DISPERSION AND CONVECTION IN PERIODIC MEDIA
By
JACOB RUBINSTEIN
AND
ROBERTO MAURI

IMA Preprint Series # 188
October 1985

INSTITUTE FOR MATHEMATICS AND ITS APPLICATIONS

UNIVERSITY OF MINNESOTA
514 Vincent Hall
206 Church Street S.E.
Minneapolis, Minnesota 55455



vo|4enb3 eeH
Jeeu|||wes |Queues @ 104 dn-mog 4u|Od ©|6ulS ‘se|sSjen - pum Je|[emy °) 61!
9dA] uejeis 4O We|QqOud Bu|4SE) SPONU|4UO) AJGUO|in(oAl uy ‘seal|poy °f g1
Swe | Qoud 9[3e45q0 2{4d1}(3 JO} SOLew]{ST |@]4U40d OS[ALU|Od ‘COsON CjJeqmp (||
sdnoug JO seoeds BulA}|SSE|D SY4 UO dOYSHJION Byl O} SIOBUSEY S LI

e|paw pue
S{@|J048K }O | [PPOW 8A]439})3 Pus uO|4ez|uebowoy o doysYJON 944 JOj Sideisey G|l
SoRY) GA[4[{04U0D ‘WY |[Od GASYS pUR GUeORuUe] pucuiny yi|

JOSUB| J6PJO-PUCOeS @
JO S4uB|IeAU| (BD]DUJUg OU} JO SOA|4BA[JGQ By4 up ‘seboy 'y pwe wos|m) g (|1
. suo|48nb3 Jeeu||qns Uo SHIEWEY ‘S|TOSY B(eH Z||

S4|NSeYy ewoS PUR [BPOW Oyl :SUOJ4|[@0] e4julj pue

S49AR(d JO WNNUJLUOD B UilA BWRY @ JO 6407 GYL ‘SIEPOOR °M PUe OYewsy i |||

Bu|400J4u0) |ow|4dQ JEpuUn S4[NO 4O [GPOW wnfiq|(nbI uy ‘uwey °D OlLL

+ujod Bujuany @ woly uojiedun}lg Jdoy ‘YPEQIeLRET Y 601
Suaoyjuon $0).0du)

Y4im 914q) b3 je4ue] [ew(id0  ‘ [{4043004S ] pum ‘eosmed °Q ‘%Y °Q 80!
suo|4enb3

©1qe14UeJB}}1Q 4ue(9AInb] Bulsn Swe[QOld xBW|U[W JO SUOIIN|OS ‘WeND °¥ LOI

(11) Sie4sAip jo Bujuuja)  ‘sedvejJiepe|y °g 501

SUO|4R|JBA JO SNIND|B] Oy} U| SWOJIORY] BOUBLS|XT ‘|¥WRIYIS -y pue O|oOsEN °3 SOI

S8JWOUOD] qe0T ISeWOouOD] GAl4]4edwo) A|{D0)10d UQ ‘Si(evwe) ) pwe swowwl G yO|
JO4R| | ]IS0 USENOOY-OSN @ JO SUO|4RJQIA BpN4|(dey B4(ujd ‘Ai4eeg poe||IN <O
82uepuodse.aio) bujaleseadd Adealud ‘i umoy Yeuwey 701
JOSUe|
Q@ JO UO|IJOUN4 DEN|RA-JOSUS] R JO @A |{RALJEQ OY) .} 'Y pwe wOS| BD °Q 101
Asoeyy essop jue]Jsea]nb3y
oy} @fA we|qolg Apog-N ouy O suoieunb|juo) |BLiue) Jﬂ.ﬂm suemo| |4 001
1119e4s
3145C{3 pue A4|D14S@|3 JeGu||[uON u| SO|dO| BwOS UO BunideT vy ‘Aiiseg pR([IN
suojjenby |R[{uBl8}}]Q |E)4dRd PUR SO|SAY4 wnnu|juc)
U] suoiysend A4)||ge4s pue wn|Jq)||nb3 uO dOYSAION Sy JO) SIORLSAY 86
wnjiq]||nND3 jesJew JO4 SisA|euy Apjali|sueg ‘Asumbey euwwy (¢

66

sexopeJed AJ0eyl wh{iqj||nb3 JoxJen ewos up ‘Aew.nfey euwy 96
s{e4sALD Jo Bujuuimi ‘wesPLII *J°f 66
S32%UeJe84d
[QU{PJeD pue S84 |[4N UJeSuebiop-uuuneN uop ‘AXSiE| PRI e[| 6
sejpung oAieboN pue syeg |@D14]1) ‘sewmoN I <6

Sewod{N) ©(qR4s pue Jjey :seweg o64e] ‘SwwZ -y sR[|[IR ‘SIepoop ZijoM euhy 76
SUO|4RJ0| |y UR|SRI|eM O UO|4R uewe|du| B4 Ul A4[[|qe4Su] ‘seplof °S°f |6

Asoeyy |vseueg y :BuUpuNODS|Q Yi|a Seweg pejcedey Ajey|uliul ‘sesey d1|ia 06

uo|4oung y4oows djueusy @ Sujjucwe|dm| ‘SER[|[IN ‘Y weAR4S €3
5580014 obassey a|qeis A||9207 @ JO 8oueis|Xx3]

©Uj JO} SUOJ4IPUOD JUBID|44NG PuR AJGSSEOGN ‘SER[[|[A ¥ YeA®yS 33

SORYD jO 4decuo] [RJ6UeY By4 UO SYJRWEY |QUOI4OUN] ‘euene] WR{[|IA °J (8
suoj4oungy Adouju3 SNONU| uUOD-|wes

20UBS|X] BY4 pue ‘se|sobeie) peso|) ‘se|Jobeie] aieis ‘eseame] WR[{IR 4 98
sdey JO S8|DJ4|) 4uUP|JIRAU| JO UO|4R4Ndwo)

[@d]Jeuny oyl ‘vextjed S pwm ‘iplEyds °@* ‘SN Y Mo_!i.:s. *9°1 8
+1A141PPY

+0ouLiM ALp1140 Pededx] pue A4)|(Geqold @A140efqng ‘JIe[pjewyds plaRg g

4ueuruino] ® wouy Bujsooyy ‘wi|Rcy ALK ¢g

AJouming vy 140G 94 U]j @ JOAO SUO|4OUN] ED|OY) ‘Ef|noy SAsey 7§

s@|bojouyde)
XOAUOD-UON po4Oedx] jo soueb.ew3 ey4 pue gy u| bujbebuz ‘jevesy Jewey g
AL12[pOjied pue sseupspunog | ‘Auoeyy AJoponpuod jwes

U] wWeySAS JBGU|[UON @ JO SUO|{N|OS juepuedep—ow| | ‘vemp {95 SBWOQ 08
seordg A9|0QOS§ puw 1

Ul wnjJq] b3 BA)4140du0D @ 4O OUSYS|X] ‘[eEH N9 ‘AYSIU| IR 9 6
Asoeyy

We9Y puR SOJWOUCD3 U $|SA|FUy UR|SBARg UO GOYSYHJON Y4 JO) SOeL4SqQY g/

Ol4lL (S)Joueny [
(*4senbeu Lo ©|qe| |eAe em Sjujidesd O LoQUNU DAL w]T)

ALIAL4IPPY 4NOULIM UO|jeiueseidey (eiboiu) ‘Jo(p|emOS piARg
UC|4|PUOY jsod uo|4ez]ieinbey
IUO|SJOAU| [ED|JemnN UO peseg wyj|sob|y uojaen eAfidepy uy ‘Smosef ‘f
wnyJq|nb3
J1wouod3 A4||1G84S OUY4 O4 J{SUJJ4U| SMO|4 UO|4{BWIO4U| ‘uepPIOP °S°f
{09 @ yoeey O4 ew|; pesoedxy ayy Sujz(w|uin
t juewebeuan Cj|044JOd SW[[-SNONU|LUCD ‘WIepPAS °A ‘Wieey °Q
uojsueuw|q [@4o9J4 40 Bujuven (ED|uRUAg ¥ ‘weX][8d BAS4S
suoj4enby |@}4uss8}ilC
AJRUIPJQ JeOU|T 4O SUO|4R|OS 4O S[eD0Jd[dey oyl ‘eAmqlS A ‘SIImN A
SeJue.8jely poeJsep X0 $POUL I
SEO| 4407 yoeueg U| @1JGI{|Nb] ‘ewwz -y W[ ‘S||ouue) SBIOWDIN
Uo|{eiuswe|du| YSEN JO} SUO|4|puold t.o_u:m:m ‘swm|[| IR SA%yS
ub|seq wsjueyoen
30 Sioedsy oOm] :uo|iejuswe|dw| YSON PUR UO|{BZ||REy ‘SWR|||IR A4S
S4U@(D] 4000 POPUNOG U4|m SWeYSAS seeu|]
|9uO|Suew|p-oa] 0} jusuodx3 4Bnbo|j eyl ‘vosuwor ¥ ‘H48we|9 Y
uouswousyyd
|ejwouk|ag 8 A[4D144S S| UO|S|A|PGNS JREU|T ‘YiBeH °I°Q ‘ueEp(O9 ‘N°¥
SJOM S4| ©|NPOYDS UED SUOSSEO0UH ;O YJCALON @ AOH ‘J84 |8y Le[weys
swe4sAs [e@djweudg Jesui
40 59|4uedolg 21pobil ‘[[es ¥ 9861003 ‘Jem|vg YiSuuey ‘WOSuYOr |([OSSRY
sejJoeyl |890|9 ‘uolydefoud uol4ez|ieeu| eyl ‘epPey wi||IA
SUOI4NG|J4S|Q 8914d Wn|Jq|||nb] ‘qoy |ee ey
UC|4PmIO U| OjJjoumASY Y4in Bu(ppig @A|4]40AUOD UO O4ON ¥V QoY (oW ey
suo|4enb3l Jo4eiedg
AJUO[4RLS 4O AJOLOWOH PUE SPOULEW UOLMEN 84eu|xOuddy ‘ewoser ydesop
OA]400dSUe4 |QUO | PEI0U| UG weuoeyl eseo) 8yl ‘qoy |ee iy
S@|JA) sseu|sng
pue ‘juswisnipy Ajjiuend ‘jusmisnpy 80|Jdd UO SOYSYJIOM BUf 4O} $S4O0LLSqY
uoj4enb3 s,Bujjzing jO Suosnjos o sseupapunrcg ‘Bulg vesbuo)
suoj4enby Jeyxeg-buey auy
pug SO|uBYdeW [@D14S14R4S U| A4)(1qeubeiu] eje|duwop ‘Aoedy Sjen)
SO{4R4SO4LSR|J JRAU|T] U] SSSUBND [UNUON PUR UO|4|PUOD
Buijuewejdwoy Ouy 4O Gun| (84 UQ ‘J04deds 44005 ‘vosduis Asuey
Awouod3
abueydxg pez|jeujusdag ‘OjweuAg ® 39 S|sA{euy ‘44400048 Ofuv3
aoedg | {oquedAy uj seoeyuns
-sedAy 8unieALND uRew +UR4SUO) JO Aljeuwis ‘Biequescy °N ‘i4lae 9
Sn{Nuuy Pue 3S|g Oy} U]
Syfu)dAqeT 30 A4 1]Qe4uesd}iiG pue ABO[od0) ‘Siequesoy M ‘Hi|AeT °9
oJoydg uULURWe | Y4 YO SO JWRUAQ Df4A{ouUY x@(dwo) ‘plRYOwR|g [Red
UO| {EWIOU] [@]$uUedey}|Q 28pun
‘J8{p|emydg PIARG ‘94]0R0[ S04 AGIpYY
se)4i|enbeu|
S8Y3S| J~PJEWEPRH U4 JO SUO|SUBLXT 964) Dujuueds ‘j48Jdseg °A ‘WOSUYOP 9
UO[J84 40 A41ue]|de)-A4|SOIS|A BU4 PUR SUD|JPBlJ4-xRT ‘POMR[S °N
Ajluljul 42 SUO|L|PUOD {NOU4Im § u| Suoi4enbl ueeu|||wes ‘sjzeag °y
suo|4enb3 O |oqeued pue N{d]|| (3 JO} SUC|4{N|OS |@4uswepun 4
pug sSuO[4dungd s,uees JO A4jf|qeibiejui- 7 eyl ‘WPOO4S °Q ‘seqey °3
d $S9AJRY
4O UOI4RUNG @44 JO SUO[LNYON| 4 WOPURY ‘US4L[A W ‘9%000 *T°) ‘Ossede) °A
S{UB|SURL] ;0 uDJ4eJINg OuL ‘vex||ed ueydeys
S8OQLNS |QW]U{W JO SUO|4QWI048C YO SHJWEY Swos ‘eBlue|qRol 3 ‘Soequesoy M
SOJNIX|W U] SJU[RI4SUOD PUR Jom uQ ‘SER{|{IN *0°A ‘JOsoeds-wIjlegd ‘Y )
SU|PWO(Q XPAUOD UO SWO4SAS UO|SN};[Q-UO|4SREY BWOS ;0 @|Jgj(|nb3
o(qe4s 4o Ay|eueCowor [914edg eyl ‘ojomiys|y oRTWY ‘sebiequien suey
uoy 4Rz (W} +dO
2lA ©|NY $,90409 JO UC|RZ]IEL2RIRUD Y ‘VOSHYOP Yy te{mg)
se0edg @duenbes o) ujaumds uo ABa(odo] ¢ SuousS oYL ‘OiPomy wei(|R

uo|4e4ucue| ) pue uo|.R|8Ady

o4l (S)Joyiny

sjujadely YWl 4uecey

L

9L
178

148
1Y

L

i\
oL

€9
89

S
99

<9
L4}
£9
29

19
09

19
8%

Ls
9s
919
149

119
is

19
0s
14
214
Ly
A4
114
14
1%
144

34
oy

’



(1)

(2)

DISPERSION AND CONVECTION IN PERIODIC PORQUS MEDIA
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Abstract

The problem of transport of a passive solute in a porous medium by convec-
tion and dispersion is analysed by the method of homogenization. Assuming that

the geometry is periodic, the expressions for the macroscopic dispersion coef-

ficients are derived. A few possible scalings are compared and we find that the

most interesting one provides a local balance between drift and diffusion.



1. Introduction

The problem of solute transport in a porous material by convection and
dispersion is a long-standing question [2], [5]. 1In general it is not possible
to solve the full microscopic equations, so one would 1ike to evaluate the
effective (macroscopic) values of the dispersion coefficients and the convective
velocity. While the study of the effective convection goes back to Darcy in the
19th century, the derivation of the macroscopic dispersion coefficients started
only about 25 years ago. Saffman [7] tried to apply the successful theory of
Taylor dispersion (which was formulated originally for the flow in a tube) to a
flow in porous media which were modeled as a network of capillaries. However,
his approach and several others which followed along the same lines were based on
many ad hoc assumptions and their validity is doubtful (see the discussion in
[5]). A different approach was suggested by Brenner [5]. Here the discussion
was restricted to periodic structures applying the method of moments ([1], [41])
to derive a sequence of equations for the moments of the (normalized)
concentration.

An asymptotic expression for the first and second moments was derived for
long time and the effective dispersion parameters are evaluated herewith. We
analyze here a similar problem. Our techniques, however, are completely dif-
ferent; namely the homogenization method which is studied extensively in [3].
The advantages of this approach are twofold:

(i) We use directly the fact that the structure is spatially periodic.

(ii) Several scalings can be analyzed within the same framework.

In the next section we formulate the problem under the appropriate scaling,
and then derive the effective equation. 1In Section 3 we compare these results
with Brenner's, examine other possible scalings, and show how the current theory

reduces to the familiar Taylor dispersion phenomena ([8], [4]) in the special

case of porous media composed of parallel straight tubes.



2. Derivation of the effective equations

In a spatially periodic porous material consider the two length scales 2
and L corresponding to the cell size (i.e., the period of the structure) and

the size of the region in question, respectively. Assume:
e = 2/L << 1 (2.1)

We want to perform an asymptotic analysis to pass from the microscopic descrip-
tion to the effective (macroscopic) mass transfer equation.

Each quantity will be assumed to depend both on the macroscopic position
vector x and on its microscopic counterpart y = x/e. (The dependence on y
will be assumed to be periodic.)

Consider a domain S e R3. Then the microscopic convective-diffusive

equation for the solute concentration P(ﬁjl)t) reads:

oP _ : !
<F tV v W=D in S (2.2)
here v(y) is the fluid velocity (which is taken as periodic), D 1is the dif-

fusion coefficient, while S' is the fluid region within S.

Eq. (2.2) is supplemented by

P

—

X,¥,0) = f(x) (2.3)
where f is a smooth function with a compact support in S, and by
new=0 on 3 (2.4)

where 5p denotes the boundaries of the solid particle in a cell and n 1indi-

cates a unit vector normal to 3p.
The effects of the outer boundaries are not considered here. One can

assume, for example, that S is much larger than the support of f(x).



The most natural way to analyze this problem is to define the following

hierarchy of time scales [6]:

0]
i

where VO is the characteristic value of the velocity field. There are two

related nondimensional numbers which appear here -- the local and global Peclet
numbers:
T
Peg = 2
Y
(2.6)
T
Pe = —1—1- s
9 13

representing the ratio between convection and diffusion locally and globally,

respectively.

The most interesting case to analyze is when

Pey = 0(1) (> Peg = 0(% ) - (2.7)

Now, scaling (2.2) according to 74 (which is the longest time) and defining

u = v/Vy, we obtain:

ap 1 L] -
= te U W = AP . (2.8)

Qur homogenization technique proceeds as follows. Expand

<
I

2
= Po(iyl,t) + Epl(f_)lyt) + € Pz(é_’l)t) t ..

_1
V=< YY + . (2.9)

Eq. (2.8) can be rewritten as



._a.E 1 0 - . = 1
o + < fu« W - < VXPOJ = M - <w> VXPO (2.10)

where for every integrable function g(x,y,t) we define its cell average as
<g>(x,t) =L Jq 9lx,y,t)dy . (2.11)
|2
where @ is the cell region.
We shall treat x,y as independent variables and, furthermore, the second
term on the right hand side of (2.10) will be taken as of 0(1). (A justifica-
tion for such an asymptotic expansion is given in the Appendix).

Substituting (2.9) into (2.10) and collecting equal powers of e one gets:

-2 _
0(e™%) AyPO—_LL' VyPO-O

=

. VyPO = () on 9

O(E—l) AyPl - E_ . VyPl = (E - <_li)) . VXPO N
n . Yypl = -n . VxPO on 3

Setting

Pl(_)_()l’t) = L(X_) .VXPO(.)i’t)’

we find Ayx -u . ny =u - <u> in Q,

ﬂ . Vyl = - D. on ap R (2.12)

x(y) is periodic and <x> =0 .

It is easy to verify that (2.12) is solvable since:

._V.‘LJ.:O’E-=O on Bp, and fa _rld5=00



0(1):
ap .
Py - u s WP T gp t U NPt APy - 2N T e w - Py, (2.13)

n e ijz = -n - \7'XP1 on ap .
The solvability condition for (2.13) gives
BPO 1
= + = <u> - VXPO = g:VxVXPO s (2.14)

where

nx ds . (2.15)

Rescaling (2.14) according to 713 we finally obtain:

BPO
= +<w - VP = eD*V, V. Py (2.16)
where:
n* 1
5 =L sym[<2vx - u x> - —— [5 n xdsl. (2.17)

lal p



3. Discussion

1) The macroscopic diffusion tensor (2.15) can be expressed in an alter-

native form as follows. Multiplying (2.10) by x and averaging over @

, we
find:
g=1+2<vp + <V_X+V_X_>
where we have considered that <y u Vx> is antisymmetric, while:
1 +
g=L+2 e =-— [y nxds < - %,
lal %
Set now
B(y) = -(x(y) +y),
then B solves the following cell problem:
Ay_B_'E.' VyE=<E.> .
n-wB=0 on3a, (3.1)
B> = - <y> .
while g 1is given by:
g=<B". W . (3.2)

(3.1) and (3.2) agree with Brenner's results [5]. For the case of free dif-

fusion (i.e. for u = 0), it is easily found that (3.2) can be simplified,

yielding:

g = sym(vB).

2) Notice that (2.16) implies that in the global scale, convection prevails

over diffusion, while as can be seen from (2.7) or (2.12), they are balanced



Tocally. Of course, we can also analyze by the same method the case

Peg = 0(1), which means Pe, = 0(e), i.e. diffusion is dominant in the local

process.

3) For the case where f is a rapidly changing function, our treatment
cannot be applied and a different analysis is called for (see Ref. [3]).

4) As a by-product of our analysis, let us see how it collapses into the
familiar Taylor dispersion theory when the porous medium is composed of straight
parallel tubes in the x-direction. The only relevant diffusion coefficient is

qll .

while the cell problem for Xy reads:

3)(1 )
Ayxl - up(yp,y3) Ty‘l‘ = Uy - <up>.

Since by obvious symmetry X] = Xl(yz,y3), we are left with

Ayxp = up - <up> . (3.3)

Thus, since Ny =0, we get
q].l =1 -« u1X1> . : (3-4)

(3.3) and (3.4) indeed give the well-known Taylor dispersion coefficient in a

tube ([1]).
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Appendix

We justify here the asymptotic procedure we used in Section 2 for a somewhat

simpler problem, namely

X
RO IO IR U R (A.1)

P=0 on 23S .

(this is the Laplace transform of (2.2) - (2.3)). Motivated hy the expansion in

Section 2 we set

2

X aPO(x) ) X 3P,
P =Pylx) +ex;( ¢ T, T E ¥i5( ¢ )-_"axiaxj* Pr (A.2)
where PO, X3 and wij are given by:
32P0 )
(83 * 43) e~ <L> P~ M= f in S
J (A.3)
P0 =0 on 23S,
3 _ .
(A uJ”ﬁ?j)Xi =ug - <up> dn @ (A.4)
Xj periodic ,
3 BXK
(A - U =% ) Vg = g - ?-3;; -u.x, ina (A.5)
¢K£ periodic ,
while
sz
qK£=< 2-3-)?;: -qu2> . (A‘ﬁ)

Let | be the differential operator defined in (A.1). Then
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2
aP 3P
0 2 0
L[P = - o =  + - =
r] LCP] L[PO toEX4 3x1 € le axKax2 ]
3 3
a P aP Y a P
0 0 '3 0
= . - - )\ . + 2 - -
- UiV, A + e (A, —= F
¥kl axiaxKaxl (94 X Xy
2'P, )
+ oy, —— .
(3 2
axj 3XK3)(2

Hence, for u e CI(S) and smooth f

LCP.] = enh , sup |h] <c.

X €S
Also
3P, 2°Pg
Pr= - exi a, O Y, S,

and so we get

sup |p - Pyl <C e .
X €S

Notice that due to the singular nature of (A.3) we need f € CH(S) to guarantee

that the derivatives of Py are bounded up to fourth order uniformly in €
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