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Outline

A Algebraic Multigrid (AMG) and Motivation

A GAMG theory (AMG and CR) & basic CR methods

A Coarsening algorithm and examples
A Coarsening in parallel

A Sharp theory and more predictive CR

A Conclusions and future directions
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Multigrid uses a sequence of coarse grids to

accelerate the fine grid solution

smoothing
(relaxation)

Error on the fine grid

The Multigrid
V-cycle

\ restriction

<>
Error approximated on
a smaller coarse grid

prolongation
(interpolation)
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AlgebraidMultigrid(AMG) Is based on MG principles,
but uses matrix coefficients

A Many algorithms (AMG alphabet soup)
AAut omatically coarsens fAgr.i

A Error left by pointwise relaxation is
called algebraically smooth error

A Not always geometrically smooth

A Weak approximation property: interpolation must
Interpolate small eigenmodes well

I(I — P[0 I])e]|,
lel3

1
E 2 <1-—: K=s A
|Brll3 < 1-—; up || A]

A Near null-space is important!
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Error left by relaxation can be geometrically
osclillatory

A 7 GS sweeps on

a=b|a»b *y
R
SECTC T i T
AThis exampl eé
A targets geometric smoothness R s
A Not sufficient for some problems! B

AMG coarsens grids in the
direction of geometric smoothness
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Compatible relaxatio@R provides an alternative
approach for coarsening

A All AMG algorithms need to select coarse grids

A But, most coarsening algorithms are based on a
(particular) notion of #Astr
A assumes an M-matrix
A assumes a pointwise smoother

-1 -4 -
A=| 2 8
1-4 -

I—‘I\JH

Stretched quad example (Dx- =):
Direction of smoothest error is not
readily apparent

A CR coarsening does not use strength of connection
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GAMQGwoqgridt heor y é prel i m

A Consider solving Au =f, ASPD
A Consider smoothers with error propagation

ept1 = (I — M1 A)e

where we assume that (M+M'- A) is SPD (necessary
and sufficient condition for convergence)

A Note: M may be symmetric or nonsymmetric
A Denote the symmetrized smoother operator by

M=MWM'+m—- ) TMuT

sothat - M 1A =U-MTAUT-MTA)
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GAMGwogridt h e o prelininariegontinued

A Let P:a™- a" be interpolation (prolongation)

A Let R:a"- a™ b e s orestectidhooperator for
which RP=l so that PRis a projection onto rangeP)
A Note that Ris not the MG restriction operator

A For any SPD matrix X and any full-rank matrix B,
denote the X-orthogonal projection onto rangeB) by

rx(B) = B(B'XB) 'BTX

A Define the two-grid multigrid error propagator by
Erg = (I - M~ A)(I — 74(P))
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GAMG twagrid theory splits the construction of
coarsegrid correction into two parts

A Theorem:

2

1 (I — PR)el||7

|Brglld <1-—; K =sup 2
K ¢ lell

A Now, fix R so that it does not depend on P

A Defines the coarse-grid variables, u,= Ru

A Example: R=[ 0, 1] (P"=[ W, I]"), i.e., subset of the fine grid
A Theorem:

. |(I — PR)e|%
K <nKs, n=|PR|,: Kxi= |r]13fsup
(1

2
lell

A Small K, insures coarse grid quality i use CR

A Small # insures interpolation quality i necessary condition that
does not depend on relaxation!
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CRIs an efficient method for measuring the quality of
the set of coarse variables

A CR (Brandt, 2000) is a modified relaxation scheme that
keeps the coarse-level variables, RU, invariant

A Theorem: (fast convergence Y good coarse grid)

A 1
Ky <
2 —w 1_,0(3?"

D2 1 measures the deviation of M from its symmetric
part M. and O <w < 2is a kind of smoothing parameter

2

A Mustinsureigoodo constant s
A in particular, w « 2
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Several gener@lRmethods

A Define Ssuch that a" = range®) A rangeR") and RS= 0
A Example: R=[ 0, 1]; S I, 0] P'=[W', I]"

A Primary CR method i feasible for relaxation based on
matrix splittings, where M is explicitly available

I—(STMms)=1(sTAs)

A Habituated CR i not as sharp, but always computable

sT(r—mtas; sts=r
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Using CR to choose the coarse grid

A Consider the simplest case where the coarse grid is a
subset of the fine grid A CR is just F-relaxation

A Relax on the homogeneous equations A x =0
A Basic CR coarsening algorithm (g, g., n):

Initialize C =0
Run CR — pPer, €
While pgr > O¢r

{
Compute candidate set measures {~; : i & C}
U={ig C:~; >0}
C = C U {independent set of I/}
Run CR — p¢r,e
}
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UsingCRto choose the coarse grid
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UsingCRto choose the coarse grid

C Initialize U-pts

¢ Do CR and redefine
U-pts as points
slow to converge

C Select new C-pts as
Indep. set over U
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UsingCRto choose the coarse grid

C Initialize U-pts

¢ Do CR and redefine
U-pts as points
slow to converge

C Select new C-pts as
Indep. set over U
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UsingCRto choose the coarse grid
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UsingCRto choose the coarse grid
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Some algorithm detalls

A CR algorithm does at least n iterations on A;x=0 with
Initial guess 1 and candidate set measure

vi = |zil /2]l oo

A In general, want the initial guess to be a nonzero vector
representative of a near null space component

A Candidate set threshold g, is set to (0.3) on the first
stage and 0.5 on subsequent stages
A Helps to stay close to boundaries

A CR convergence threshold g, is 0.7
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Tests: 4 region diffusionp9t  Edarée grids
reflect the anisotropies
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Edarée grids reflect

Tests: anisotropic-p t
smoother used faCR
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CRAMG grid hierarchies for several 2D problen
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