Approximating a single component
of the solution to a linear system

Christina E. Led&sumanOzdaglarDevavratShah
celee@mit.edu asuman@mit.edu devavrat@mit.edu

MIT LIDS



[/

Howdo |
compare to my
competitors?

facebook.

BonaciciCentrality Rank Cntrality

2 g



/Q: Do | need to compute the enmre
solution vector in order to get an
estimate of my centrality and the
centrality of my competitors?

\ Eek, too expensivey

Stationary distribution of Markov chaﬁn
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Solution to Linear System
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Solve for x; in © = Gx + z, n

. where G € R™"*"™ and z € R". )

(1) Stationary distribution of Markov chaim = P!«

A G =P (i.e. a stochastic matrix), @ =
A Sampleshort randomwalks,
relieson sharp characterization of

(2) Solution to Linear System of Equatioar = b

A If A positive definite, then we can choose G, z
s.t. spectral radius G < 1, and Xx5x+ z equivalent

A Expand computation in locakighborhood,
usesparsityof G to bound size of neighborhood
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Overview of Literature

Stationary Distribution |x= Gx + z,
of Markov Chain spectral radius(G) < 1

=lgelerzloll Sl MCMC methods Ulamvon Neumann

Monte Carlo Samples long random walks

Good if G has good spectral properties
Challenge is to control the variance of estimator
Naturally parallelizable




Overview of Literature

Stationary Distribution |x= Gx + z,
of Markov Chain spectral radius(G) < 1

=lgelerzloll Sl MCMC methods Ulamvon Neumann
Monte Carlo

lterative Powermethod Lineariterative update,
Algebraic Jacobi, GausSeidel

Iterative matrixvector multiplication
Good if G is sparse, and has good spectral properties
Distributed, but synchronous
Each multiplication O@y




Overview of Literature

Stationary Distribution |x= Gx + z,
of Markov Chain spectral radius(G) < 1

=lgelerzloll Sl MCMC methods Ulamvon Neumann
Monte Carlo

lterative Powermethod Lineariterative update,
Algebraic Jacobi, GausSeidel

SVvD Gaussian elimination

Not designed for single component computation
Requires global computation

What if we specifically thought about solving for a single component?




Contributions

Stationary Distribution |x= Gx + z,
of Markov Chain spectral radius(G) < 1

=lgelerzloll S MCMC methods Ulamvon Neumann
Monte Carlo

ﬁ New Monte Carlo method which uses = 1/E[Tm
: A{lYLXt Sa aft20Ift¢ G§NIzyOl g,SR
Iteratlve_ Po A Convergence is a function of mixing time ita’
Algebralc A Estimate always guaranteed to he upper bound
A Suggest and analyze specific termination criteria
which gives multiplicativerror bounds for high ;,

S and thresholds low N
[L.,OzdaglarShahNIPS 209]/




Contributions

Stationary Distribution |x= Gx + z,
of Markov Chain spectral radius(G) < 1

=lgelerzloll S MCMC methods Ulamvon Neumann
Monte Carlo

lterative Powermethod (Linear ite rativeume,
Algebraic acobt; de

(A Can be implemented asynchronously A
S\ A Maintains sparse intermediate vectors n
A Provides invariant which tragkogress of method
s [L.,OzdaglarShahArXiv1411.2647 201]4/




Contributions

Stationary Distribution |x= Gx + z,
of Markov Chain spectral radius(G) < 1

=lgelerzloll S MCMC methods Ulamvon Neumann
Monte Carlo

[JWO03, HO3, FRCSO05, ALNOOQO7,
BCG10, BBCT12]

lterative Powermethod (Linear iterative update,
Algebraic acobt; ide

[ABCHMTO7]
SVvD Gaussian elimination

Both methods are inspired by previous algorithms designed for computing PageRan}
10




Computing Stationary Probabillity

A Consider a Markov chaifix, !
I Finite state spacé;
I Transition matrixP : > x ¥ — [0, 1]
I Irreducible, positive recurrent

A Goal: compute stationary probability
focusing on nodes with higher valusgs
“With probability greater than 1 — «,
either |7/'E'2 — 7T7;’ < Ef(tmix)ﬁ'f,;,
or m; < A and m; < A



Node-Centric Monte Carlo

A Standard Monte Carlo method samples long
random walks until it converges stationarity
-> ergodic theorem

A Our method is based on the property
1

J [Tz ]

M, —

T; =min{t > 1: X; =1|Xg =1}



INntuition

4 R

Estimate: 77; ~ 4j[min(Tz’79)]

Tz' :min{tZ 12Xt :@‘Xo :’L}

o




Algorithm

Gather Samplesi(N,*)

Sample N truncated return paths to
ts ~min(T;,0) for s=1,2,...N
p = fraction of samples truncated

N R

°

T = = Path length exceedédt




Increment k

Algorithm

Gather Samples(N®, * ®) | aw _ 1 %) .

Terminate ifSatisfied N Z”

Compute’ ®&*Dand Nk 75 = ﬁ
Double' ; * kD= 2% (k) :

Increase N such that By K S NJb8uRdf Q &
P 7® e 1+ R |7 ) >1—a
(N i)

NG+ {3(1 + €)9(k+D) I (49(k+D) /@)1

6213(’?)
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Convergence

ﬁl‘heorem. For any 1 € X, with probability 1 — «, x

the total computation needed to obtain an e-estimate
;i € (1 £ e)fr,gk) is bounded by

Cj<tmmln0/oﬂ)7

;€2

!uhere tmix = min {t : max;eyx | P4, ) — 7| 7y < 1/4}/

vY /Iy ¢S RSairxdy | aayt
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Increment k

Algorithm

Gather Samples(N®, * ®) | aw _ 1
Terminate if Satisfied{) i
Outputcurrent estimataf |7 = —

(a) Stationary prob. is small
7 < AJ(1+ €)
(b) Fraction of truncated samplesamall
p*) < 2¢/3
Compute' ®*Dand Nk+1)



Results for Termination Criteria

/I‘heorem For any 1 € X3, with probability 1 — « \
()Ifﬂ' < A/(1+¢€) for any k, then m; < A.
Termination condition 1 guaranteéssmall

(b) For all k such that p'*) < 2¢/3,
ﬁ'fk) — 10y
# )

Termination condition 2 guarantees multiplicative error boungl
(c) The total computation is bounded by

o (P (). .

Dependent on algorithm parameters, not input Marko

<e(dIn(2)tmix +1).

Results extend to countable state space Markov chains.
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Simulation- Pagerank
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Simulation- Pagerank
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£ : e ;
Compute Stationary Probabili
by sampling local random walk

{\'
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'Q: Extend to solving linear system
. HDUNKIN'

£ Ulamvon Neumann algorithm pea® : DONUTS
.‘.L = 5 —— .  \\ ,

4

i,

= eTZG’fz T (H Ge) Zend

walk P from 7 \e€P i
Importancesampling, sample walks angs

upree &
reweightlhunbiased estimator
A If |G|l > 1 maynot exist sampling
. matrix such thavariance is finite
Does not exploisparsity

B L —
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Contributions

Stationary Distribution |x= Gx + z,
of Markov Chain spectral radius(G) < 1

=lgelerzloll S MCMC methods Ulamvon Neumann
Monte Carlo

[JWO03, HO3, FRCS05, ALNOOQ7,
BCG10, BBCT12]

lterative Powermethod (Linear iterative update,
Algebraic acobt; de

[ABCHMTO7]
SVvD Gaussian elimination
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Synchronous Algorithm

A Standard stationary linear iterative method
1) — Gzt + 2 «——— xWas dense as z

A Relies upon Neumann series representation

A Solving for a single coordinate

K

Sparsitypattern is khop neighborhood of



