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Abstract

In this paper, a local min-orthogonal method is developed to solve cooperative nonlinear elliptic systems for multiple co-existing
solutions. A characterization of co-existing critical points of a dual functional is established and used as a mathematical justification
for the method. The method is then implemented to numerically solve two coupled nonlinear Schrédinger equations which model
spatial vector solitons propagating in a saturable bulk nonlinear medium for multiple co-existing solutions.
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1. Introduction

An understanding of the interaction of simple physical objects (e.g., scalar solitons) leading to the formation of
more complex objects (e.g., vector solitons) is an ultimate goal of fundamental research in many key areas, such
as condensed matter physics, dynamics of biomolecules, nonlinear optics, etc. [14]. Recently rapidly developing
techniques of atomic, molecular and optical physics [12] have opened a door to carry out more intrinsic investigation
on the complex and intriguing dynamics induced by the vector nature of numerous nonlinear phenomena. For instance,
it has been experimentally observed [11,14] that several optical beams generated by coherent sources can be combined
to produce multicomponent self-trapped beams, also called spatial vector solitons. Similar vector phenomena such as
vortices have been observed [10,12] in multicomponent Bose—Einstein condensates (BEC) and exploited to explain
their dynamical properties.

Multicomponent solitons (vector solitons) are of typical vector phenomena which have recently witnessed a re-
newed interest because of more and more experimental realization in the aforementioned areas. In this paper, we shall
study the interaction of two mutually incoherent (2 + 1)-dimensional optical beams (E1, E,) propagating in a sat-
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urable bulk medium (e.g., photorefractive crystals) along z direction, which leads to our model problem, i.e., a system
of two coupled nonlinear Schrodinger (NLS) equations [8,11],

LOE] E;
i—L + AE| — . =~ =0,

9z 1+(|E1| +|E2| ) (1 1)
L0k, E; )
i—2 + AE) — : =~ =0,

0z 1+ (|E1]* + [ E2|9)

92 92 . . s . .
where A = % + 367 is the transverse Laplacian. In study of stability/instability, pattern formation and other vector
phenomena, co-existing standing solitary wave solutions (or solitons for short) to (1.1) of the form

Er=u(x,y)e P12 Ey=v(x,y)e %, u#£0,0#£0 (1.2)

are of particular interest, where 0 < 1, B2 < 1 are two propagation constants. After setting A; =1 —8; (i =1,2),

y = ’;—f and rescaling the amplitudes, {u, v} — {u/~/A1, v/+/A1}, and the coordinates, {x, y} = {~/A1x, VA1y}, (1.1)
leads to a semilinear elliptic system [8,11],
—Au(x,y) = —u(x, y) + iy u(x, ), w3
—AV(x, y) ==y V(x, y) + gy v, ¥),
where u = A1 =1 — 81 € (0,1) is the saturation parameter (the limit u — O corresponds to the Kerr medium),
I(x,y) =u?(x,y) +v2(x, y) is the total intensity, the nonlinear term #(yx)}) characterizes a saturable nonlinearity
of the medium. In this paper, we aim to find multiple vector solitons to (1.1) or co-existing solutions to (1.3) in an
ascending order of their instability index, i.e., the number of maximum linearly independent directions along which a
small perturbation decreases the associated functional value.
Similar to system (1.3), several semilinear elliptic systems that are derived from the Schrodinger systems in other

applications [8,12,19,23] share the same general form

{lun + (@1 (x, [u(x)], [v(x)]) —)u =0,

kaAv + (@2(x, [u()], [v(x)]) — B)v =0, (1.4)

where «, 8, k1 > 0, kp > 0 are some constants, @, @, are some nonlinear functions of |u(x)| and |v(x)|, x € RN
(N > 1). Note that (1, ¥2) = (u(x)e'*?, v(x)e'P?) represents a vector soliton in the original Schrodinger systems
where z can be a space or time variable.

For instance, the study of the mutual interaction of two optical beams (1, ¥) propagating in an inhomogeneous
Kerr medium (e.g., a photonic crystal fiber) [23] gives rise to a coupled system of the form (1.4) with k; =k =1 and

Pr=na+ VOB + WP +ulval),  Pr=na+ V(S + ¥l +ulyi ), (1.5)
and the study of two-component BEC leads to the well-known Gross—Pitaevskii (GP) system [12], which is also of
the form (1.4) but with k; = Lj(j =1,2) and

2m

1 1
@ = —E[vl +eilyil? + gl — L], &= —E[Vz + gl + gl —2L;]. (1.6

When the nonlinear terms @1, @, in (1.4) (see, e.g., equations (1.3), (1.5) or (1.6)) satisfy
[451()6, Iu(x) v(x)|) —ot]u(x):Gu(x,u(x),v(x)),
[©2(x, [u@)], [v@)]) = Blvx) = Gu(x, u(x), v(x)),

for a function G (x, u(x), v(x)) which is C! in the second and third variables, those problems are variational. Thus we
consider a semilinear cooperative elliptic system of the form

’

’

—Au(x) = Gy (x,u(x), v(x)), xeR,ueHY(RQ),
—Av(x) =Gy(x,ulx),vx)), xeR,ve H(R2), (1.7)
u(x)=v(x)=0 (or a‘g(nx) :%:0)’ x €482,

where £2 is a bounded open domain in R, 5 is the unit outer normal vector; G : 2 x R2 — R is of class C! in the
second and third variables, satisfying the following hypotheses
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(A1) [VG(x,2)| < C( +|z|P7Y), Vz € R?, ae. x € £2, for some constants C > 0 and 2 < p < % if N >3 or
2 < p <+ooif N =1,2 (subcritical growth [30,33]),

(A2) G, (x,0,v(x)) =Gy(x,u(x),0) =0 (homogeneity),

(A3) G(x,u,v)=o0((u, v)|2) or G(x,u,v) <0 when |(u,v)] — 0,

where (G, G,) is the gradient of G in the second and third variables (u, v) € R2. Condition (A1) is imposed in order
to apply the continuous embedding W4 (£2) L9"(£2), where qg*=gN/(N —q) > q (¢g* =00, if ¢ < N). Here,
g = 2. Condition (A1) implies that a weak solution (1*, v*) of (1.7) is precisely a critical point of a dual C !_functional
J: Hol(.Q) X HOl (£2)(orH'(£2) x H'(£2) with zero Neumann boundary conditions) — R given by

J(u,v) = %/(|Vu(x)|2+ |Vv(x)’2) dx —/G(x,u(x), v(x)) dx, (1.8)

2 2

i.e., the Frechet derivative J'(u*, v*) = 0. It can be easily verified that (0, 0) is a local minimum of J under (A2)
and (A3). The existence of multiple nontrivial solutions to system (1.7) has been established for several subclasses
[1,21,33,34,37]. Among those nontrivial solutions, solutions without a zero component are of particular interest in
many applications [8,12,23] since they represent so-called co-existing states. Thus, in this paper we are only inter-
ested in finding such co-existing states (solutions) to (1.7) and shall view all other solutions as trivial. Additionally,
hypothesis (A2) implies that if one component (i.e., u or v) is equal to zero, then system (1.7) reduces to a semilinear
elliptic equation w.r.t. the other component, for which several results on the existence of multiple or infinitely many
solutions can be applied. Thus multiple (or infinitely many) trivial solutions to system (1.7) may exist and need to be
excluded in numerical computations. Therefore, there is a need to develop some numerical methods for computing
those critical points of (1.8) corresponding to the co-existing states to (1.7).

Critical points of a general functional J, that are local minima, are the stable solutions and well-studied in calculus
of variations. Conventional numerical methods focus on finding such solutions. Critical points that are not local
extrema are called saddle points. They appear as unstable equilibria or transient excited states in physical systems,
and are traditionally thought to be too hard to capture in practice.

Highly/multiply excited states, which can now be electronically excited or laser induced, have been observed or
demonstrated [3,11,18,22,27] in many fields such as quantum mechanics, condensed matter physics, dynamics of bio-
molecules, nonlinear optics, etc. Those excited states can easily decay into lower-lying excited states or the ground
states with some small perturbations. Meanwhile, those unstable states enjoy a large variety of configurations and
maneuverabilities, which may lead to many promising or even surprising applications. With new atomic, optical or
synchrotronic technologies, scientists now are able to successfully reach or trap them and search for their potential
applications [2,12,24,25,27]. These new technologies and advanced studies are changing the traditional view on un-
stable solutions and starting to draw more and more attention. As a result, there is a growing need to develop more
efficient and reliable numerical methods for finding those multiple excited states, since analytic solution expressions
are generally too difficult to obtain.

Spatial solitons have been a subject of many studies [7,8,14,13,17] since their first theoretical prediction [5]. After
a number of experimental observations of self-guided light beams in various types of nonlinear bulk media were re-
ported, the study of spatial optical solitons and their interactions became an active research area in nonlinear optics, see
[7,8,11,14,13]. In particular, it has been shown that several light beams can be combined to produce multicomponent
self-trapped states, so-called spatial vector solitons. Physically, these vector solitons (corresponding to co-existing
excited states) are “particle-like” localized nonlinear objects; mathematically, they are unstable solitary wave solu-
tions to certain NLS systems [7,8,11], see also (1.1). Since all those vector solitons are unstable, instability analysis
becomes important both practically and theoretically. However, “so far, numerical methods have been proved to be
the only available tool for analyzing the mutually trapped states in the nonlinear regime, especially solitons with-
out radial symmetry (e.g., dipole or multipole vector solitons)” [8]. It has also been observed that the dipole-mode
vector solitons are much more stable than any other vector soliton. They are “stable enough for experimental obser-
vation, ..., extremely robust, have a typical lifetime of several hundred diffraction lengths and survive a wide range
of perturbations” [11].

Our goal here is to develop some numerical methods for finding those multiple nontrivial solutions (co-existing
states) in a stable way and measuring their instabilities as well. So far, such methods are not available in the literature.
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One may want to mention a Newton’s method. But it is known that a Newton’s method depends so heavily on an initial
guess and has difficulties in handling degenerate cases. Besides, even it successfully captures a solution, it is still blind
to the instability information of the solution since it does not assume or use the variational structure of a problem.
As a pioneering work in variational methods, a mountain pass algorithm [6] was developed to find the ground states
(1-saddles) in 1993. Then a high linking method [9] was proposed to capture 2-saddles in 1999. But no mathematical
justification on those methods was given. Then, a local minimax method (LMM) together with its mathematical
justification and convergence were developed in [15,16,32] to find multiple saddle points in an order based on their
instability index [36], i.e., the number of linearly independent directions along which the functional energy decreases
under a small perturbation. Meanwhile, LMM views solutions of the form (0, v) or (u,0) as nontrivial ones on a
Cartesian product space. Because of this, our efforts for finding those co-existing states will be greatly weakened or
even become fruitless. Therefore new modifications must be developed.

The outline of this paper is as follows. In Section 2 we establish a local min-orthogonal characterization for the co-
existing critical points (states) of dual functionals. Based on this characterization, a local min-orthogonal algorithm as
well as its convergence for finding multiple co-existing states is given in Section 3. Finally, in Section 4 we implement
the algorithm to solve our model problem (1.3) for multiple vector solitons. Due to page limit, results on instability
analysis will be presented in a subsequent paper [4].

2. A new local min-orthogonal characterization

In this section, we will establish a general framework for characterizing co-existing saddle points by improving
the original framework of LMM. Here is the basic idea of LMM. For a given Hilbert space H, one first sets or
selects a subspace L C H, called a support, which is spanned by all trivial and known solutions at lower critical
levels and from which an algorithm search needs to keep away; then introduces a composite functional J(p(u)) such
that u € L, p(u) € H \ L and J'(p(u))L[L, u]; and finally seeks a point u* € L such that J'(p(u*)) LL*, which
implies that p(u*) is a critical point of J not in L. It is easy to see that if p(u) is a local maximum of J on [L, u], then
J'(p(u))L[L, ul; on the other hand, if a point u* € L~ is a local minimizer of J (p(u)) over L+, then J'(p(u*)) LL" .

However, when it comes to solving a general cooperative system (1.7) for co-existing solutions, there are usually
many and even infinitely many trivial solutions needed to be excluded. Under the above framework, the support L may
contain too many trivial solutions in different critical levels and even become infinite dimensional. It causes serious
problems in numerical implementation. In this paper, we shall fix this problem by introducing a new selection function
and then deriving a new characterization for co-existing saddle points.

Fori =1, 2, let H; be a Hilbert space with inner product (-, -), L; be a closed subspace of H; and H; = L; & Lil
be the orthogonal decomposition. Denote H = Hy x Hy, L = L1 x L,. While L is called a “support”, L, L, are
called “sub-supports”. Then L x Ly = L+ and H =L & L*. Denote S; 1 = {u € L*: |lu]| = 1}. For v = (v, v12) €
Sp1, denote [L;, v;] = {tv; + wi|lw; € L;,t € R},i =1,2. Assume J € C!(H,R) and denote its gradient by J' =
(0J1,007).

Definition 2.1. A set-valued mapping P:S; 1 — 2/ is called an L- | mapping of J if

P(w)= {u €[L1,w1] x [La,wa]: 0J;(u)L[L;, wi],i =1, 2} Yw = (wy, w2) € Sy1.
A mapping p:S;1. — H is an L-1 selection of J if p(w) € P(w), Yw € S 1. For each w € Sy 1, if p is locally
defined near w, then p is called a local L-_L selection of J at w.

Remark 2.1.

(a) Definition 2.1 is stronger than the original one in [35] since
Sy LILy, wil, 82 L[Ly, wal = J' = (8J1,312) LIL, w], Yw = (wy, wn).

However, this new definition not only enables us to identify and capture the co-existing states, but also gives us
more flexibility to solve other nonlinear systems.

(b) If u; is a local maximum point of J (-, u2) in [L1, w1] and u; is a local maximum point of J(u1, -) in [L2, wa],
then p(w) =u = (u1,u2) € P(w). In such case, P(p) is called a peak mapping (selection) of J.
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(c) Definition 2.1 can be easily extended to a multicomponent system.

It is easy to see the orthogonality in the above definition is preserved under a limit of w in S; 1, which leads to the
following lemma (its proof is straightforward and thus omitted).

Lemma 2.1. The graph G = {(u, w): w € Sy, u € P(w) # @} is closed.
With Definition 2.1, critical points of a dual functional J can be characterized as below:

Theorem 2.1. Let w* = (w}, w3) € S;1 and p be a local L-1 selection of J at w* and continuous at w*, where
L =L x Ly. Assume that p1(w*) ¢ L1 and p(w*) ¢ Lo, where p(w*) = (p1(w™*), p2(w™*)), then a necessary and
sufficient condition that u* = p(w*) is a co-existing critical point of J is that there exists a neighborhood N (w*) of
w* s.t.

aJ; (p(w*)) L pi(w) — pi(w*), YweNw NS 1, i=1,2, 2.1
where J'(p(w*)) = (3J1(p(w¥)), dJ2(p(w*))), p(w) = (p1(w), p2(w)).
Proof. Only need to prove the sufficiency. Since 8J,~ (p(w*)) LL; (i =1,2), it suffices to show that 9J; (p(w*)) L
LL (i =1,2). Let N(w*) be a neighborhood of w* s.t. p is well-defined and (2.1) is satisfied. Denote p, (w*) =
tfwl + wL for some scalar ¢ and wL € L;, i =1,2. Then pi(w*) ¢ Ly and pr(w*) ¢ Ly imply w; # 0 and

t* 750 i = 1 2. By the continuity, pl(w) =tw; +wg, witht; #0and wy, € L; (i =1,2) foreach w = (w1 wy) €
N(w*) NSy1.Fori=1,2,since 3J;(p(w*)) L[L;, w and p;(w*) € [L;, w}, we have

3Ji (p(w*) L pi(w) — pi(w*) < 3J; (p(w*)) L pi(w) & 8J; (p(w*)) Lw;, (22)
for each w = (w1, wz) € N(w*) N S; 1. On the other hand, for each w € L1, when the scalar s is small, we have
w* 4+ sw
[w* 4+ sw]|
This and (2.2) imply that 3J; (p(w*)) Lw; (i =1,2), Vw = (w1, wp) € Lt or 9J; (p(w*)) J_Ll.J-, i=1,2. O

eN(w*)mSLJ_.

Lemma 2.2. Let v be any unit vector in a normed space (X, || - ||), then
vEtw 2||w||
— Yw € X\{v}.
lv+wll ||v tw

The following lemma is crucial in this work and will lead to a characterization on co-existing critical points of a
dual functional J and a stepsize rule for our numerical algorithm.

Lemma 2.3. Let w = (w1, w2) € Syt with wy # 0, wa # 0 and p be a continuous local L-1 selection of J at w.
Denote p(w) = (p1(w), p2(w)) = (fwy, Lwa) + wy, for some scalars ty, to and wy € L. If t| - to > 0, then either
J' (p(w)) = (0, 0) or there exists sg > 0 s.1.

min{|#;|, |2 ]}s 17" (p(w))]|?
21+ $21 77 (p(w))]?

1
<3 min{|z1], |21} |7 (p(w)) | - |w(s) — w]| <0, (2.3)

I (p(w®)) = J(pw) < -

w — sign())s J' (p(w))
VI+ 217 (pw)|?
p(w(s)) = (p1(w()), p2(w(s))) = (L1 (Hwi(s), L2()wa(s)) +wr(s)

for some wp (s) € L.

Y0 < 5 < sg, where w(s) = (wi(s), wa(s)) = Sy 1 and
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Proof. For convenience, letd = (d1, d») = —J'(p(w)). Since H = (L1 x Ly) ® (L1 x Ly) and w(s) — w as s — 0,
p is continuous at w implies that || p(w(s)) — p(w)|| — 0 and

H(s)—t, nh(s)—1t, ass—0. 2.4)
With ¢ - 1o > 0 and J € C'(H, R), we have
sign(t1(s)) = sign(r2(s)) = sign(r1) = sign(r2) (2.5)
and
J(p(w())) = J (p(w)) =(J'(p(w)), p(w(s)) = p(w)) + (|| p(w(5)) — p(w)])
=(—d1, p1(w()) — p1(w)) + {—d2, p2(w(s)) — p2(w)) + o(|| p(w(s)) — pw)||) (2.6)

when s is small. Next, we note that p is an L-L selection, i.e., di L[L1, w1], do L[L2, wz]. It then follows that
(d1, p1(w)) = (da, p2(w)) = 0. This together with (2.5) leads to

2
(' (pw)), p(w(s)) = pw)) =D _(—di, pi (w(s)))
i=1

2

w; + sign(t;)sd; .
=— ;(di, fi(s)wi(s)) = — ;<di, ti (S)TZWHZ> (since wp (s) € L)

2
=—Z<d' M> Z“g“(”)t’(”s Idi1? (since d; L [Li, wil)

V1+s2|d|]? 1452(d|?
Z sign(ti (Dt s)s Z |1 () s l1di |1
1+ 2||d|2 1+ 52||d||?
mm(lt )1 12()Ds
————|d|, 27)
1+ s2[d|?

when s is small. From (2.4), it follows that |f1(s)| — |t1| > 0, |2(s)] = |2] > 0 and min{|z;(s)], |t2(s)|} —
min{|t{], [t2]} > 0 as s — 0. Hence, when s is small, min{|t; (s)], |t2(s)|} > %min{|t1|, |t2]} > 0. By this and (2.7),
there is so > 0 s.t.

min(|71(s) [, [22(s)])s min(|71], |22])s
(' (pw)), p(w(®)) = p(w)) < — ld|? < ——m—====]|d|® (2.8)
V1+s2|d|? 2y 1+ 52||d|?
for 0 < s < s9. On the other hand, by Lemma 2.2 and the orthogonality d L w, we have
ign(t1)sd 2s||d 2s|d
”w _ w(s)” _ Hw o wH sign(t1)s H < slid|l _ sldll (2.9)

lw + sign(t)sd|| | ~ llw +sign(t)sd]| /1 + s2|1d|2
Combining (2.8) and (2.9), we obtain
_ min(|t1], [12])s

2y 14 s2||d|?

This inequality together with (2.6) yields (2.3). O

1
(' (). p(w(5)) = pw) < === d|I* < — 5 min{ 1|, |21} - [ws) - w]).

With Lemma 2.3, we can now establish the following local min-orthogonal characterization of the co-existing
critical points.

Theorem 2.2. If w = (w1, w2) € S;1 and p(w) = (p1(w), p2(w)) be a local L-1 selection of J at w s.t. (i) p
is continuous at w, (ii) p1(w) ¢ L1 and py(w) ¢ L, and (iii) w = arg(loc) minveSLL J(p(v)), then p(w) is a co-
existing critical point of J.
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Proof. Suppose J'(p(w)) # 0. By (ii), we have p(w) = (p(w), p2(w)) = (fjw1, Lrwy) + wy, for some scalars 11 # 0,
t) # 0 and wy € L. There are two cases: either (a) #; - 1 > 0 or (b) 71 - 12 < 0. Since Case (b) can be converted to Case
(a) by setting w = (w1, —w>), we only need to discuss Case (a). For Case (a), by Lemma 2.3, there is so > 0 s.t. for
0<s <sp,

1
J(p(w()) < J(p(w)) - 7 min{|ril, |2l |7/ (pw) | - [ws) —w| < T (pw)),

which contradicts (iii). O

Remark 2.2. Let us define a solution set M = {p(w): we §;1 = SL]LXLZL}. Lemma 2.1 shows that M is closed and
Theorem 2.2 states that a local minimizer of J(-) on M, or J(p(:)) on S; 1, yields a saddle point p(w*), which can
be numerically approximated by a minimization method, e.g., a steepest descent method. The subspace L here serves
as a support in search of a local minimizer of J(-) outside L.

3. A flow chart of a new Local Min-Orthogonal Algorithm

In this section, we present a flow chart of our algorithm, called a Local Min-Orthogonal Algorithm (LMOA).
With the previous notations, let {u1,...,u,} C Hy and {v1,...,v,} C Hy be linearly independent. Denote L =
spanf{uy, ..., uy}, L» =span{vy, ..., v,} and the support L = L x L;. Choose an error tolerance ¢ > 0 and a stepsize

control parameter A € (0, 1).

Step 1: Set k = 1. Choose a point %) = (Ql(k) , Gz(k)) €S,1 st Gfk) #0, Hz(k) # 0 and an appropriate initial guess

(t(k), e t,(,lk), rék) e r,(,k)). Use this initial guess to solve a system of m + n + 2 nonlinear equations
0 ]
_° V) — v (k)y) — : P
at(k)J(p(G )) =0, ar(k)l(p(G ))=0, fori=0,1,....,m, j=0,1,...,n, (3.1)
i J
for the m + n + 2 unknowns (t(k),...,t,gf),rék), ...,r,gk)), i.e., to compute an L-L selection p(Q(")) =

(p1(6®), p2©®)) at 6® s .

m
k k) 5 (k k
p1@®) =" 1Pu; +176 e (L1, 6" N\L1,

i=1

n
k k) ok k
p20®) =" rv 106} € (12,0 N\ Lo,

i=1

and ték)rék) > 0.

Step 2: Set w® = p(Q(k)) and compute the gradient d® = (dl(k), dék)) = J’(w(k)).
Step 3: If ||d®|| < &, then OUTPUT w®, STOP; Otherwise, GOTO Step 4.
6® — sign(z?)sd®

Step 4: Foreach s > 0, let 6% (s) = 0% (5), 6F (5)) = .
P 16® — sign(r{)sd®|

Determine the stepsize

A .
sk =max{—. (2’ > 1d®,
ieN | 2}

A 1 A
k k : (k) (k) k k k
]<p<0()<—2i>>>—](w( ))<——4m1n{|to [, Iro |}||d()||~H0()<—2i>—9()

where (107, 10,80, k0 b0 k) is used as an initial guess to evaluate p(6® )N =Pi16e® &),

P20 (%)) with p1@® (£)) ¢ L1 and p2(0% (£)) ¢ Ly in the same way as in Step 1.
Step 5: Set 0%+D =90 (k) pO*+D) = p(O® (5K)) and k < k + 1. GOTO Step 2.
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Remark 3.1.

(a) The algorithm generally starts from the case L1 = Ly = {0}. With different initial points in S; 1, it can find one
or more saddle points (solutions), say (u{, vll), (u%, v%), ...,(uf', v‘f'). Then gradually increasing L and Lo,
respectively, (for example, with a fixed L contained in span{u%, u% e uil }, one can gradually increase L, by
adding more and more linearly independent elements from span{vll, vlz, ey vf' }), it then captures one or more
higher order saddle points (ué, v%), (u%, v%), e, (ugz, v;z)_ By this way, multiple branches of solutions can be
located. On the other hand, if a problem possesses certain symmetries, one may easily construct the sub-supports
L1 and L, by applying those symmetries, refer to Section 4.2.

(b) The m + n + 2 equations in (3.1) come exactly from the definition of an L-L selection, i.e., 9.J;( p(G(k))) 1
[Ly, 91(k)], dJo( p(G(k))) 1 [Lo, Oz(k)] and are apparently satisfied for any critical point of J. To find a new critical

point, one needs to choose an appropriate initial guess in Step 1 (for example, except tél), r(()l), set all other

R R R OO

entries ¢ = 0), then use this initial guess to find a solution, still denoted by

a0tV D DY of By s 18D £0, 7Y £0, i, pr(@™M) ¢ Ly, pa(0D) ¢ L. Then this
solution will be used as the initial guess for next evaluation of p. In Step 4, it is crucial to follow the initial guess
(t(k), tl(k), e, t,(,{( ), r(gk), rfk), e, r,gk)) consistently in evaluating the L-_L selection p from equations in (3.1). Such
a strategy is used to avoid a possible jump of p from one branch to another in the solution set M and to keep p
“continuous”. Note that equations in (3.1) usually have multiple solutions when J has multiple critical points.
(c) The algorithm is stable in the sense that the energy functional J is strictly decreasing, i.e., J(p(@%*+D)) <

J(p@®)).

To obtain a convergence result of LMOA, the Palais—Smale (PS) condition is needed in replace of the usual com-
pactness condition.

Definition 3.1. A functional J € C' (X, R) is said to satisfy the Palais—Smale (PS) condition if any sequence {u;} € X
s.t. J(u;) is bounded and J'(u;) — O possesses a convergent subsequence.

Then a subsequence convergence result parallel to Theorems 3.1-3.2 in [16] reads as:

Theorem 3.1. Let L; be a closed subspace of H;, i = 1,2, L = L x Ly. Assume J € Cl(Hl X Hp, R) satisfies the
PS condition and p is an L-_1 selection of J s.t. () p is continuous, (i) dist(p; (G(k)), Li)>a>0(=1,2) for some
a>0andal k=1,2,..., and (iii) inf| <t <00 J (p(O®)) > —00, where {p(@®) = (p1(OP), p2(0W))} is a se-
quence generated by LMOA (wherein the stop criterion 1d®| < e is replaced by 1d®| = 0). If denote wh =
pO©), then

(@) {w®} possesses a subsequence converging to a co-existing critical point of J,
(b) any convergent subsequence of {w®} converges to a co-existing critical point of J.

Proof. Follows the same lines as in the proof of Theorems 3.1-3.2 in [16] for a Cartesian product space and applies
condition (ii). O

Similarly, more convergence results can be established as in [16]. Since LMOA is based on a steepest descent
method, its rate of convergence is expected to be linear. To speed up the convergence, a Newton’s method can be used
after a number of iterations by LMOA, refer also to [28].

4. Application for solving multiple spatial vector solitons
With the algorithm proposed in Section 3, we are ready to carry out some numerical computations for our model

problem (1.3). Let H] = H, = Hd (£2) and H = H; x H>. We denote the coordinates (x, y) by x = (x1, x3). By
previous considerations, we have
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= —_ uI®) 1-p o w0
Gux, 1), v()) = Gulw(), v00) = —u () + 7= es = — Ul — e

_ _ v(x)[(x)  1T—yu 3 v(x)
Go(x, u(x), v(x)) = Gy (ux), v(x)) = —yv(x) + TR Tk, v(x) T

and

—yu 2 (x) — In(1 + w1 (x))

2u? '
Thus system (1.3) is of the form (1.7) and its dual functional is of the form (1.8). While co-existing solutions to
system (1.3) have been repeatedly observed in experiments [11,14], most existence results (see, e.g., [1,21,33,37]) in
mathematics literature only focus on nonzero solutions not the co-existing ones. Furthermore, a closer examination of
system (1.3) displays the following facts.

G(x,u(x),v(x)) (u(x) v(x)) ,U«M u?(x )+ 4.1

Proposition 4.1.

(a) Any solution (u,v) to (1.3) with y € (0, 1) satisfiesu L v in L2(2) or f_Q u(x)v(x)dx =0.
) Ify € (0, 1], then (1.3) has a positive co-existing solution (u,v) only if y = 1.

Proof. Multiplying the first and the second equations in (1.3) respectively by v and u, and integrating by parts yields

JolAu@) - v(x) —u(x)v(x) + LD 1 dx =0,

JolAu(x) - v(x) — yo(nu(x) + XPeeid 4y =0

4.2)

After subtraction, one obtains (y — 1) f o u(x)v(x)dx = 0. Then, (a) follows if y € (0, 1) and (b) follows if y € (0, 1]
andu >0,v>0. O

The orthogonality condition in Proposition 4.1(a) gives us a hint on selecting initial guesses for our algorithm, i.e.,
we choose initial guesses (u, v) such that u L v in L2(£2), refer to those initial guesses provided in Section 4.2 (except
the initial guesses for cases (3) and (4)). In addition, Proposition 4.1(b) coincides with the experimental observations,
“...because the state |0, 0), nodeless in both components, can exist only in the degenerate case y = 1, when ...” [20].

4.1. Computation of the gradient VJ(w) and an L-_L selection p(6)

In this subsection, we discuss how to compute VJ(w) and an L-_L selection p(6) for (1.7) and (1.8). Let | - || be
the norm of H; = Hy = H(} (£2) defined by the inner product (i, v) = f_Q Vu(x) - Vuo(x)dx, Yu,v € H (£2). Then
for H = Hy x Ha, its inner product is (wi, ws) = (u1,u2) + (v1, v2) and norm is ||wy||? = |lu1||> + ||v1||2, where
w1 = (uy, v1), wr = (up, vp) € H. For J as in (1.8), its Frechet derivative at w = (u, v) is

J'(@) = (= Al — Gy(x, i, D), —AD — Gy(x, i, 1)) € W 2(2) x W H2(82),

whose smoothness is “poor”. In general, it cannot be used as a search direction in HOl (£2) = WL2(£). Thus we use
its canonical identification in H to define the gradient

VIW)=A"N(=J' @) = (i + A (Gu(x, i1, ), 5+ A (Gy(x, i, D)) € H
which implies
J'(w) = (0,0) & VJ(w) = (0,0) & w is a critical point of J.
Denote d = (d1, dy) = VJ(w). Then d can be solved from the following linear elliptic system

Adi(x) =Au(x)+ Gy(x,u(x),v(x)), xe€82,
{ Adr(x) = Av(x) + Gy(x,u(x), v(x)), xe€82, 4.3)
di(x) =da(x) =0, x €982,

e.g., by a MATLAB subroutine ASSEMPDE, a linear PDE or PDE systems solver based on a finite-element method.
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In Steps 1 and 4 of LMOA, we need to compute w = p(@), the value of a local L-L selection p at a point
0=(001,0) ¢ SLllezl, where L1 = span{uy,...,u,} and Ly = span{vy, ..., v,}. From the definition of p, we can

write w = (w1, w2) = (061 + Y 1oy titj, rob2 + Y _r_, riv;i). Here, the m +n 42 unknowns g, t1, ..., by, 70, F'1, . ., Iy
are solved from the orthogonal conditions dJ1(w) L[L1, 61], dJ2(w) L [L2, 62], which, through integration by parts,
lead to a system of m + n + 2 nonlinear algebraic equations

JolAwi(x) + G, (x, wi (x), wa(x))]16) dx =0,
fQ[Aw1(x) + G, (x, w1 (x), w2 (x)]u;dx =0, i=1,...,m,
JolAwz(x) + Gy (x, wi(x), wa(x))]102dx =0,
fQ[sz(x) +Gy(x, wi(x), wa(x)Jv;dx =0, j=1,...,n.

This system is then solved by a MATLAB subroutine FSOLVE or FMINUNC with an initial guess selected by the
same strategy as described in Remark 3.1(b).

(4.4)

4.2. Numerical results

Due to the localized nature [8,11,20] of stationary states to system (1.1), i.e., u(x), v(x) vanish as || x| — oo, we
set £2 = (—10, 10) x (—10, 10) as in [11,31]. Also, we choose y = 0.65, u = 0.5 as in [11] for system (1.3) and set
the error tolerance ¢ = 10~ to terminate our iteration. Since our model problem (1.1) possesses various symmetries,
we developed a symmetric mesh grid on £2. Fig. 1(a) is a coarse sample of a symmetric mesh we used.

As an important notion in stability analysis, the Morse index (MI) [26] reveals some information on the local
structures of nondegenerate critical points and has been widely applied to measure local instabilities of unstable
solutions (saddle points). As a generalization, a local instability index (LII) (LII(u*, v*) = dim(L;) + dim(L,) +
dim(span{u*}) + dim(span{v*})) associated with our algorithm is defined in [4] to induce a partial order of multiple
solutions captured. Fig. 2 lists the first few co-existing states (corresponding to dipole- and multipole-mode vector
solitons) to system (1.3) in such a partial order. Solutions (a) and (b), (c) and (d), (e) and (f), etc., have the same LII,
respectively. Note that solutions (a) and (b) correspond to the so-called dipole-mode vector solitons with 45° orien-
tation and horizontal orientation, respectively; while solutions (e)—(f) correspond to two quadru-mode vector solitons
with different orientations. Physically, dipole-mode vector solitons are the most stable vector solitons. According
to [4], they have the least MI (> 3) among all the co-existing states. Hence, mathematically, dipole-mode solitons

10 maxlul:2.33; Energy: 29.62
10

-2+

—_4F

-6

_8f

-10
-10 -5 0 5 10

(a)

Fig. 1. (a) A sample symmetric mesh on the square domain £2 = (—10, 10) x (—10, 10); (b) A vortex mode vector soliton/solution to (1.3) on a
radial domain.
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10

-10 -5 5 10 -10

©

maxlul:3.20; Energy: 46.34

maxlul:3.19; Energy: 46.38

() ' ) (k)

Fig. 2. Dipole- and multipole-mode vector solitons/solutions to (1.3) on a square domain. Dash lines indicate the nodal lines.
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are still unstable, though “they are extremely robust objects, . .., survive a wide range of perturbations” [11]. Besides,
it can be seen from Fig. 2 that for each solution (u, v), the 2nd component (i.e., v-component) always carries more
complex solution structures than the 1st component (i.e., u-component) does. To be more precise, one can see that the
v-component always has at least the same number of nodal lines as the u-component does. Take solution (i) or (j),
for example, when u-component is nodal, then v-component must be nodal as well; conversely, v-component cannot
be nodeless (i.e., bell-shaped) when u-component is nodal. In physics, #-component is called a fundamental mode
(wave). It traps and guides a weaker higher-order mode (v-component) while traveling in a nonlinear bulk medium [7].

The orthogonality condition stated in Proposition 4.1(a) enables us to construct the following supports L’s and
initial guesses (uo(x, y), vo(x, y))’s to compute multiple co-existing states of system (1.3). For a desired solution
of large Morse index with certain symmetries, it is more advantageous and efficient to apply such symmetries as
carrying out in [29]. More precisely, we use the Haar projection to preserve the symmetries, keeping or forcing
our iterations in an invariant subspace induced by such symmetries. Even so a nonzero support sometimes is still
required. Take the triple-hump vector solitons (refer to Fig. 2(g) or (h)), for example, we need a bell-shaped symmetric
function (symmetric w.r.t. both the x and y axes) which serves as a sub-support for the v-component no matter
what kind of symmetry we impose on that component. This is because for a triple-hump nodal function as in the
second component of solution (g) or (h), without a sub-support, eventually it will collapse, i.e., it will decay to
zero. Thus, as long as multiple solutions are concerned, introducing a support is crucial in numerical computations.
Contrary to a Newton’s method, the selection of an initial guess in our method is quite flexible. However, for the
instructive purpose and readers’ convenience, suggested initial guesses (i, vg)’s and supports L’s are included below,
wherein f(x, y) = e 005>+ (32 _ 100)(x2 — 100), g(x, y) = c0s(0.057x) cos(0.057y). It is easy to check that
f(x,y), g(x,y) are positive symmetric functions on £2.

x24y2

(1) Cf. Fig. 2(a). Choose (uq, vo) = (f(x,y), f(x,y)(y +x)) and L = {0} x {w1} with w; =e~ 350 g(x, y). Solu-
tion (a) can also be obtained by applying the odd symmetry to the v-component w.r.t. the line y + x = 0 while
letting L = {0} x {0}. This is the most stable co-existing state that we can find. Its Morse index is at least 3.

(2) Cf.Fig.2(b). Choose (ug, vo) = (f(x,y), f(x,y)x). L is the same as in case (1). Solution (b) can also be obtained
by applying the odd symmetry to the v-component w.r.t. the y-axis while letting L = {0} x {0}. Its Morse index

is at least 3.

x+y)2 7x2+y2 (x+

2
(3) Cf. Fig. 2(c). Choose (ug, vo) = g(x, y)(e( 50 20 e~ it (y+x+ 13—0)()1 +x— %)) and L = {0} x {wq, wy}

Gtp)?

with w; = e~ o g(x,y), wa = (y + x)wq. This solution can also be found by applying the even symmetry
w.r.t. the line y + x = 0 to the v-component while letting L = {0} x {w;}. Here, the sub-support {w;} for the
v-component is essential; without it, the v-component will collapse (i.e., decay to zero), which one needs to avoid
in order to obtain the co-existing solution. Note that the v-component is a tripe-hump sign changing function. The
MI of solution (c) is at least 4.

2 2.2 Cty)? .
(4) Cf. Fig. 2(d). Choose up = e 20 g(x, y), vo =€~ 5 g(x, y)(y + ) (y — 1) and L = {0} x {wy, w2} with
(e+y)? (x+)?

wy=e % gx,y), wr=e 4 co0s(0.057x)sin(0.1ry). Similarly, solution (d) can be found by applying
the even symmetry w.r.t. the x-axis to the v-component while letting L = {0} x {w;}. Again, the v-component is
a tripe-hump sign changing function for which the sub-support {w1} is necessary. The associated Morse index is
at least 4.

(5) Cf. Fig. 2(e). Choose (1o, vo) = f(x, y)(1, y*> — x?) and L = {0} x {wy, wp, w3} with

x2+

) x24y2 2
wi=e 0 gx,y),wr=e 0 gx,y)(y—x),wz=e"

X

+y2
W0 g(x, y)(y +x).

Likewise, solution (e) can be obtained by letting L = {0} x {0} and applying the odd symmetry to the v-component
w.r.t. both the line y — x = 0 and the line y + x = 0. This is a quadrupole mode vector soliton whose Morse index
is at least 5.

212
(6) Cf. Fig. 2(f). Choose (ug, o) = (¢~ 25~ (y2 — 100)(x% — 100), f(x, y)xy) and L = {0} x {wy, w2, w3} with

wy = e 50 glx,y),wrp =€ W g(x,y)x,w3=e 40 g(x,y)y. Likewise, solution (f) can be obtained by
letting L = {0} x {0} and applying the odd symmetry to the v-component w.r.t. both the x-axis and the y-axis.
This is another quadrupole mode vector soliton whose Morse index is at least 5.
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2402
(7) Cf. Fig. 2(2). Choose (i, vo) = (e~ 10 (y2 — 100)(x> — 100)(y + x), £ (x, y)xy) and apply the even (odd)
symmetry w.r.t. the line y 4+ x = 0 to the v- (u-) component, respectively. Meanwhile, a support L = {0} x {w;}

X7+

with wy =e™ o g(x,y) is used. Again, the v-component is a tripe-hump sign changing function for which the

sub-support {w} is required. The associated Morse index is at least 5.

2.2 2492

(8) Cf. Fig. 2(h). Choose ug = e 15 sin(%)cos(%), vo=e" 2 g(x,y)(y? —x?) and apply the even (odd)

symmetry w.r.t. the x-axis to the v- (#-) component, respectively. Meanwhile, a support L = {0} x {w;} with
2,2

wy = e*%g(x, y) is used. Likewise, the v-component is a tripe-hump sign changing function for which the
sub-support {w} is essential. The associated Morse index is at least 5.

(9) Cf. Fig. 2(i). Choose (1, vg) = (f(x,y)(y + x), f(x,y)(y —x)), L = {0} x {0} and apply the odd symmetry
w.r.t. the line y 4+ x = 0 to the u-component and the odd (even) symmetry w.r.t. the line y —x =0 (y +x =0) to
the v-component. This solution corresponds to a dipole—dipole mode vector soliton with Morse index at least 5.

(10) Cf. Fig. 2(j). Choose (uq, vo) = (f (x, y)y, f(x,y)x), L = {0} x {0} and apply the odd symmetry w.r.t. the x-axis
to the u-component and the odd (even) symmetry w.r.t. the y-axis (x-axis) to the v-component. This is another
dipole—dipole mode vector soliton with Morse index at least 5.

(11) Cf. Fig. 2(k). Choose (ug, vo) = f(x, y)(y + x)(1,y — x) and L = {0} x {0}. Then, apply the odd symmetry
w.r.t. the line y + x = 0 to the u-component, and the odd symmetry w.r.t. both the lines y +x =0and y —x =0
to the v-component, respectively. Its Morse index is at least 6.

(12) Cf. Fig. 2(1). Choose (ug, vg) = f(x, y)y(1,x) and L = {0} x {0}. Then, apply the odd symmetry w.r.t. the x-
axis to the u-component, and the odd symmetry w.r.t. both the x and y axes to the v-component, respectively. Its
Morse index is at least 6.

To obtain a vortex-mode vector soliton, we use a radial domain £2 = {(x, y): x2+y2 < 100}. A vortex-mode vector
soliton on £2 is shown as in Fig. 1(b), where the v-component is a sign changing radial function with a 1-dimensional
peak set (ring-shaped). For such a vortex structure, there is no finite dimensional sufficient support available due to the
radial symmetry. A local min-orthogonal approximation, followed by a Newton’s iteration method, can capture such
a radial solution. Hence, it should possess a large MI (at least 4) and be more unstable than the dipole-mode vector
soliton which has the least LII (and MI) among all the vector solitons. This analysis coincides with the observation
made in [11], i.e., ““..., with a small perturbation, the system of a vortex structure (vortex soliton) near cutoff will
decay into the system of a dipole structure (dipole soliton)”.

Except those co-existing solutions to (1.3), there are quite a few non co-existing ones, which are of less interest
in physics applications and hence are omitted here. With our new local min-orthogonal method, we are able to locate
the co-existing solutions while excluding the non co-existing ones. More investigation on computational theory and
methods for solving nonlinear elliptic systems will be presented in a subsequent paper [4].
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