀v ∈ V.

We call the coloring c an invariant if it is preserved by all automorphisms. Note that any isomorphism that preserves c must preserve c0 . Hence if c was invariant, then so is c0 .
The set of potential colors of c0 may be large, but at most n colors actually appear, so we
can number those colors that do appear, and assume c0 : V → {1, . . . , n}. This trick allows us
to recursively apply the refinement step until we reach a ‘stable coloring,’ that is, any further
refinement does not change it. The number of refinement steps that can occur is at most n, since if
c 6= c0 , at least one color class must be partitioned. Therefore the overall running time is bounded
by O(n(n + m)).
If the number of refinement steps, r, is small, then the algorithm can be implemented as an
r-round distributed distributed algorithm, with run time ∆r , where ∆ is the maximum degree.
This is a general procedure that works for any initial vertex-coloring of a graph. Often it is used
as a subroutine in isomorphism algorithms. The Naive Refinement algorithm starts by coloring each
vertex according to its degree, and recursively refines the coloring until a stable coloring is reached.
Babai-Erdős-Selkow [4] who showed that apart from a n−1/7 fraction of graphs, the Naive
Refinement procedure finds a canonical labeling in one refinement step. The heart of their proof is
an estimate on the top degrees of vertices in a random graph: they show that for every constant c,
for almost all graphs, the highest c log n degrees are distinct.
Using a more complicated argument, Naive Refinement was shown to canonically label all but
an exponentially small fraction of graphs in just three refinement steps [5].
Distance sequence. For random graphs the naive refinement procedure based on degrees described above does not even start. To distinguish vertices of random regular graphs, it is useful to
look at another combinatorial attribute of vertices, the distance sequence [9, 10].
For a vertex v, let di (v) be the number of vertices at distance i from v. The distance sequence
of vertex v is the sequence of di (v). Bollobas proved that for (Erdős-Renyi) Random Graphs,
and random regular graphs, with probability 1, the distance sequence up to length `0 ≤ O(log n)
uniquely determines every vertex in the graphs [9, 10]. In particular this gives a canonical labeling
procedure for almost every regular graph, and hence an isomorphism test for these graphs and any
other graph.
Our algorithm Our goal is to see how far these combinatorial techniques go for other distributions on the set of all graphs.
The most general version of our algorithm is to first color every vertex by its distance sequence,
then run partition-refinement. In fact, this will be overkill for many vertices. We show that high
degree vertices will be distinguished by few rounds of naive partition-refinement (precise bounds
for this statement will depend on the model, see Theorem 1.1 for an example). Low degree vertices
require computing the distance sequence and possibly more rounds of refinement.
4
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Independent edges

In this section we prove our main technical tools for distinguishing vertices. We consider the
following random graph model. Given an integer n, and an n × n matrix P of probabilities, we
construct a random graph G(P, n) with n vertices, and edges added at random with P((i, j) ∈ E) =
P [i, j].

3.1

Coin tosses with non-uniform probabilities

Here we consider the setting where we toss t independent coins, each with a (possibly different)
probability pi to come up heads. First we prove a specific concentration bound.
Lemma 3.1 We toss t coins, each has probability pi to come up heads. Let λ = p1 +· · ·+pt = E[#
t
of heads ]. Let s denote the number of heads. ∀ > 0, ∀y > 0, let z = max{λ, 2yln
2 }, then
−y
P[|s − λ| > z] ≤ t .
Proof.
The random variable s is the sum of t independent Bernoulli random variables. By
Bennett’s inequality, we have:
h z 
z i
P[|s − λ| > z] ≤ exp − ln 1 +
λi
h z2
≤ exp −  ln(1 + )

 2
y ln t
≤ exp − 2  ln(1 + )

≤ exp [−y ln t] = t−y

The first inequality is Bennett’s inequality. The second follows since z ≥ λ, hence z/λ ≥ 1. The
t
third inequality since z ≥ 2yln

2 , and the fourth by the fact that ln(1 + ) ≤ .
Remark. In particular this applies for a vertex u, where λ = E[deg(u)], and t = n.
Next we bound the probability of attaining any particular value.
Lemma 3.2 We toss t coins, each has probability pi to come up heads. Let λ = p1 + · · · + pt = E[#
of heads ], and γ = maxi pi . For every x,
eλγ 1
P(exactly x heads) ≤ √ √
2π λ
Proof. Let f (x) = P(exactly x heads). The probability distribution f (x) will not be too far from
a Poisson distribution:
λx e−λ+xγ
,
(1)
x!
While the proof of Equation (1) is elementary, and the setting is a common setting in statistics,
this was only proved by Wang in 1993 [37, Equation (31)].
f (x) ≤

5

Next we use the following form of Stirling’s approximation(c.f. [1, 6.1.38]):
√
√
2π nn+1/2 e−n ≤ n! ≤ e1/12 2π nn+1/2 e−n

(2)

Combining Equations (1) and (2), we obtain:

−λ+λγ
λx e−λ+xγ
1 λλ e
1
eλγ
√
√
≤√
=
,

e−λ
2πxx+1/2 e−x
2π λλ 
λ
2π λ
where the second inequality follows since the function is maximized for x = λ.

f (x) ≤ √



Consider the random graph model G(P, n), and fix a vertex v. Now suppose that there are k
color classes in the graph. Let λc = λc (v) be the expected number of neighbors of v that have
color c, and let γc = γc (v) be the maximum probability of any edge from v to a vertex of color c:
γc = maxu|c(u)=c P [v, u].
Lemma 3.3 Fix a vertex v, and a set of colors S ⊆ C. Using the notation from above, let λmin =
minc∈S λc , and K = maxc∈S γc λc . Then the probability that v is uniquely determined by the colors
of its neighbors
(i. e. that v has a unique color after one step of refinement) is 1 − n−y , where
√
|S|(ln( 2πλmin )−K)
y=
.
ln n
Proof. For a vertex v, let C(v) be the multi-set of colors of the neighbors of v. Then for two
vertices u, v, we have
P(C(u) = C(v)) ≤ max P(C(v) = S)
S
Y
≤ max
P(v has exactly xc neighbors of color c).
x1 ,...,xk

c≤k

By Lemma 3.2, we have that:
Y eγc λc
Y
eK
√
√
≤
2πλc c∈S 2πλmin
c∈S
√ 
= exp |S|(K − ln(2 π)) = exp(−y ln n) = n−y .

P(C(u) = C(v)) ≤


Corollary 3.4 If there is a vertex v and set of colors S with |S| ≥ 8 ln n, and such that for all
c ∈ S, λc ≥ 2 and γc λc < 1, then the probability of v being uniquely determined by the colors of its
neighbors is 1 − n−2 .

3.2

Application to random scale-free graphs

√
In this subsection we prove Theorem 1.1. If we choose P [i, j] = θ(1/ ij), then the expected number
of vertices of degree d will be θ(n/d3 ), and with high probability, the number of vertices of degree
d will be concentrated around its expected value (cf. [12])
Lemma 3.5 For any constant y, with probability 1 − o(n−y ), every vertex i = o(n1/5 (ln n)−2/5 )
will have a unique degree.
6

Proof. First we show that vertices i for i = o(n1/3 / ln n) will all have distinct degrees with high
probability. Let
√
r 
√ 
√
n
n
n
, and δi = (λi − λi+1 )/2 = Θ √ − √
= Θ( n i−3/2 ).
λi = E[deg(i)] = θ
i
i+1
i
We have
P[deg(i) > deg(i + 1)] ≥ (1 − P[deg(i) < λi − δi ])(1 − P[deg(i + 1) > λi+1 + δi ])
Since δi > δi+1 , it is enough to show that
0

P[| deg(i) − λi | > δi+1 ] < n−y ,
.

y 0 = y + 1/3

3/2
C y ln
√n i
for some
n
1/5
−2/5
o(n (ln n)
), we have that

We apply Lemma 3.1, with t = n, , and set  =
on the Θs above. Note that since i =
0
probability 1 − n−y , we have

(small) constant C depending
 < 1/i. By Lemma 3.1, with



√
2y ln n
C0 n
| deg(i) − λi | < z < max λi ,
< 3/2 < δi+1 .

i
(C 0 is another constant we can make as small as we want by setting C).



Lemma 3.6 With probability 1 − o(n−1 ) every vertex i ≤ n/ log8 n is uniquely determined by the
degrees of its neighbors.
Proof. Now consider the neighbors of vertex i. We want to apply Corollary 3.4 in this case, so
we are interested in which values of d and i are such that E[|Nc (i)|] ≥ 2, where Nc (i) stands for the
neighbors of i of degree (color) c. Suppose i ≤ logn8 n .
1
√
ij
j : d(j)=c
j : d(j)=c

 √ 

n
n
√
√ .
=Ω
=Ω
d3 i n
d3 i

E[|Nc (i)|] =

So if i ≤

n
,
log8 n

X

P [i, j] =

X

then

 4 
√
n 
log n

q
E[|Nc (i)|] ≥ Ω
=Ω
n
3
c3
c
log8 n


which will be at least 2 for c ≤ T log n, for any constant T . Notice further that all vertices
√
j ≤ n have expected degree Ω n1/4 , and hence, by Lemma 3.1 have degree greater than T log n.
√
Therefore for the colors c we are considering, we have γc ≤ 1/ n, and λc γc ≤ 1. So by Corollary 3.4,
with probability o(n−1 ), all vertices i ≤ logn8 n will be uniquely determined by the degrees of their
neighbors.
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We now turn our attention to other vertices. Notice that there may be some isolated vertices,
or vertices that are part of very small connected components, and we cannot hope to distinguish
these. Notice further that a constant fraction of vertices will have a constant number of neighbors,
so we cannot hope to distinguish them just by the degrees of the neighbors. Moreover some of
the vertices of low degree will share all their neighbors. We call such sets of vertices ”equivalent.”
However we can still say something about our general algorithm. Recall this algorithm first colors
vertices by their degree sequence, and then runs partition-refinement starting from this coloring.
We can show that with high probability all vertices that are connected to the giant connected
component of the graph will be distinguished by this algorithm from all other vertices they are not
equivalent to.
Lemma 3.7 If v is a vertex that is connected to the giant connected component, then with probability 1 − o(n−1 ), the main algorithm will distinguish v from all other vertices exception those
equivalent to v.
Sketch of the proof. This proof is more technical than the previous ones. First of all, we only
need to consider vertices i > logn8 n . The idea is to look at two such vertices u, and v, and grow two
BFS starting at u and v. If any BFS layer for v has a different number of nodes than u then we
distinguished u and v. If at any point the BFS layer is large enough, then with high probability
it will contain some vertices i ≤ logn8 n , and with high probability these will be different for u and
v, and since these are already uniquely labelled we are done. The important detail that we swept
under the rug is that we need to maintain the property that the BFS levels for u and v remain
disjoint enough unless they are equal after one step (in which case u and v are equivalent).


4
4.1

Stochastic Kronecker Graphs
Motivation

Kronecker prodcut graphs and stochastic Kronecker product graphs were introduced to model
real world networks [26, 27]. From the theoretical side, Mahdian and Xu [30] studied the case
of 2 × 2 initiator matrices, finding thresholds for connectivity, the emergence of a giant connected
component, and proving that the effective diameter is shrinking for certain ranges of the parameters.
While the case of larger initiator matrices has been used in many contexts(see [27]), we are not
aware of theoretical results in this case.
Further motivation to study initiator matrices of arbitrary size arises from the relationship to a
different random graph model. It has been shown that, in the limit to an infinite number of nodes,
the adjacency matrix of a dense graph is well approximated by a continuous function on the unit
square [28, 16] (see also [11, 14] for similar results in the sparse graph case). This fact has been used
to generate “multifractal random networks” by a continuous analog to the Kronecker product [34].
An initiator matrix of arbitrary size can be used as an approximation to a continuous function on
the unit square, and hence stochastic Kronecker product graphs with large initiator matrices can
model multifractal random networks. One important difference between the two models is that
multifractal random networks require row sums of 1, and hence in the infinite limit, the graphs
are not interesting: n − o(n) vertices will be isolated [34, Supporting Information]. The stochastic
Kronecker graph model is more general in the sense that row sums can be arbitrary. As we will
see, the graphs will be connected exactly when the row sums are greater than 1.
8

4.2

Definitions

We will denote by A[i, j] or Aij the entry in row i, column j of a matrix A.
The Kronecker product of an m × n matrix A with entries ai,j = A[i, j], and a p × q matrix
B with entries B[k, l] is the mp × nq matrix C = A ⊗ B. We will index the rows of C by pairs
(ik) ∈ [m] × [p], and the columns by pairs (jl) ∈ [n] × [q]. The entries of C are defined by:
C[(ik), (jl)] = A[i, j]B[k, l]. In other words,


a11 B · · · a1n B


..
..
..
A⊗B = 

.
.
.
am1 B · · ·

amn B

Given an r × r initiator matrix θ, with entries in [0, 1], and an integer k, we construct a
random graph G(rk , θ) with n = rk vertices, each vertex labelled by a unique string of length
k over the alphabet [r]. We add each edge independently at random. Given two vertices u and
v with labels
with which we chose edge (u, v) is
Qk u1 u2 . . . uk and v1 v2 . . . vk resp., the probability
⊗k
P [u, v] = i=1 θ[ui , vi ]. In other words, the matrix P = θ = θ ⊗ θ ⊗ · · · ⊗ θ is the Kronecker
product of θ with itself k times.
For a vertex u with label u1 u2 . . . uk , and j ∈ [r], let wj be the number of coordinates i such
that ui = j. We say that u has weight vector (w1 , . . . , wr ).

4.3

Expected Degrees and Concentration Results

First we prove that the expected in- and out-degrees of the vertices are distributed like multinomials.
Lemma 4.1 The expected in- and out-degree of a vertex u with weight vector (w1 , . . . , wr ) are:
w1
w2
E[d+
. . . (θr1 + · · · + θrr )wr ;
u ] = (θ11 + · · · + θ1r ) (θ21 + · · · + θ2r )

and
w1
w2
E[d−
. . . (θ1r + · · · + θrr )wr .
u ] = (θ11 + · · · + θr1 ) (θ12 + · · · + θr2 )

Proof. We prove the result for the out-degree, d+
u , the result for in-degree is proven analogously.
For notational convenience, let θi = θr1 + · · · + θrr be the row-sums of the initiator matrix θ.
For every vertex
P v, let I(u,v) be the indicator function of the event that (u, v) is an edge.
Then E[d+
]
=
E[
u
v I(u,v) ]. By the definition of the Kronecker product, E[I(u,v) ] = P[(u, v)] =
Qk
P Qk
+
i=1 θ[ui , vi ]. Therefore we have E[du ] =
v
i=1 θ[ui , vi ]. For `, m ∈
Q[r], let n`,m be the number
of coordinates i such that ui = `, and vi = m. Note that P[(u, v)] = `,m∈[r] θ[`, m]n`,m ; therefore
we can re-write the above sum as:
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E[d+
u]

=



X
n1,1 +···+n1,r =w1





w1
n1,1 , . . . n1,r



Y
r Y
r







wr
θ[`, m]n`,m  . . . 
n
,
.
.
.
n
r,1
r,r
nr,1 +···+nr,r =wr
`=1 m=1


r
Y
X
w1
θ[1, m]n1,m
=
n
,
.
.
.
n
1,1
1,r m=1
n1,1 +···+n1,r =w1
 
 
Y

r
X
w
r
. . . 
θ[r, m]nr,m  . . . 
n
,
.
.
.
n
r,1
r,r
nr,1 +···+nr,r =wr
m=1


r
Y
X
w1
θ[1, m]n1,m
=
n
,
.
.
.
n
1,1
1,r
n1,1 +···+n1,r =w1
m=1


X

. . .  (θ[r, 1] + · · · + θ[r, r])wr

. . . 

X

n2,1 +···+n2,r =w2

= (θ1 )w1 (θ2 )w2 . . . (θr )wr .

Lemma 3.1 gives us concentration results for the degrees of the vertices.

4.4

Connectedness

We now turn our attention to determining for what initiator matrices the stochastic Kronecker
graphs will be connected.
P
As above, we have P = θ⊗k . For subsets S, T ⊆ V , let P [S, T ] = s∈S,t∈T P [s, t].
We use the following result:
Theorem 4.2 ([30, Theorem 1]) There exists an (absolute) constant c such that if ∀S ⊂ V, S 6=
∅, P (S, V \ S) ≥ c ln n, then with high probability G(n, P ) is connected.
For u, v in V , let e(u, v) be the edit distance between u and v, that is, the number of coordinates
i such that ui 6= vi .
First we consider the setting where the initiator matrix has no zero entries. In this case, we
define θmin = mini,j θ[i, j], θmax = maxi,j θ[i, j], and θR = θmax /θmin . The following lemma plays
the role of [30, Lemma 2].
Lemma 4.3 Suppose all entries of the initiator matrix are non-zero. Then for ever u, v ∈ V , and
every S ⊆ V ,
P [v, S]
≤ P [u, S] ≤ θR P [v, S].
θR
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Proof. Without loss of generality, u and v differ in the last coordinate, r.
X

P [u, S] =

P [u, w] =

θui wi ≥ θmin

w∈S i=1

w∈S

= θmin

r
XY

X r−1
Y

θvi ,wi ≥ θmin

w∈S i=1

X

=

X r−1
Y

θui wi

w∈S i=1
r
XY

θvi wi /θmax

w∈S i=1

P [v, w]/θR .

w∈S


We are now able to describe sufficient and necessary conditions for connectivity.
Theorem 4.4 Let θ be symmetric, with no X
zero entries. Then G(n, P ) is connected with high
probability if and only if the row sums satisfy
θij > 1 for every i.
j

Proof. We first prove the “only if.” If ∃i such that θi < 1, then with constant probability, the
→
−
vertex i = (i, i, . . . , i) has expected degree θik = o(1), hence it will be isolated with probability
→
−
1. If θi = 1, then either i is disconnected with probability at least e−2 , or row i is deterministic
(exactly one 1 and every other position 0). But the second case cannot happen since we assumed
→
−
θ doesn’t have any zero entries. The proof follows along the lines as the proof that 0 is isolated
in [30, Theorem 4]:
Y
→
−
→
−
P[ i isolated] =
(1 − P [ i , v])
v

=

k

(1 − θ[i, 1]w1 θ[i, 2]w2 . . . θ[i, r]wr )(w1 ,...,wr )

Y
w1 +···+wr =k


 

k
w1
wr
≥
exp −2
θ[i, 1] . . . θ[i, r]
w1 , . . . , w r
w1 +···+wr =k




X
k
= exp −2
θ[i, 1]w1 . . . θ[i, r]wr 
w1 , . . . wk
Y

w1 +···+wr =k






= exp −2(θ[i, 1] + · · · + θ[i, r])k = exp −2(θi )k .
→
−
So, as claimed, if θi < 1, the probability that vertex i is isolated is 1 − o(1), if θi = 1, then
→
−
vertex i is isolated with probability at least e−2 .
Now for the other direction. Suppose θi > 1 for every i. Our goal is to show that P satisfies
the conditions of Theorem 4.2. Let S ⊂ V , S 6= ∅. There exist u ∈ S and v ∈ V \ S that differ in
only 1 coordinate. We have
r
Y
[u, V \ {u}] = E[deg(u)] =
(θi )wi (u) ≥ (θmin )k .
i=1
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Since k = log n (in some base), for k large enough, we have (θmin )k ≥ (θR + 1)c ln n. Now either
P [u, V \ S] ≥ c ln n or P [u, S] ≥ c θR ln n =⇒ P [v, S] ≥ c ln n. The last implication follows by
Lemma 4.3. And therefore P [S, V \ S] ≥ c ln n.

In Appendix A we discuss possible extensions of the connectedness result to the setting where
the initiator matrix has zero entries.

4.5

Distinguishing vertices

Theorem 4.5 In a stochastic Kronecker graph, with high probability every vertex that has expected
degree at least n , for any constant  will be distinguished after one round of naive partitionrefinement.
Sketch of the proof.
By Lemma 3.1, and Lemma 4.1, with high probability all vertices of
degree at least n will have degree at least n/2 . The result follows along the lines of the proofs of
Lemmas 3.5 and 3.6.

Remark. In the setting where the initiator matrix has no zero entries and the graph is connected with high probability, then by Lemma 4.1 the expected degree of every vertex is at least n
for some epsilon, so the theorem above allows us to distinguish all vertices. In particular we obtain
a canonical labeling algorithm.
We expect that it is possible to extend the above theorem to other vertices, using a more careful
analysis.

5

Experimental results for preferential-attachment graphs

We now consider preferential attachment graphs. This model was first suggested by AlbertBarabasi [3], and analyzed more carefully by Bollobas et al. [15, 12, 13]. We consider the model of
Bollobas et al. [15]. There is one parameter, m, which is half the average degree. A preferential
attachment (multi)graph with n vertices is constructed as follows. Start with two vertices and m
edges between them. Now add the remaining vertices one at a time. When adding a vertex v, add
m edges to it, where each edge (v, u) has probability proportional to deg(u). The idea of this model
is that “popular” vertices are more likely to be linked in the future. For m = 1, the graph will be a
tree, and it is known that trees (non-random) are canonically labelled by the partition-refinement
technique (see [35]). For m = 2, with constant probability there will be at least one pair of vertices
of degree 2 with exactly the same neighbors; hence these vertices cannot be distinguished. This is
easy to compute directly (see [23]). For m ≥ 3 with high probability there are no such pairs (again
see [23]).
For both m = 2 and m = 3 we generated 105 graphs with 105 vertices by preferential attachment.
We then ran the naive partition-refinement algorithm and computed distance sequences (recall the
definitions from subsection 2.2). Both algorithms distinguished all vertices of the graphs, except
(in the case m = 2) those pairs of degree 2 vertices that share the same neighbors. Indeed naive
partition refinement converged in at most three rounds on all graphs.
In Appendix B we discuss some preliminary thoughts on proving that partition refinement and
the distance sequence distinguish all vertices for almost all preferential attachment graphs, as the
experiments suggest.
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6

Conclusions and future work

The gap between mathematically nice random models and real-world networks is an interesting
and promising area of research. We show that we can distinguish vertices and then develop efficient
algorithms for several important families of real-world networks. On the other hand, there are
examples of real-world networks for which canonical labeling is difficult for these simple algorithms.
It is interesting to study the question of distinguishing vertices in other random graph models.
We believe that the results for stochastic Kronecker graphs apply in other settings of the parameters;
extending our results requires understanding the behavior of the low-degree vertices in this setting.
Another direction is to prove theoretical results for models where edges are not added independently, such as preferential attachment. We suspect that for most models vertices will be
distinguished in a few rounds of the combinatorial algorithms described in this paper.
Finding “hard” examples for graph isomorphism is a notoriously difficult task. If there were
models where distinguishing vertices is difficult, this would provide a class of such graphs. So both
positive and negative results in this direction are interesting.
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A

About extensions of the connectedness result for stochastic
Kronecker graphs

If θ has zero entries, the situation is more complicated.

15

→
−
It still holds that if θi < 1 for some i, then i is disconnected with probability 1 and hence G is
not connected. It is also still true that if θi = 1, then the ith row must be deterministic. Moreover,
it is not hard to see that if θ is periodic, then P will be disconnected.
Therefore the following are necessary (but not sufficient) conditions for G to be connected with
high probability:
1. θi ≥ 1 ∀i and if θi = 1, then the ith row is deterministic.
2. θ is aperiodic.
In view of Theorem 4.2 [30, Theorem 1], a way to prove connectedness is to bound the size of
any cut. One way to do this is to look at the second eigenvalue of the Laplacian. Unfortunately,
while eigenvalues behave nicely under Kronecker product, eigenvalues of the Laplacian do not. A
more promising approach is to prove the conjecture below:
Conjecture A.1 There exist constants c1 and c2 so that if θ is aperiodic and for every vertex
v ∈ [r]k , the cut that separates v from the rest of the graph has weight at least c1 log n, then every
cut of P has weight at least c2 log n.
If the conjecture holds, it would be sufficient to prove that with high probability there are no
isolated vertices.

B

Towards canonical labeling of preferential attachment graphs

The general idea for the algorithm is as follows. The first step of the proof is to show that all
vertices that have degree at least n , for some constant , will be distinguished after one round
of refinement. The top vertices will have degree at least n . Indeed Bollobas and Riordan [13]
note that with probability 1 − o(n−δ ) (for a fixed constant δ), every vertex i with expected degree
E[d(i)] ≥ 2n has d(i) ≥ n . Bollobas and Riordan do not make any attempt to optimize δ.
However, based on the proof of [12, Lemma 7] (specifically property E1 ) the statement should be
true for δ = 5 or 6. In particular, we will have many vertices that will be distinguished after one
round of refinement.
The second step is to take care of vertices of small degree. There are two lines of attack, using
ideas from [12, 13], and it is likely that using a combination will be useful. The first idea is to use
the fact that with probability 1 − o(n−δ ), all vertices are connected by a path of length at most
8 log log n to early vertices [12, Lemma 8] (in this case δ is small: Bollobas-Riordan prove their
results for δ = 1/1000). Then we use the fact that early vertices are already distinguished, and
ideas about neighborhood growth from [13] to show that vertices will be distinguished either by
their distance sequence up to some small value (O(log log n)), or by the closest early vertices.

B.1

Degree distribution of vertices from t on

Bollobas, Riordan, Spencer and Tusnady [15] studied the degree distribution of graphs generated
by preferential attachment. We are interested in the degree distribution of the neighbors of a vertex
v. The out-degree distribution (vertices that were added before v) is given by the construction.
The in-degree distribution requires lookin at vertices added after v. As a first step in that direction
we characterize the degree distribution of vertices added after time t.
16

n
Extending the notation of [15], let #n,t
m (d) be the number of vertices in Gm that have degree
m + d and are added at or after time t. Let r = t/n.

Lemma B.1
E[#n,t
m (d)] ∼

2m(m + 1)n
I √ (d + 1, m + 2)
(d + m)(d + m + 1)(d + m + 2) 1− k

= E[#nm (d)] I1−√k (d + 1, m + 2)
where Is (a, b) = Bs (a, b)/B(a, b) is the regularized incomplete beta function.
We should be able to get high
√ confidence bounds like the ones in [15], proving that the error is
at most an additive factor of n log n with probability 1.
Since
a+b−1
X a + b − 1
Is (a, b) =
sj (1 − s)a+b−1−j ,
j
j=a

we have:
2m(m + 1)n
(d + m)(d + m + 1)(d + m + 2)
d+m+2
X d + m + 2
√ √ d+m+2−j
(1 − r)j k
.
j

E[#n,t
m (d)] ∼

j=d+1

Remark. Our main use of this lemma will be for relatively small values of r (r ≤ n1− ). It is
likely that the estimates we need for these values of r can be obtained more immediately, but we
keep the result as general as possible.
Proof.
The proof follows along the lines of Bollobas et al. Here is a sketch. They obtain
P[d0k+1 = d + m]
= o(n

−1



√
d + m − 1 m/2
) + (1 + o(1))
k
(1 − k)d ,
m−1

and compute this by computing the integral
1

Z

k m/2 (1 −

√

k)d dk.

0

We want to compute the same integral, but stop early, namely start at r instead of 0. As in
Bollobas et al., we substitute k = (1 − u)2 .
Z

1

k

m/2

(1 −

√

Z

d

k) dk = 2

r

√
1− r

(1 − u)m+1 ud du

0

= 2B1−√r (d + 1, m + 2)
Where Bs (a, b) is the incomplete Beta function. Therefore the estimate is the same as the
estimate for E[#nm (d)] in [15], except the beta function is replaced by the incomplete beta function.
The result follows.
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