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Abstract. We develop LNG FEM, a software package for graded mesh generation and for solving elliptic equations. LNG FEM generates user-specified
graded meshes on arbitrary two-dimensional domains with straight edges, for
different boundary conditions, once initial information is passed to the program by appropriately filling out some source files. We focus on a detailed
instruction on the implementation of the software after a brief literature review of elliptic boundary value problems and graded meshes. Then, we show
examples to point out that LNG FEM is equipped with advanced algorithms
and data structures to perform efficiently. LNG FEM is to popularize the use
and understanding of graded mesh in the finite element method. We hope it
triggers more interest and discoveries both in academia and in industry.
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1. Introduction
LNG FEM, short for the linear graded finite element method (FEM), is a free
software package written in C, for generation of graded meshes in general twodimensional domains with polygonal structures [16, 24, 26], and for construction
of linear finite element solutions for elliptic boundary value problems (EBVPs).
LNG FEM comes from part of our research on regularity of solutions of EBVPs,
particularly from our effort on recovering the quasi-optimal rate of convergence
of numerical solutions, when the solution possesses corner-like singularities that
are caused by non-smoothness of the boundary or changes of boundary conditions
[16, 19, 24]. LNG FEM is a fast, memory-efficient, user-friendly package that is
developed for general domains with straight edges in 2-D, and for different boundary conditions. During the development, information on geometry of the domain,
mesh generation, linear finite elements, and solvers for algebraic systems are sealed
in appropriate data structures. Therefore, with this flexibility of easy updates and
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modification, LNG FEM not only provides academia a powerful tool to demonstrate algorithms, educate students, strengthen research results, but also has great
potential to effectively handle practical problems in industry.
Instead of details in algorithms and data structures, this article mainly presents
instructions on the use of LNG FEM (Section 2). Concise information is conveyed
on preparation of input files before running the program, and on the way the outputs
are arranged, to help readers get used to LNG FEM and be able to work on their
own problems in seconds.
Moreover, in Section 3, for those who are concerned with the reliability and
efficiency of the software, we briefly describe several features on algorithms and
data structures, which make LNG FEM not only a universal set of the graded FEM
for EBVPs on general 2-D domains with straight edges, also an optimal generator
of meshes and finite elements in terms of storage and speed.
LNG FEM is freely available at http://www.math.psu.edu/li h/Research.htm. Extended questions and requests of source files can be sent to Hengguang Li at
li h@math.psu.edu. We keep LNG FEM up-to-date. Suggestions to improve the
software in any aspect are appreciated.
It is reasonable to review some related terms for better understanding the motivation and the inside machinery of LNG FEM, especially for those who are new in
this field, while experienced users can jump to Section 2 for instructions directly.
1.1. Elliptic boundary value problems (EBVPs). EBVPs are a class of partial differential equations (PDEs) with boundary conditions. Basic properties of
solutions of EBVPs, such as existence, uniqueness, regularity, etc. have existed in
[17, 18, 31, 33]. Following the equivalence of the bilinear form of the equation and
the norm of some Sobolev space, existence and uniqueness can usually be guaranteed by Lax-Milgram Theorem for strictly positive elliptic operators. Regularity,
describing smoothness of the solution, however, may be of great importance for
numerical methods, since no explicit formula is available for the solution in general.
To fix ideas, we consider the following equation associated to the Laplace operator on a bounded two-dimentional domain Ω throughout our presentation. The
results, however, extend to general second-order elliptic PDEs.


in Ω,
 −∆u = f
(1)
∂ν u = 0
on ∂N Ω,


u=0
on ∂D Ω.
A fundamental theorem on regularity of the solution in Equation (1) claims that
the solution u is always in the Sobolev space H m+1 (Ω) ∩ H01 (Ω), m ≥ 0, as long as
the given datum f belongs to the space H m−1 (Ω), provided that ∂N Ω = ∅, and ∂Ω
is smooth enough.
Theorem 1.1. Suppose that the boundary ∂Ω of the domain is smooth and Equation (1) has the homogeneous Dirichlet boundary condition u|∂Ω = 0. Then for
m ≥ 0, there is a unique solution u for Equation (1), satisfying
||u||H m+1 (Ω) ≤ C||f ||H m−1 (Ω) ,
where C depend only on m and Ω.
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The above theorem, however, requires some assumptions on the domain and on
the equation, which can be violated easily in practice. For instance, boundary conditions may change types; the boundary of the domain may not be smooth enough
(corners, edges, etc.); some derivatives of the coefficients in the equation may have
jumps (transmission problems [29, 30]). Any of these situations could generate
a certain type of singularities in the solution and cause unexpected difficulties in
numerical simulations.
1.2. Graded meshes. As a powerful numerical method in practical computation
to solve PDEs, the FEM grabs tremendous interest from academic research as well
[3, 5, 12, 14, 15, 32]. Starting from a domain decomposition, FEM typically uses
piecewise polynomials as basis functions to approximate the solution.
From now on, we concentrate on bounded two-dimensional domains with straight
edges. For domains with curved boundaries, other techniques are needed for analysis in the FEM, while they usually do not present the same difficulty as we will
handle at this time. Let P be such a domain with straight edges. The following
definition [12] gives a classical decomposition with triangles on P .
Definition 1.2. Let {T h }, 0 < h ≤ 1, be a family (triangulation) of triangles on
P such that
max{diam T : T ∈ T h } ≤ hdiam P.
Let BT be the largest ball contained in T . The family (triangulation) is said to be
quasi-uniform if there is ρ > 0 such that
min{diam BT : T ∈ T h } ≥ ρhdiam P.
Quasi-uniform triangulations based on Definition 1.2 leads to an optimal convergence rate for finite element solutions of EBVPs in the following sense.
Theorem 1.3. Suppose that the solution u ∈ H m+1 (P) and the right hand side
f ∈ H m−1 (P) in Equation (1). Then, the finite element solution uh with piecewise
polynomials of degree m satisfies
||u − uh ||H 1 (P) ≤ Chm |u|H m+1 (P) ≤ Chm ||f ||H m−1 (P) ,
where C does not depend on the right hand side or the level of refinements.
As mentioned in Subsection 1.1, the solution can be less regular and even not in
H 2 (P) when the boundary has conical or angular points or the boundary conditions
change. In fact, these corner-like singularities that fail to satisfy the assumptions
of Theorem 1.3 will slow down the rate of convergence on quasi-uniform meshes
[2, 4, 6, 7, 21, 22, 28, 29, 36].
Methods of generating quasi-optimal meshes based on different principals have
been the interest of many people [1, 6, 7, 27]. The graded mesh [2, 6, 7] is one
of them that has proved to be successful to recover the quasi-optimal rate of convergence of the numerical solution. The basic idea of graded meshes is to make
use of a priori estimates to determine the ratio of decay for triangles near singular points on the boundary. The error between u and uh is evenly distributed on
different triangles by controlling the size of the triangle accordingly: if a triangle
dose not contain singular vertices, it is triangulated into four smaller triangles of
equal size in the next level, by joining the midpoints of each edge; if a triangle
has a singular vertex QI , we still generate four smaller triangles, but based on a
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different ratio of decay κ. (See Figure 1.) More examples will be shown in Section 2.

Figure 1. one refinement of triangle T with a singular vertex QI , κ = l1 /l2

The following estimate [7] regarding the graded meshes claims that the quasioptimal rate of convergence can be obtained for numerical solutions on these meshes
in terms of dimensions of subspaces, when an appropriate decay ratio is chosen for
every singular point [7, 24].
Theorem 1.4. Let 0 <  < η, where 0 < η ≤ 1 is related to the smallest positive
eigenvalue of the resulting operator from the Mellin transform for the singular point.
Since η can be determined explicitly or approximately, we let κ = 2−m/ be the ratio
of decay of triangles. Denote by un the numerical solution of Equation (1) on the
mesh after n successive refinements, and by Vn the finite subspace on the mesh.
Then
||u − un ||H 1 (P) ≤ Cdim(Vn )−m/2 ||f ||H m−1 (P) ,
for f ∈ H m−1 (P), where C is independent of n.
As one of our attempts to popularize advanced numerical techniques for public
uses, LNG FEM gives users the freedom to specify singular points, to customize
different ratios of decay, and to compute or compare solutions on various domains.
With imbedded MATLAB commands in LNG FEM, one can even get more insights
of graded meshes by visualizing the results. See Section 2 for details.
1.3. Numerical solvers. Different numerical methods for PDEs preserve a similar
routine, to translate continuous problems into discrete systems of algebraic equations. These discretizations usually give rise to millions of or even more unknowns
that have to be treated well to achieve fairly good numerical approximations. A
special version of the curse of dimensionality denies most of exact solvers immediately for such systems, even though they are accurate. Thus, theory and algorithms
based on iterative methods dominate this field. In particular, as one of the most
efficient techniques for solving these large systems, the multigrid (MG) method
[8, 9, 10, 13, 20, 34, 35, 37, 38] has shown its strength on solving EPVBs.
We here quote a recent result on the convergence rate of the MG method on
systems from graded meshes to illustrate its efficiency [11]. In fact, it claims that
the MG V -cycle converges uniformly on quasi-optimal graded meshes for corner-like
singularities.
Theorem 1.5. Let B v be the iterator for the MG V -cycle, and A be the differential
operator in Equation (1). Denote by || · ||2 = (·, ·)a = (A·, ·) the norm induced by
A. Suppose linear finite elements are used for the equation. Then, for the resulting system of algebraic equations from the discretization on quasi-optimal graded
meshes, every iteration of the MG V -cycle contracts ||I − B v A||a in the following
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rate,
||I − B v A||a =

c0
c1
≤
,
1 + c0
c1 + c2 k

where I is the identity operator; c1 and c2 are constants depending only on the
problem and the smoother, not on the level of refinements; k is the number of
iterations on every subspace.
In the first version of LNG FEM, the preconditioned conjugate gradient (PCG)
method was imbedded for solving the resulting system of equations. It is not
optimal, but an algorithm of acceptable efficiency. This is the only part that does
not hold the optimality in our package. An imbedded multigrid solver will be
released soon.
2. Instructions on LNG FEM
The main purpose of the development of LNG FEM is to encourage pubic understanding and uses of graded meshes for EPVPs on general polygonal domains. To
fulfill this goal, we not only emphasize the reliability and efficiency of algorithms,
but also try to make the interface as friendly as possible, so that users can enjoy
exciting numerical techniques more than spend much time on learning the software.
The main features of LNG FEM include:
1. Modularization. Related algorithms and data structures are grouped in different modules for easy updates and modification; input files and outputs of the
program are bundled in /Sourcefiles and /Results, respectively, to simplify the process of initialization and analysis of the result afterwards.
2. Generality. Users have the freedom to set up various domains, boundary
conditions, the ratio of decay for any singular point by typing information in corresponding input files. The current model PDE in LNG FEM is associated with the
Laplace operator. One can even change the PDE by simply updating several lines
in one of these modules of the source code.
3. Efficiency. LNG FEM is equipped with advanced algorithms and perform efficiently in terms of storage and speed. We managed to minimize the time for mesh
generation and matrix assembly. Consequently, LNG FEM is comparable with other
fast mesh generators nowadays. Details will be discussed in Section 3.
4. Analysis of the result. LNG FEM can either compute the numerical solution
on the current mesh, or, in addition, compare the current numerical solution with
the solution from the previous mesh to provide the convergence rate. The mesh and
the solution can be visualized easily in MATLAB with embedded commands in the
package.
With all the features in mind, we here demonstrate that it is easy to take full
advantage of LNG FEM as well by giving step-by-step instructions. Recall that the
model PDE inside is Equation (1) with f = 1. Before going to the details, one can
have the first experience to run the program with an L-shape domain (Figure 2) by
entering the directory /LNG FEM and typing ./LNG FEM.out in the command
terminal. An expository diagram on the processing flow of the program is given in
Figure 6.
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2.1. Source files. After unzipping the downloaded file, we see two sub-directories
(/Sourcefiles and /Results), and some other .out or .m files under the directory
/LNG FEM, where the .out file is the executable file for the program. As its name
indicates, /Sourcefiles contains information on the initial triangulation, boundary
conditions, parameters of the grading that needs users to set up. In this subsection,
we elaborate on these files in /Sourcefiles by taking the triangulation in Figure 2
as an example, which comes with the package.

Figure 2. an initial triangulation of the L-shape domain for the homogeneous
Dirichlet boundary condition with numbering on nodes and triangles

First of all, we follow several rules to generate initial triangles, nodes, and to
number them.
1. Any vertex or singular point not in H 2 of the domain is an initial node.
2. An initial triangle can not contain more than one singular point of the domain.
3. Any node can not have more than six adjacent triangles.
4. There is no restriction on the numbering of triangles. We are free to assign
numbers starting from one to triangles. If the domain has no singular point, we
have the same situation on the numbering of initial nodes. The only restriction is
that when the domain has n singular points, n ≥ 1, we preserve the first n natural
numbers {1, 2, · · · , n} for these points. After numbering singular nodes with these
n integers, we are free again to denote every other node by a unique integer > n.
For example, ”1” has to be assigned to the node sitting on the re-entrant corner in
Figure 2, since it is the only singular point. Then, we can actually re-arrange the
numbering of triangles and other nodes in a different way than in Figure 2. It does
not affect the final result.
LNG Initialnode.txt is for initial nodes, and it always has the same format
as the particular LNG Initialnode.txt corresponding to Figure 2. (See Figure 3.)
The integer in the first row indicates the number of nodes (8 nodes in Figure 2).
Starting from the second row, the ith row, i ≥ 2, lists the coordinates (x, y) of the
(i − 1)th initial node. (The second node sits at (1, 0), for example.)
LNG Initialtriangle.txt contains information on initial triangles, which has
a similar structure as LNG Initialnode.txt. The first number in the file stands for
the number of initial triangles, while the three numbers in the ith row, i ≥ 2,
identify the vertices of the (i − 1)th triangle with the numbering of vertices in the
increasing order. Thus, since the third triangle in Figure 2 has vertices 1, 6, and
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8, the 4th row of LNG Initialtriangle.txt is filled with 1 6 8 in Figure 3. One may
have already noted that, it suffices to pass all geometric information of the domain
to the program, when the above two files are made in this way.

Figure 3. source files corresponding to Figure 2 with ratio of decay = 0.2 (clockwise):
LNG Initialnode.txt (left); LNG Dedge.txt; LNG Initialtriangle.txt (right); LNG Ratiocontrol.txt

LNG Dedge.txt is to specify boundary conditions. Namely, which edge has
the zero Dirichlet boundary condition and which has the zero Neumann boundary
condition. The first integer in the first row represents the number of non-duplicate
endpoints (every point is counted only once) of Dirichlet edges, and the second
integer is the number of Dirichlet edges. Note that we currently do not allow the
Neumann-Neumann boundary condition on both adjacent edges of a node. The
integers in the second row are the numbering of the endpoints of Dirichlet edges.
For example, LNG Dedge.txt in Figure 3 implies that there are eight Dirichlet
nodes, and eight Dirichlet edges. With the numbering of endpoints, these edges are
1 − 2, 2 − 3, · · · , and 8 − 1, which imposes the homogeneous Dirichlet condition
on the whole boundary of the L-shape in Figure 2. One will have no difficulty to
impose mixed boundary conditions by understanding the format.
LNG Ratiocontrol.txt controls the ratio of decay 0 < κ < 1 (Figure 1) for
specified singular nodes. The first integer of the file simply tells the program the
number of singular nodes, while the decimal in the ith row, i ≥ 2, is the particular ratio of decay of triangles near the (i − 1)th singular node. As in the file
LNG Ratiocontrol.txt of Figure 3, there is one singular node on the L-shape domain
(the first node) with the ratio of decay κ = 0.2.
More Source files for popular domains and boundary conditions (cracks, mixed
boundary conditions, multiple singular nodes, etc.) can be found in LNG Demo,
which is downloadable on our web page. Users can either investigate the files
for different situations to get used to the format, or replace the original files in
/Sourcefiles by the given source files, run the program and see different solutions.
2.2. Outputs. When all source files are filled appropriately, one can open a command terminal and enter the directory /LNG FEM, so that LNG FEM.out, /Sourcefiles, and /Results are in the current directory. To activate the program, type
./LNG FEM.out in the terminal and follow instructions to make decisions (Figure
4).
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Figure 4. interface of LNG FEM

We note that if one chooses to compare consecutive solutions, it always calculates
the H 1 -error between the current numerical solution and the solution from last
implementation. Therefore, to compare solutions on the mesh of level 3 and on the
mesh of level 4, we need to compute the solution on level 3 first, and make another
run on level 4 for the comparison.

Figure 5. MATLAB graphs the 4th-level graded mesh (left) and the corresponding solution
(right) on the L-shape domain from the initial triangulation in Figure 2.
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Unlike merely computing the solution, LNG FEM does not export information
on the current mesh and on the solution if we make the choice to compare solutions.
Therefore, when we choose to compare solutions in LNG FEM and use MATLAB
to sketch the solution, it actually graphs the solution from the previous level.
All outputs of the program are placed into the directory /Results. We format
the files to fulfill the requirements in MATLAB for visualization of solutions. For
users’ convenience, we prepare two .m files LNG MESH.m and LNG PLOT.m in
the package, for graphing graded meshes and solutions, respectively. These two
commands and other MATLAB functions can be used when LNG FEM finishes
the computation and placing the outputs. After launching MATLAB, to use these
two built-in commands, we set the current directory to be /LNG FEM. Figure 5
shows a screen shot of MATLAB and the resulting pictures of these commands.
We conclude this subsection by briefly reviewing the files in the directory /Results: LNG Node.txt includes the coordinates of nodes; LNG Triangle.txt contains the vertex numbering of triangles; LNG U.txt is the finite element solution;
LNG Rtp.txt specifies which triangles a node is in; LNG E.txt is needed for graphing and LNG Pre.txt is the number of nodes in the mesh.
2.3. The processing flow and examples. Details on the arrangement of source
files and outputs have been done in the two subsections above, while a concise
diagram (Figure 6) generates a macroscopic picture for the working procedure of
the program.

Figure 6. the processing flow of LNG FEM

In addition, besides the example for the L-shape domain, we here include other
pictures from LNG FEM to help users get more experience on it. The source files
of these examples are all available in LNG Demo online.
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1. A domain with a crack + the Dirichlet boundary condition.

Figure 7. the graded meshes toward the tip of crack at (0, 0) after 4 refinements (left), κ = 0.2;
the numerical solution of Equation (1), f = 1, on the mesh (right)

2. Mixed boundary conditions.

Figure 8. the graded meshes toward the point where the boundary condition changes (left),
κ = 0.2, level=5; the numerical solution of Equation (1), f = 1, on the mesh (right)

3. A domain with multiple singular nodes.

Figure 9. the graded mesh after 4 refinements for two singular points: re-entrant corner κ = 0.3 and
mixed boundary conditions κ = 0.2 (left); the numerical solution for Equation (1) with f = 1 (right)
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The optimality of the graded meshes in terms of the convergence rate of numerical
solutions based on a prior estimates can be found in [7, 24].
3. The performance of LNG FEM
In this section, we briefly describe the performance of LNG FEM in terms of
storage and speed. More technical details will be discussed in a forthcoming paper.
Equipped with advanced numerical algorithms and data structures, LNG FEM
is reliable, fast, and memory-efficient. It recognizes source files written in the
appropriate format with the initial triangulation satisfying several rules in Section
2.
On the outside of the program, it handles general domains and different boundary conditions with a friendly interface to interact with users. Inside the package,
we used the compact format [39] to store sparse matrices and vectors, and pointers
to assign and release vectors dynamically to minimize the consumption of the memory. To be more precise, the memory needed for LNG FEM to generate meshes,
assemble matrices, solve the system of equations, and to compare solutions, is linearly dependent of the problem size (number of nodes). It is the optimal rate we
can achieve. For example, starting with 8 initial triangles, as on the domain with
a crack, LNG FEM needs 1.7GB of memory to refine the mesh 10 times, which
gives 223 ≈ 8.4 × 106 triangles, and 430MB of memory for the 9th refinement, with
221 ≈ 2.1 × 106 triangles. Therefore, we can easily go up to the 9th level on regular
PCs, and more on relatively powerful machines.
For any numerical software, a usual question is, How fast is it? With the careful
design of algorithms, we managed to optimize the procedure for the mesh generation and matrix assembly, such that the computation cost for them in the final
triangulation almost linearly depends on the number of triangles. We timed the
program for the refinement of the 10th level on the original domain with 8 triangles
for the crack problem. The test was in Linux (Redhat 9.0) with two 2.8GHz Intel
Xeon processors and 2GB of memory. The result is shown in the figure below.

Figure 10. time consumption of LNG FEM to generate 8.4 million triangles
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It takes unmeasurable time for LNG FEM to generate 217 ≈ 1.3 × 105 triangles,
6 seconds to generate 2.1 million triangles, and 24 seconds to generate 8.4 million
triangles. Assembling the matrix takes a little longer, but only 32 seconds. In fact,
the most time consuming part in the program is solving the system of equations.
With the build-in PCG solver, we need to wait about 20 minutes to see the result
on the 9th level, which is acceptable for the normal use. It is the only module that
is not optimized in LNG FEM. We are working on a multigrid solver and hope it
will speed up this part soon.
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