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Abstract. This paper deals with the efficient valuation of American options. We adopt Heston’s
approach for a model of stochastic volatility and derive a generalized Black Scholes equation. This
leads to a parabolic boundary value problem with a free boundary, the optimal exercise price of the
option. For its efficient numerical solution, we employ, among other multiscale methods, a monotone multigrid method based on linear finite elements in space and display corresponding numerical
experiments.
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1. Introduction. In Mathematical Finance, the fair pricing of an American option can in a standard model be formulated as a parabolic boundary value problem
involving Black–Scholes’ equation [BS] with a free boundary. One seeks to compute
the free boundary, the optimal exercise price of the option, together with the solution
of the PDE, the value of the option. For American put options, one generally does
not have closed form solutions so that one has to employ numerical schemes. In the
simplest model, the volatility is assumed to be constant which, however, is usually not
satisfied in practice. Particularly, an effect called volatility smile has been observed
[Hu]. There are several approaches to estimate the volatility from observed stock data,
see, e.g. [CRZ]. Here we adopt Heston’s approach [He] to model the volatility to satisfy a stochastic differential equation. Empirical evaluations show that Heston’s model
for American options with stochastic volatility provides a substantial improvement for
option pricing compared to the simple Black–Scholes’ model [AGG2]. Extensive information on models for stochastic volatility can be found in [FPS]. For Heston’s
model and one asset, the standard Itō approach yields a variational inequality in two
space variables with a nonsymmetric parabolic differential operator.
Numerical schemes for American option pricing are typically based on finite difference approaches, see, e.g., [CP, IT1, IT2, ItT, Oo, PS, RW]. In [IT1] an operator
splitting method is used to separate the treatment of the early exercise constraint
from the solution of the system of linear equations into separate fractional time steps.
In [CP] and [Oo] multigrid methods are developed. In [RW] the focus is on highdimensional problems which arise if one considers basket options. European basket
options with stochastic volatility have been solved highly efficiently by sparse grid
wavelet methods in [HKSW]. A comparison of the described methods can be found
in [IT2]. In [ItT] a finite difference discretization in space and a Rannacher timestepping scheme is proposed. The appearing discrete linear complementary problem
is solved by a primal-dual active set approach.
A finite element approach for Heston’s model for stochastic volatility and Euro∗ Supported
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pean options was proposed in [AWW]. In [ZFV] finite elements for the second-order
terms and finite volumes for the first order terms together with two penalty methods
for linear complementary problems are considered to value American options with
stochastic volatility. A rich source for numerical methods for option pricing problems
is [AP1].
A somewhat different approach is the one proposed in [LS] which is based on
simulation and the use of least-squares to estimate the expected value of the payoff
to the option holder. This approach has been adopted and improved widely, see, e.g.
[AGG1].
The purpose of this paper is twofold. First, we derive a variational inequality for
the American option pricing problem which we will then discretize in terms of linear
finite elements with respect to space. Second, the resulting linear inequality system
is to be solved with optimal linear computational complexity. Based on a projective
Gauss-Seidel scheme, we investigate different multiscale methods (nested iteration and
a cascadic type scheme) to accelerate the solution. Specific emphasis will be placed on
an appropriate monotone multigrid method [Ko] for which appropriate prolongation
and restriction operators need to be constructed. We conclude with corresponding
numerical experiments.
2. Basics of Option Pricing.
2.1. Definitions and the Basic Model. We begin by introducing some basic
notions and standard assumptions, see, e.g., [S]. An option is a financial contract
which allows its holder to sell or buy an underlying asset at or before a specific
time T ≥ 0 at a fixed strike price K ≥ 0. Accordingly, one distinguishes between
a call option (the right to buy) and a put option (the right to sell), and between
an European option (exercise only at time T ) and an American option (exercise at
any time t ∈ [0, T ]). The time-dependent stock underlying the option is denoted by
S = S(t) for t ≥ 0 and is assumed to yield no dividends.
Let (A, Σ, P ) be a finite
Pprobability space. For a square integrable random number
X, denote by E(X) :=
z∈A X(z)P (z) its expectation value and by Var(X) =
E((X − E(X))2 ) its
variance.
The standard deviation (of the variance) or volatility σ
p
is defined as σ := Var(X). The (real-valued and non-negative) variance underlying
the stock is denoted by v = v(t) = v(X(t)). We wish to determine the fair price or
value of the option V = V (t, S(t), v(t)) ∈ R+ (= [0, ∞)) which is accepted by both the
seller and buyer of the option.
The standard Black-Scholes model [BS] requires that the financial market is frictionless, i.e., there are no transaction costs or taxes; trade is possible at any time
t ∈ [0, T ] and that assets are available at any fraction. Moreover, there is a constant
interest rate r ∈ R+ and the market is free of arbitrage, e.g., immediate riskless gains
are not possible.
For the convenience of the reader,
we recall the modeling process first for the
√
case of a constant volatility σ = v, see, e.g., [Hu]. We assume that the random
dynamic of a stock is described by a geometric Brownian motion or Wiener process
W : R+ × A → R. Denote by µ ∈ R the drift (trend) of the stock. Then the process
can be described by the stochastic differential equation (SDE)
dS(t) = µS(t)dt + σS(t) dW (t).

(2.1)

For a Brownian motion W (t) = W (t, ω), ω ∈ A, t ≥ 0, a stochastic process Y (t),
t ≥ 0, is called Itō process if there exist two functions a, b : R × R → R with specific
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properties, see, e.g., [Ok], such that
dY (t) = a(t, Y (t))dt + b(t, Y (t))dW (t)

(2.2)

is valid. Modifications of such processes can be described by the following (onedimensional) Itō formula: If f ∈ C 1 (R+ ) × C 2 (R) and Y (t) is an Itō process, then
Z(t) := f (t, Y (t)) is also an Itō-process, and one has

dZ(t) =


∂f (t, Y (t)) 1 ∂ 2 f (t, Y (t)) 2
∂f (t, Y (t))
b (t, Y (t)) dt
a(t, Y (t)) +
+
∂Y
∂t
2
∂Y 2
∂f (t, Y (t))
+
b(t, Y (t))dW (t).
(2.3)
∂Y

Applying this formula to the option price function V (t, S(t)) with S(t) according to
(2.1) using a = µS and b = σS leads to

dV =

µS

∂V
1
∂2V
∂V
+
+ σ2 S 2 2
∂S
∂t
2
∂S


dt + σS

∂V
dW (t).
∂S

(2.4)

Consider now a portfolio Π = Π(t) ∈ R, consisting of an option with value V
and a (possibly fractional) number δ = δ(t) ∈ R of stocks with value S, composed as
Π := V − δS. Using (2.1) and (2.4) yields



1 2 2 ∂2V
∂V
∂V
∂V
dΠ = dV − δdS =
σ S
+
+ µS
− δµS dt +
− δ σS dW.
2
∂S 2
∂t
∂S
∂S
(2.5)
In order to eliminate the stochastic influence in the last term, we choose for any t the
term δ = ∂V
∂S to obtain



dΠ = dV − δdS =

1 2 2 ∂2V
∂V
σ S
+
2
2
∂S
∂t


dt.

(2.6)

Since the change in the value of the portfolio must be equal to the change of a riskfree
bond with value Π and interest rate r, due to the assumption that the market is free
of arbitrage, it follows dΠ = rΠdt and finally the Black Scholes’ equation
1
∂2V
∂V
∂V
+ σ 2 S 2 2 + rS
− rV = 0.
∂t
2
∂S
∂S

(2.7)

2.2. The Heston Model. In financial markets, there is no reason to assume
that the volatility is indeed constant. In fact, CIR processes are much more appropriate to describe the stochastic behaviour of volatility [CIR], see also [BR]. A stochastic
process is called a CIR (Cox-Ingersoll-Ross) process if it satisfies an SDE
dY (t) = κ(γ − Y (t))dt + ξ

p

Y (t)dW (t),

(2.8)

where W is a Wiener process, κ denotes the mean reversion rate, γ the mean reversion
√
level, and ξ ∈ R+ is the volatility of the process. In addition to the volatility σ = v,
there appears here also the (constant) volatility ξ of the CIR process.
The Heston model developed in [He] can now be described as follows. Let the
variance v be described by a CIR process (2.8). Let W1 , W2 be two Wiener processes
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which are correlated by a parameter ρ ∈ [−1, 1]. Recalling the dynamics of the stock
price (2.1), we obtain
√
(2.9)
dS = µSdt + vSdW1 ,
√
dv = κ(γ − v)dt + ξ vdW2 .
(2.10)
For a multi-dimensional (geometric) Brownian motion W(t) = (W1 (t), . . . , Wd (t))T ,
t > 0, where the components Wi , Wj are correlated with correlation coefficients ρij ∈
[−1, 1], i, j = 1, . . . , d, d ∈ N, a stochastic process Y(t), t > 0, with random variable
Y(t) ∈ Rd is called multi-dimensional Itō process if there exist two functions a, b :
R × Rd → Rd with particular properties, see, e.g., [Ok, Wi], such that
dYi (t) = ai (t, Y(t))dt + bi (t, Y(t))dWi (t),

i = 1, . . . , d.

(2.11)

In this setting, modifications can be described by the multi-dimensional Itō formula:
If f ∈ C 1 (R) × C 2 (Rd ) and Y(t) is a multi-dimensional Itō process, then Z(t) :=
f (t, Y(t)) is also an Itō process, and one has
n

dZ(t) =

∂f (t, Y(t)) X ∂f (t, Y(t))
+
ai (t, Y(t))
∂t
∂Yi
i=1

n
1 X ∂ 2 f (t, Y(t))
+
bi (t, Y(t))bj (t, Y(t))ρij  dt
2 i,j=1 ∂Yi ∂Yj
+

n
X
∂f (t, Y(t))
i=1

∂Yi

bi (t, Y(t))dWi (t).

(2.12)

T
Applying this formula to V (t, S(t), v(t))
√ v(t)) from
√ = V (t, Y(t)) with Y(t) = (S(t),
(2.9) and (2.10) using a1 = µS, b1 = vS, a2 = κ(γ − v) and b2 = ξ v yields


∂V
∂V
∂V
1 ∂2V
∂2V
1 ∂2V 2
2
dV =
+
µS +
κ(γ − v) +
vS
+
Svξρ
+
vξ
dt
∂t
∂S
∂v
2 ∂S 2
∂S∂v
2 ∂v 2
∂V √
∂V √
+
vSdW1 +
vξdW2 .
(2.13)
∂S
∂v
Consider now a portfolio Π = Π(t) ∈ R, consisting of an option with value V
and a (possibly fractional) number δ = δ(t) ∈ R of stocks with value S, composed as
Π := V − δS. Choosing δ = ∂V
∂S for every time t and using (2.9) and (2.13) leads to

dΠ =dV − δdS
(2.14)


2
2
2
√  ∂V
∂V
1
∂ V
1
∂ V
∂ V
=
+ vS 2 2 + Svξρ
+ vξ 2 2 + κ(γ − v) − ξλ v
dt,
∂t
2
∂S
∂S∂v 2
∂v
∂v
(2.15)
where λ represents the market price of volatility risk, see, e.g. [CP]. Since the portfolio
is now riskfree, the change in its value must be equal to the change of a bond with
value Π and a riskfree interest rate r, due to the assumption that the market is free of
arbitrage. Therefore, we have dΠ = rΠdt. Finally, we arrive at the following parabolic
partial differential equation with diffusion, convection and reaction terms, denoted as
Heston’s equation


2
2
∂V
1
∂2V
∂V
∂V
2 ∂ V
2 ∂ V
LV :=
+
S v 2 + 2ρξvS
+ ξ v 2 + rS
+ κ(γ − v)
− rV
∂t
2
∂S
∂S∂v
∂v
∂S
∂v
= 0.
(2.16)
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Here we have assumed like in [AWW, IT1] that the price of the volatility risk λ vanishes. For European options, a closed form solution can be found in [He]. Moreover,
Merton’s theorem, see, e.g., [Hu], says that the value of an American call option equals
the value of a European call option.
Therefore, we will in the following concentrate on the most interesting case from
a computational point of view: American put options satisfying (2.16) for which there
is no closed form solution available. For this parabolic PDE to be solved backwards
in time, we need to specify appropriate boundary and end conditions.
To this end, we denote by H(S) := max(K − S, 0) the so-called payoff function
which is independent of v. If at final time T the value of the stock S is above the
strike price K, one would not execute the option; the option is without value. On the
other hand, if the value of S is below K, the value of the option is K − S. Therefore,
at final time T , the value of the option is
V (T, S, v) = H(S).

(2.17)

Remark 2.1. Note that, due to the same sign in front of the first order derivative
in time and second order with respect to space, posing end conditions at T for (2.16)
is a well-posed parabolic problem (in contrast to the backwards heat equation, see, e.g.,
[RR].)
As for boundary conditions of V with respect to S, we argue as follows: If the option was exercised immediately, one would gain an amount of K −S which approaches
K as S → 0. The maximal achievable gain is K. Accordingly, it is best to exercise
immediately to avoid discounting K. This yields
lim V (t, S, v) = lim H(S) = K.

S→0

S→0

(2.18)

For S → ∞, the option is worthless, so we have
lim V (t, S, v) = lim H(S) = 0.

S→∞

S→∞

(2.19)

We want to mention that, in [CP], it was proposed to replace condition (2.19) by the
= 0 ‘for practical reasons’ not clear
Neumann boundary condition limS→∞ ∂V (t,S,v)
∂S
to us. The model treated in [Sch] has taken this modification into account. In the
present context, we prefer to stay with (2.19)
Next we discuss boundary conditions for V with respect to v. Here one first
has to take a look at the diffusion process v(t) and see if v = 0 is an attainable
boundary or not. The Feller condition, see e.g. [AP2], states that v = 0 is attainable
if ξ 2 > 2κγ is fullfilled. If v = 0 is an attainable boundary, it is possible to state
a boundary condition here. If it is an unattainable boundary, one cannot state a
boundary condition. So it is crucial to choose the parameters in (2.10) so that the
Feller condition is fullfilled. Choosing the parameters according to [DPS], that is
ξ = 0.61, κ = 6.21 and γ = 0.019 for the Heston model is according to [DPS] the most
reasonable. For this choice, the Feller condition is fullfilled and, thus, it is possible to
state a boundary condition for v = 0. We choose the boundary condition
lim V (t, S, v) = H(S).

v→0

(2.20)

Finally, as in [CP], one expects that for v → ∞ the option price V would be
insensitive to a change in the volatility, i.e.
lim

v→∞

∂V (t, S, v)
= 0.
∂v

(2.21)

6

A. Kunoth, Chr. Schneider and K. Wiechers

2.3. American Put Options in the Heston Model. For American options
(and fixed variance), it is well-known that there exists for each time t ∈ [0, T ] always
a stock price S for which early exertion before final time T is advantageous, see, e.g.,
[S]. One can show that these values define a continuous curve Sf (t). It is a priori
unknown and therefore defines a free boundary. Accordingly, one should exercise the
option in the areas where S ≤ Sf and hold the option if S > Sf . We are therefore
finally led to the following option pricing problem:
Problem 2.2. Solve for V = V (t, S, v) the system
LV = 0
V (t, S, v) = H(S)

for
for

S > Sf , v ≥ 0, t ∈ [0, T )
S ≤ Sf , v ≥ 0, t ∈ [0, T ).

(2.22)

with boundary conditions
lim V (t, S, v)

= lim H(S)

lim V (t, S, v)

= H(S),

S→0
v→0

S→0

= K,

lim V (t, S, v)
∂V (t, S, v)
lim
v→∞
∂v
S→∞

= lim H(S)
S→∞

= 0,

= 0.

(2.23)
Note that in addition to solving a parabolic PDE with a linear but nonsymmetric
operator L, a particular difficulty arises from the unknown free boundary Sf .
2.4. Free Boundary Value and Linear Complementary Problems. It will
be useful to consider instead of Problem 2.2 the following equivalent formulation
as a linear complementary problem, see e.g., [S] for a proof. This formulation has
the advantage that the free boundary Sf does not explicitly appear in the problem
formulation which later enables numerical discretization. Of course, the free boundary
still has to be computed. We denote the domain on which the option price V lives by
3
Ω∞
L := (0, T ) × (0, ∞) × (0, ∞) ⊂ R . (The upper index indicates an unbounded set
which will later be appropriately cut.)
Problem 2.3. Solve for V = V (t, S, v), (t, S, v) ∈ Ω∞
L the system
LV (V − H) = 0
LV ≤ 0
V −H ≥0

(2.24)

with boundary conditions (2.23) and end condition V (T, S, v) = H(S) for all (v, S) ∈
R+ × R+ .
2.5. Transformation and Localization. In view of the fact that L defined in
(2.16) is indeed a degenerate parabolic differential operator, one usually introduces a
new variable x replacing the stock price S in terms of the transformed stock variable
S
x = ln( K
). This results in the disappearance of the variable coefficient S in (2.16).
The transformed value of the option y = y(t, x, v) then satisfies the transformed
Heston equation


∂2y
1 ∂2y
∂y
1
∂y
∂y 1 2 ∂ 2 y
+ ξ v 2 + ρξv
+ v
+ κ(γ − v)
+ r− v
− ry = 0 (2.25)
∂t
2
∂v
∂v∂x 2 ∂x2
∂v
2
∂x
on part of the domain Ω∞
L . Recall that all parameters except x, v are constant real
values. Abbreviating
!
 2

−κ(γ − v) + 21 ξ 2
1
ξ
ρξ
A := v
,
b :=
,
(2.26)
ρξ 1
2
−r + 12 v + 12 ξρ
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the parabolic PDE (2.27) can be rewritten as
Yy :=

∂y
+ ∇ · A∇y − b · ∇y − ry = 0
∂t

(2.27)

∂y ∂y T
where ∇y := ( ∂x
, ∂v ) ∈ R2 is the gradient of y, and for vectors c, b ∈ R2 , c · b =
T
c b is the Euclidean inner product. The payoff function H(S) = max(K − S, 0) is
transformed into

g(x) := H(Kex ) = max(K − Kex , 0).

(2.28)

Moreover, the free boundary Sf in (2.22) is transformed to a function xf = xf (t, v).
+
3
We denote the transformed domain by Ω∞
Y := (0, T ) × R × R ⊂ R . The transformed
linear complementary problem then reads as follows.
Problem 2.4. Solve for y = y(t, x, v), (t, x, v) ∈ Ω∞
Y , the system
Yy(y − g) = 0
Yy ≤ 0
y−g ≥0

(2.29)

with boundary conditions
lim y(t, x, v)

x→±∞

y(t, x, 0)

= lim g(x),
x→±∞

= g(x),

lim

v→∞

∂y(t,x,v)
∂v

= 0.

and end condition y(T, x, v) = g(x) for all (x, v) ∈ R × R+ .
The question of existence and uniqueness of a solution to this problem will be
addressed later in the variational setting.
In order to enable numerical computations, we localize the unbounded domain
3
Ω∞
Y by defining ΩY := (0, T ) × Ω ⊂ R with the spatial domain Ω := (xmin , xmax ) ×
2
(vmin , vmax ) ⊂ R such that 0 < vmin < vmax and xmin < 0 < xmax . Since the variance
v is always positive, choosing such a strictly positive vmin is well justified; this also
avoids a degenerating coefficient A in (2.27). Typically, one chooses xmin = −xmax
for symmetry reasons. The boundary conditions in Problem 2.4 must be adapted
accordingly. Thus, defining
Γ := {(x, v) ∈ ∂Ω : v = vmin or x = xmin or x = xmax }

(2.30)

Γv := ∂Ω \ Γ = {(x, v) ∈ ∂Ω : v = vmax },
the boundary conditions (2.23) read
y=g

on Γ,

∂y
=0
∂v

on Γv ,

(2.31)

and the end conditions are y(T, x, v) = g(x) for all (x, v) ∈ Ω.
Remark 2.5. Often one performs an additional transformation with respect to
time in the form t̃ := T − t. This results in an opposite sign in front of ∇ · A∇y in
(2.27) and in a parabolic PDE forward in time with initial conditions at t = 0 instead
of end conditions at t = T . Specifically, one employs this transformation in case of a
constant volatility since then (2.27) reduces to the heat equation.
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3. Variational Formulation and Discretization. Next we will derive an appropriate variational formulation of Problem 2.4. Let L2 (Ω) be the usual space of
Lebesgue measurable and square integrable functions on Ω, and denote by H 1 (Ω) the
Sobolev space of first order weak derivatives. We define
K̃ := {ϕ ∈ H 1 (Ω) : ϕ ≥ g, ϕ = g on Γ}

(3.1)

where the inequality sign means to hold pointwise for all (x, v) ∈ Ω. Let ϕ ∈ K̃ be
any test function and y ∈ K̃ be a solution of Problem 2.4. We multiply the second
equation Rin (2.29) by ϕ − g (which does not change the sign) and integrate over Ω
yielding Ω Yy(ϕ
− g)dΩ ≤ 0. Subtraction of the first equation in (2.29), integrated
R
over Ω, i.e., Ω Yy(y − g)dΩ = 0 yields
Z
Yy(ϕ − y)dΩ ≤ 0,
(3.2)
Ω

thereby eliminating g. Moreover, we apply a further transform u := y − g in order
to achieve zero boundary conditions and inequality. For this, we need to assume for
the moment that g is sufficiently smooth. The more general case which applies to
g = g(x) defined in (2.28) is addressed in Remark 3.3 below.
According to this transformation, we define a new constraint space as
K := {ϕ ∈ H 1 (Ω) : ϕ ≥ 0, ϕ = 0 on Γ}.

(3.3)

Thus, instead of Problem 2.4, we consider
Problem 3.1. Solve for u = u(t, x, v) ∈ H 1 (ΩY ) with
u(t, ·, ·) ∈ K,

∂u
= 0 on Γv ,
∂v

u(T, x, v) = 0 on Ω,

(3.4)

the inequality
Z

Z
Yu(ϕ − u)dΩ ≤ −

Ω

Yg(ϕ − u)dΩ =: `(ϕ − u)

(3.5)

Ω

for all ϕ ∈ K and t ∈ (0, T ).
∂u
Note that ∂y
∂v = 0 implies also ∂v = 0 since g does not depend on v.
For discretization, we first discretize the time derivative in (3.2) with a standard
finite difference scheme. We decompose the time interval into equidistant points
0 =: t(0) < t(1) < · · · < t(M ) := T with time step τ := t(k) − t(k−1) and abbreviate the
semi-discrete in time solution by u(k) := u(t(k) , x, v). We approximate
∂u(t, x, v)
∂t

≈
t=t(k)

u(k+1) − u(k)
,
τ

yielding the familiar θ-scheme for θ ∈ [0, 1]
Z (k+1)
u
− u(k)
(k)
`(ϕ − u ) ≥
(ϕ − u(k) )dΩ
(3.6)
τ
Ω
Z 

+(1 − θ)
∇ · A∇u(k+1) − b · ∇u(k+1) − ru(k+1) (ϕ − u(k) )dΩ
Z Ω

+θ
∇ · A∇u(k) − b · ∇u(k) − ru(k) (ϕ − u(k) )dΩ.
Ω
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We recall that we wish to solve (2.27) backward in time. Thus, the terms indexed
by k + 1 are known while the terms with index k are to be determined. Choosing
θ = 1 yields an explicit, θ = 0 an implicit Euler scheme, and θ = 12 corresponds to
the Crank-Nicolson scheme. Naturally, here we select the latter due to its consistency
and convergence error rate O(τ 2 ). Defining the operator
Y (k) u(k) := −θ∇ · A∇u(k) + θb · ∇u(k) + (θr + τ −1 )u(k)

(3.7)

and right hand side
f (k+1) := (1 − θ)∇ · A∇u(k+1) − (1 − θ)b · ∇u(k+1) − ((1 − θ)r − τ −1 )u(k+1) + Yg, (3.8)
equation (3.6) is just
Z
Z
(k) (k)
(k)
Y u (ϕ − u )dΩ ≥
f (k+1) (ϕ − u(k) )dΩ.
Ω

(3.9)

Ω

Applying Green’s formula to the left hand side with respect to the variables x, v yields
Z
Z 

Y (k) u(k) (ϕ − u(k) )dΩ = θ
A∇u(k) · ∇(ϕ − u(k) ) + b · ∇u(k) (ϕ − u(k) ) dΩ
Ω
Ω
Z
+ (θr + τ −1 )u(k) (ϕ − u(k) )dΩ
Ω

Z
−

A
∂Ω

∂u(k)
(ϕ − u(k) )ds
∂n

(3.10)

where n denotes the outward normal derivative at ∂Ω. Due to the choice of K from
which ϕ, u(k) are chosen, the boundary terms on Γ vanish. The remaining boundary
term on Γv vanishes due to the Neumann condition (3.4) for u(k) .
Analogously, we obtain for the right hand side
Z
Z
f (k+1) (ϕ − u(k) )dΩ = −(1 − θ)
A∇u(k+1) · ∇(ϕ − u(k) )dΩ
Ω
Ω
Z 

(k+1)
−(1 − θ)b · ∇u
− ((1 − θ)r − τ −1 )u(k+1) (ϕ − u(k) )dΩ
+
ZΩ
Z
∂g
(k)
+
(ϕ − u )dΩ −
A∇g · ∇(ϕ − u(k) )dΩ
Ω ∂t
Ω
Z
Z
∂g
− (b · ∇g + rg)(ϕ − u(k) )dΩ +
A (ϕ − u(k) )ds.
(3.11)
∂n
Ω
∂Ω
Defining the right hand side of (3.10) as the evaluation of a bilinear form a(·, ·), i.e.,
Z 

a(u(k) , ϕ − u(k) ) := θ
A∇u(k) · ∇(ϕ − u(k) ) + b · ∇u(k) (ϕ − u(k) ) dΩ
Ω
Z
+ (θr + τ −1 )u(k) (ϕ − u(k) )dΩ
(3.12)
Ω

we have derived the following variational inequality.
Problem 3.2. Solve for u(k) ∈ K and any ϕ ∈ K
a(u(k) , ϕ − u(k) ) ≥ hf (k+1) , ϕ − u(k) i

(3.13)
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where h·, ·i is the dual form on (H 1 (Ω))0 × H 1 (Ω).
Remark 3.3. For the derivation of Problem 3.2, we have assumed that the lower
bound g is sufficiently smooth. In fact, the formulation (3.13) reveals that g ∈ H 1 (Ω)
is sufficient which holds for g defined in (2.28).
It is well-known from treatments on variational inequalities, see, e.g., [EO, GLT,
KS] that Problem 3.2 has a unique solution (by a generalized theorem of Lax-Milgram)
if the bilinear form a(·, ·) is continuous and coercive on H 1 (Ω) × H 1 (Ω) and the right
hand side defines a linear continuous functional on H 1 (Ω). This is clearly the case
here since on Ω A is clearly positive definite and bounded. This question and detailed
conditions on the relation of the different coefficients has been investigated in detail
in [AWW] for the case of European options, leading to a variational equality, and
introducing additional splits for the first order term for stability.
Next we discretize Problem 3.2 with respect to the space variables (x, v) ∈ Ω in
terms of linear finite elements, see, e.g., [Br]. We assume that Ω is decomposed into
uniform triangles of diameter proportional to a space discretization parameter h and
that the decomposition is admissible. Let Vh ⊂ H 1 (Ω) with vanishing boundary values
at Γ and dimVh =: N denote the finite-dimensional space spanned by the Courant
finite elements (conforming P1 element) denoted by Ni . We always assume that the
discretization is conforming which means that Vh is a subset of H 1 (Ω) and V2h ⊂ Vh .
The Ni may be viewed as(with respect to the twodimensional case) generalized hat
functions.
On this discretization, we approximate the semidiscrete solution u(k) by
(k)

(k)

uh = uh (x, v) :=

N
X

(k)

ui Ni (x, v) =: (u(k) )T N.

(3.14)

i=1

Likewise, the test functions ϕ(x, v) are approximated by
ϕh = ϕh (x, v) :=

N
X

ϕi Ni (x, v) =: ϕT N.

(3.15)

i=1

Inserting these representations into the left hand side in (3.13) yields
a(u(k) , ϕ − u(k) ) = (ϕ − u(k) )T Bu(k)

(3.16)

where the system matrix B ∈ RN ×N is defined by Bji = a(Ni , Nj ). Note that B is
invertible but not symmetric. Accordingly, the right hand side in (3.13) is expressed
in vector form as (ϕ − u(k) )T f where f has entries defined accordingly in terms of
Ni . This means that for every time step (starting with end time t = T ), we need to
solve the following discrete variational inequality.
Theorem 3.4. The finite element discretization of Problem 3.2 is: find u ∈ RN
with u ≥ 0 such that
(ϕ − u)T (Bu − f ) ≥ 0,

(3.17)

for all ϕ ∈ RN with ϕ ≥ 0.
This problem is equivalent to the discrete linear complementary problem to find u ∈
RN satisfying
uT (Bu − f ) = 0,

Bu − f ≥ 0,

u ≥ 0.

(3.18)
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Here an inequality like u ≥ 0 is to be understood component-wise. Again, existence and uniqueness of a solution of either one of these problems is guaranteed by a
generalized Lax-Milgram theorem, applied to finite-dimensional spaces.
Recall from [BHR] for variational inequalities of the form (3.13) the error estimate
(k)

ku(k) − uh kH 1 (Ω) = O(h),

(3.19)

provided that f (k+1) ∈ L2 (Ω) which is the case here. Thus, with respect to the L2 (Ω)
norm, we expect for the Crank-Nicolson scheme and τ = h an error
ku − uh kL2 (ΩY ) = O(h2 + τ 2 ).

(3.20)

4. Iterative Solution of Inequality Systems. According to Problem 3.2 and
Theorem 3.4, we need to solve in each time step the inequality system (3.18), starting
with t(M ) = T . A standard method which will serve as a basic iterative method in
each time step is the following.
4.1. The Projective Gauss-Seidel Method. This scheme is an adaptation of
the familiar Gauss-Seidel method for the iterative solution of linear systems Gw = g
where G ∈ RN ×N is symmetric positive definite, g ∈ RN is given, to problems (3.18)
for symmetric B, see, e.g., [Ha]. We will first briefly describe the scheme and then
comment on the symmetry requirement of the matrix.
For the Gauss-Seidel scheme, one decomposes G additively into G = L + D + U
where D is a diagonal, L is a strictly lower diagonal and U a strictly upper diagonal
matrix. The iterative scheme is then: given an initial vector w0 ∈ RN , iterate for
j = 1, 2, . . . the relation wj = wj−1 + (U + D)−1 (g − Gwj−1 ). For the solution of
a discrete complementary problem (3.18) (with B replaced by a symmetric positive
definite G for the moment), one adds after the iteration a component-wise projection
step into the convex set K := {w ∈ RN : w ≥ 0} which is the discretized version of
the convex set K defined in (3.3).
Algorithm 4.1 (Projective Gauss-Seidel Method). Set the initial vector w0 ∈
N
R .
Iterate for j = 1, 2, . . .:
w̃j
wij

= wj−1 + (U + D)−1 (g − Gwj−1 )
= max(0, w̃ij ),
i = 1, . . . , N.

(4.1)

We will shortly write
wj = pGS(wj−1 ),

j = 1, 2, . . .

(4.2)

for Algorithm 4.1. Generalizations of this method are known as PSOR (projected
successive overrelaxation) schemes for which (4.2) is a special case. Convergence
of this method to the unique solution of (3.18) is known for any initial vector w0
provided
QN that G is symmetric positive definite and the convex set K is factorial, e.g.,
K = i=1 Ki [Cr]. While the latter is clearly satisfied, the matrix B defined in (3.16)
is not symmetric. However, as long as B is not ‘too’ unsymmetric in a sense that can
be made precise, and as long as 21 (B + B T ) is positive definite, the PSOR method
still converges [Ni]. We have also observed this numerically for B defined in (3.16),
see Section 5.
As for the convergence speed of the projective Gauss-Seidel scheme, this depends
as in the unrestricted case on the spectral condition number of B. For the finite
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element (or any other finite difference) discretization on a uniform grid of size h
employed in Section 3 , the spectral condition number is known to behave like κ2 (B) =
O(h−2 ) as h → 0, see, e.g., [Ha]. Consequently, the speed of any iterative method
deteriorates as the grid size becomes smaller. Remedies to overcome this problem are
the subject of the next subsections.
4.2. Multiscale Accelerations. In order to accelerate a basic iterative scheme
like the Gauss-Seidel method in the unrestricted case, one typically employs a preconditioner C for which κ2 (CB)  κ2 (B) and which is of cost O(N ) to set up and apply.
Optimal preconditioners achieve κ2 (CB) ∼ 1 independent of h. All classes for which
this is possible are based on multiscale approaches. This means that a hierarchy of
grids and approximation spaces
V0 ⊂ V1 ⊂ · · · ⊂ V` ⊂ · · · VL ⊂ H 1 (Ω)

(4.3)

comes into play, where the grid spacing h` is proportional to 2−` and dim V` =:
N` = O(22` ) since Ω ⊂ R2 . We denote by ` the level of multiresolution or simply
level. In the unrestricted case, multigrid and multiscale preconditioners like the BPX
preconditioner and a wavelet preconditioner are among this class, see, e.g., [Br, D,
Ha, Ku].
A multigrid method adapted to the restricted problem in (3.18) will be described
in the next section.
4.3. A Monotone Multigrid Method (MMG). The method of choice for
discretized variational inequalities is the monotone multigrid method (MMG) [Ko, Ma]
which was set up for piecewise linear Ansatz functions. An extension to higher order BSplines can be found in [HK1] with an application to the highly accurate computation
of the Greeks for American options with constant volatility in [HK2].
The monotone multigrid method can be implemented as a variant of a standard
multigrid scheme by adding a projection step and employing specific restriction operators. Consider the nested sequence of finite–dimensional spaces (4.3) with the highest
level L denoting the discretization level on which (3.18) is to be solved,
BL uL ≥ f L ,
uL ≥ 0,
uT (BL uL − f L ) = 0.

(4.4)

Let uνL ∈ VL be the approximation in the ν– th iteration of the MMG method. The
basic multigrid idea is that the error vL := uL − uν,1
L between the smoothed iterate
ν
uν,1
:=
pGS
(u
)
and
the
exact
solution
u
can
be
approximated without essential
L
L
L
loss of information on a coarser grid ∆L−1 . For the linear complementary problem
(4.4), this is realized for two grids ∆L and ∆L−1 as follows. Introducing the defect
dL := f L − BL uν,1
L , (4.4) can be written as
BL vL ≥ dL ,
vL ≥ −uν,1
L ,
T
(vL + uν,1
)
(B
v
−
d
)
=
0.
L
L
L
L
On a coarser grid ∆L−1 the defect problem can now be approximated by
BL−1 vL−1 ≥ dL−1 ,
vL−1 ≥ gL−1 ,
(vL−1 − gL−1 )T (BL−1 vL−1 − dL−1 ) = 0,

(4.5)
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where dL−1 := r dL and gL−1 := r̃(−uν,1
L ) with (different) restriction operators
r, r̃ : VL → VL−1 . The solution vL−1 of the coarse grid problem is now used as
an approximation to the error vL . It is first transported back to the fine grid by a
prolongation operator p. Then it is added to the approximation uν,1
L . We want to
point out that it is important that the restriction r̃ is chosen such that the new iterate
satisfies the constraint
ν,1
uν,2
L := uL + pvL−1 ≥ gL := 0

(4.6)

on the fine grid. Applying this idea recursively on several different grids, one obtains
the monotone multigrid method (MMG) for linear complementary problems (3.18) as
follows.
Algorithm 4.2. MMG` (ν– th cycle on level ` ≥ 1)
Let uν` ∈ V` be a given approximation.
ν η1
1. A priori smoothing and projection : uν,1
` := (pGS(u` )) .
d`−1 := r(f ` − B` uν,1
` ),

2.

Coarse grid correction:

3.

g`−1 := r̃(g` − uν,1
` ),
B`−1 := rB` p.
If ` = 1, solve exactly the linear complementary problem (4.4) and set v`−1 := v.
If ` > 1, do ζ steps of MMG`−1 with initial value u0`−1 := 0 and solution v`−1 .
ν,1
Set uν,2
` := u` + pv`−1 .
ν,2 η2
A posteriori smoothing and projection : uν,3
` := (pGS(u` )) .
Set uν+1
:= uν,3
`
` .

The number of a priori and a posteriori smoothing steps is denoted by η1 and η2 ,
respectively. For ζ = 1 one obtains a V–cycle, for ζ = 2 a W–cycle.
Condition (4.6) leads to an inner approximation of the solution set KL and ensures that the multigrid scheme is robust. Striving for optimal multigrid efficiency,
satisfaction of the constraint should not be checked by interpolating v` back to the
finest grid. Instead, special restriction operators r̃ are needed for the obstacle function, see [Ko]. A corresponding construction for B–splines of general order k can be
found in [HK1].
5. Numerical Results. Finally, we wish to present some numerical results
which are supposed to answer the following questions: 1) Validation of the model
concerning the quality of the fair prize and the free boundary; 2) Accuracy of the
computed solution; 3) Convergence behaviour of the iterative methods in view of the
unsymmetry of the system matrix B.
5.1. Validation of the Model. Firstly, we want to investigate whether our
computed solution can be validated. Since there exists no exact solution of Problem
2.2 in closed form, we compare our solution with the situation from [CP]. This may
by now be considered as a benchmark problem for numerically computing American
put options with the following parameters: strike price K = 10, volatility of the
volatility ξ = 0.9, price of the volatility risk λ = 0, mean reversion rate κ = 5, mean
reversion level θ = 0.16, correlation parameter ρ = 0.1, interest rate r = 0.1 and
end time T = 0.25. (Note that this choice of parameters is different from the one in
[DPS], see the remarks before (2.20), for which we are, however, not aware of values
for comparison.)
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We consider an American put option for a stock price of today as S(0) = 10, i.e.,
the transformed stock price is x(0) = 0, and the variance of today v(0) = 0.25. Thus,
the price of the option of today is u(0, 0, 0.25). In the literature, we find the following
prices computed on different uniform grids for the solution after the last time step at
t = 0:
Grid for (S, v) Price
Reference
256 × 256
0.796
[Oo]
0.7961 [ZFV]
177 × 103
320 × 128
0.7581 [IT1]
In [IT1] one has computed on this grid 64 time steps on the interval [0, T ] =
[0, 0.25]. The other references do not explicitly mention the amount of time steps.
Since it is not known which of these solutions is indeed the ‘best’, we take as reference
the value uref = u(0, , 0.25) = 0.7581 from [IT1].
The discretized solution of Problem 3.1 has been computed on the domain Ω =
(−5, 5) × (0.0025, 0.4975), i.e. we have chosen xmax = 5, vmin = 0.0025 and vmax =
0.4975. We have used the Crank-Nicolson scheme for θ = 12 . Since the convection
term in (3.12) often causes stability problems, we have used a graded grid like in
[AWW, IT1]. Here in the direction of the transformed stock price x, we have used a
grid which is four times as large as the grid for the variance v. The solution has been
computed with a monotone multigrid method on level L = 4.
We plot the discretized solution of Problem 3.1 in Fig. 5.1 and 5.2. We see in
Fig. 5.1 the option price for the American put option depending on stock price S
(axis to the left on the bottom) and the variance v (axis to the right on the bottom)
for the two most relevant times t = T = 0.25 (end time) and t = 0 (today). The
left graphic shows the transformed payoff function g at end time T = 0.25. We
recognize the characteristic bend of this termination condition. In the figure on the
right, we clearly see that the bend has been smoothed out which is a consequence of
the parabolicity of the solution operator. Also, the diffusion effect is stronger in areas
of larger variance.
This diffusion effect is even stronger visible for the value of the option depending
on the non-transformed stock prize in Fig. 5.2. For better visualization, here the axis
for the stock price S is slightly shortened. The left graphic shows the payoff function
H at end time T = 0.25, and the right figure visualizes the option price at current
time t = 0. We strongly see the diffusion effect.
Next we want to investigate the free boundary introduced in (2.22). In Fig. 5.3
in the left graphic, we see two functions: the option at time t = 0 (upper function)
and the transformed payoff function g (lower function). As we know from Section 3,
for transformed stock prices which are worth less than the transformed free boundary
xf , we have at any time 0 ≤ t(k) < T
u(t(k) , x, v) = g(x)

for x ≤ xf (t(k) , v), v ≥ 0.

(5.1)

As we can see in the figure, the option and the obstacle g coincide for x < xf . For
growing x, we see that g lies below the solution u(0, x, v). This is in accordance with
the theoretical results since the option price satisfies Y (k) u(k) = 0 for x ≤ xf (t(k) ),
v ≥ 0, and every 0 ≤ t(k) < T . We can observe this projection even more strongly in
the right graphic in Fig. 5.3. Here we see the value of the option at different times
for a constant variance v = 0.4975. The lowest plot displays the payoff function g.
Since the stock price of today S(0) corresponds to the strike price K, we have for
the transformed stock price x = 0; the characteristic bend appears here therefore at
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Fig. 5.1. Left: Transformed payoff function g(x) according to (2.28) of the American put option
at time T = 0.25. Right: Option price of today at t = 0.
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Fig. 5.2. Left: Payoff function H of the American put option at time T = 0.25. Right: Option
price for today t = 0 without transformation.

x = 0. We clearly see how this discontinuity is smoothed as time goes backward from
T = 0.25 to t = 0. We also see how in the different time steps the option price is
projected to the payoff function.
5.2. Accuracy of the Solution. In all iterative methods, we employ a stopping
parameter tol whose choice should be coupled to the discretization error of the finite
element discretization. The residual of the resulting linear systems of equation is
measured in the Euclidean norm, i.e.,
kCu − f k2

(5.2)

which corresponds to an a priori estimation
(k)

ku(k) − uh kL2 (Ω) = O(h2 ).

(5.3)

Accordingly, we should choose tol proportional to h2 = 2−2` . If the error is measured in the H 1 (Ω) norm, one should choose tol proportional to h = 2−` . In our
experiments, however, it turned out that tol = 10−3 2−` provided the most accurate
and most efficient results. For level `, we have N` = (2` + 1)(2`+2 + 1) grid points in
our triangulation using the graded mesh. The coarsest grid for ` = 2 has 85 and the
finest grid for ` = 7 has 66177 grid points.
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Fig. 5.3. Left: Visualization of computed solution at t = 0 (upper plot) and transformed
payoff function g (lower plot); Right: Evolution of the option price for different times t for constant
variance v = 0.4975.

We display in Table 5.1 the results for computing the American put option, using
just the simple projective Gauss-Seidel method from Algorithm 4.1. This and the
following table is set up as follows. The first column shows the discretization level `
on which the system is solved. The second column displays the approximate value of
the option at time t = 0 of today. The third and fourth columns shows the absolute
and relative errors between our computed solution and the reference value,
(0)

(0)

e`,abs := |u` − uref |,

e`,rel :=

|u` − uref |
.
uref

(5.4)

The next column displays the number of iterations, averaged over all time steps. Here
we have T /τ = 0.25/0.025 = 10 time steps, and we define
∅ (# PSOR) :=

# all iterations in every time step
.
10

(5.5)

In view of the growth of the spectral condition number like O(2−2` ), this number
should quadruple when passing from one level to the next higher one. We also display
the experimental order of convergence
ECO` :=

ln |e`,abs − e`−1,abs |
ln(2)

(5.6)

which describes the expected order. The last column shows the total time in seconds
the method needs. We remark that the method behaves exactly as predicted, with an
experimental order of convergence around 1.5 for the chosen tolerance tol. We have
also tested two simple multiscale methods which can be found in [Br]. One method
called Nested Iteration is based on iterating on level ` only up to discretization error
accuracy given by (3.19), and starting the iteration on level ` + 1 with the solution
vector from level `, prolongated to this finer level ` + 1. A variant called Cascade is
based on selecting a certain amount of iterations before continuing to the next level.
In the numerical experiments, we can see that the difference of the projective GaussSeidel scheme to both of these methods perform is neglectible. So we conclude that
for the present situation, these methods do not have an effect.
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`
2
3
4
5
6
7

(0)

u`

0.424602
0.684257
0.774593
0.789919
0.793706
0.794969

e`,abs

e`,rel

3.71208e − 01
1.11553e − 01
2.1217e − 02
5.891e − 03
2.104e − 03
8.41e − 04

4.66691e − 01
1.40175e − 01
2.66608e − 02
7.40252e − 03
2.64384e − 03
1.05678e − 03

∅ (# PSOR)

ECO`

Time (sec.)

6
11
26
92
353
1388

−
1.6
2.4
1.8
1.4
1.3

0.624329
3.21551
22.5351
260.453
5197.12
111705

Table 5.1
Results using the projected Gauss-Seidel method from Algorithm 4.1 for tol = 10−3 2−` .

`
2
3
4
5
6
7

(0)

u`

0.422206
0.682997
0.771826
0.791265
0.794925
0.795687

e`,abs
3.73604e − 01
1.12813e − 01
2.3984e − 02
4.545e − 03
8.85e − 04
1.23e − 04

e`,rel

ECO`

Time (sec.)

4.69463e − 01
1.41758e − 01
3.01378e − 02
5.71116e − 03
1.11207e − 03
1.54559e − 04

−
1.7
2.2
2.3
2.3
2.8

0.192924
0.647031
2.86817
17.1439
154.989
3064.73

Table 5.2
Results for the monotone multigrid method with 2 pre and 3 post smoothing steps.

In Table 5.2 we display the results obtained with the monotone multigrid method
from Algorithmus 4.2. We have used η1 = 2 pre and η2 = 3 post smoothing steps and
a V cycle. On the lowest level ` = 2, we solve the linear complementary problem with
the projected Gauss-Seidel method. We wish to point out that the same accuracy
can be achieved with the monotone multigrid method in less than 1/30 of the time
needed for the projected Gauss-Seidel method.
5.3. Convergence Behaviour of the Iterative Schemes. Finally, we display
two graphics showing the convergence behaviour of the schemes considered. Fig. 5.4
shows on the left the development of the absolute error e`,abs on the vertical axis
over the time on the horizontal axis in a log-log plot. We observe that the projected
Gauss-Seidel method as well as the simple multiscale variants show a very similar
behaviour while the monotone multigrid scheme (MMG) is substantially faster. In
fact, one can observe a multigrid efficiency which is optimal or close to it. This we
believe is a consequence of the non-symmetry of the system matrix B which, however,
is not so bad that the methods would not converge any more. We show on the right
of this graphic the time (on the vertical axis) which is needed by each method to solve
one linear system of equations over the number of unknowns (horizontal axis). We
see that the MMG method here also outperforms all the other methods.
All algorithms have been run on a Intel(R) Core(TM) 2 CPU with 2,40 GHz in
Matlab 7.3.0 (R2006b).
6. Final Remarks and Outlook. A next stept for the present model would
be to develop monotone multigrid methods of higher order to compute the Greeks
with high precision as in [HK1, HK2]. More modern models beyond classical BlackScholes equations are jump-diffusion price processes. In these, the Wiener process
in the Black-Scholes model is replaced by a Lévy process. According to [Eb], such
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Fig. 5.4. Left: Absolute error (vertical) over time (horizontal) as log-log plot. Right: Time to
solve linear system over number of unknowns as log-log plot.

processes allow for a more realistic modelling of the dynamics of asset prices, see [G]
for the recent state-of-the art on the stochastic analysis models. American options
on Lévy driven assets (with constant volatility) leading to integrodifferential equations were valuated by means of Galerkin methods in space and continuous piecewise
linear spline-wavelets in [MNS]. These discretizations have the advantage that the
differential operator can be optimally preconditioned independent of the grid size like
multigrid methods while simultaneously allowing for compression of the integral operator. Higher order spline-wavelets would again allow for a determination of the
Greeks of high precision.
Ultimately, in order to avoid the time-stepping procedure, it would be interesting
to formulate the variational inequality in full weak space-time form for which then
convergent adaptive wavelet methods of optimal complexity along the lines of [SS]
would be our method of choice. However, it is not clear how to develop a convergent
adaptive scheme for the treatment of inequalities, see [RU] for first steps in this
direction for elliptic variational inequalities.
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[HK1] M. Holtz, A. Kunoth, B-spline based monotone multigrid methods, Siam J. Num. Anal.,
45(1), 2007, 1175-1199.
[HK2] M. Holtz, A. Kunoth, B-spline based monotone multigrid methods with an application
to the pricing of American options, In: Multigrid, Multilevel and Multiscale Methods,
(Electr.) Proc. EMG, 2005, P. Wesseling, C.W. Oosterlee and P. Hemker (Eds.).
[He]
S.L. Heston, A closed-form solution for options with stochastic volatility with applications
to bond and currency options, The Review of Financial Studies 6(2), 1993, 327–343.
[Hu]
J.C. Hull, Options, Futures and Other Derivates, Prentice Hall International Editions,
2000.
[IT1]
S. Ikonen, J. Toivanen, Operator splitting methods for American options with stochastic volatility, European Congress on Computational Methods in Applied Sciences and
Engineering, 2004.
[IT2]
S. Ikonen, J. Toivanen, Efficient Numerical Methods for Pricing American Options Under
Stochastic Volatility, Wiley InterScience, 2007.
[ItT]
K. Ito, J. Toivanen, Lagrange multiplier approach with optimized finite difference stencils
for pricing American options under stochastic volatility, Siam J. Scientif. Comp. 31(4),
2009, 2646-2664.
[KS]
D. Kinderlehrer, G. Stampacchia, An Introduction to Variational Inequalities and Their
Applications, Academic Press, 1980.
[Ko]
R. Kornhuber, Adaptive Monotone Multigrid Methods for Nonlinear Variational Problems,
Teubner, 1997.
[Ku]
A. Kunoth, Optimized wavelet preconditioning, in: Multiscale, Nonlinear and Adaptive
Approximation, R.A.DeVore, A. Kunoth (eds.), Springer, 2009, 325-378.
[LS]
F.A. Longstaff, E.S. Schwartz, Valuing American options by simulation: A simple leastsquares approach, Rev Fin 14, 2001, 113-147.
[Ma]
J. Mandel, A multilevel iterative method for symmetric, positive definite linear complementarity problems, Appl. Math. Optimization 11, 1984, 77–95.
[MNS] A.-M. Matache, P.-A. Nitsche, C. Schwab, Wavelet Galerkin Pricing of American Options on Lévy Driven Assets, Quantitative Finance 5(4), 2005, 403–424.
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