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Abstract: In this paper we focus on the analysis of the partial differential equations arising from a new
approach to modeling brittle fracture based on an extension of continuum mechanics to the nanoscale. It is
shown that ascribing constant surface tension to the fracture surfaces and using the appropriate crack surface
boundary condition given by the jump momentum balance leads to a sharp crack opening profile at the crack
tip but predicts logarithmically singular crack tip stress. However, a modified model, where the surface
excess property is responsive to the curvature of the fracture surfaces, yields bounded stresses and a cusp-like
opening profile at the crack tip. Further, two possible fracture criteria in the context of the new theory are
discussed. The first is an energy-based crack growth condition, while the second employs the finite crack
tip stress the model predicts. The classical notion of energy release rate is based upon the singular solution,
whereas for the modeling approach adopted here, a notion analogous to the energy release rate arises through
a different mechanism associated with the rate of working of the surface excess properties at the crack tip.
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1. INTRODUCTION

1.1. Fracture Mechanics: Continuum to Atomistic Approaches

Fracture of brittle materials has been modeled over a broad range of approaches: from clas-
sical continuum theories such as linear elastic fracture mechanics (LEFM) to particulate
theories such as molecular dynamics.

Various attempts have been made to supplement the classical continuum approaches
so that the internal inconsistencies in the LEFM theory are circumvented. Cohesive and
process zone models are among the most widely studied generalizations of the classical
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crack tip model. These types of models require the specification of constitutive properties of
the cohesive or crack tip process zone, which are very difficult to determine experimentally.
Thus, the models used are either based on ad hoc choices for the constitutive behavior of the
cohesive/process zone or on simplified views of the fracture process.!

The primary motivation for studying fracture through atomistic scales, in addition to
the fact that they take into account the nanoscale interfacial physics that plays a crucial
role in a neighborhood of the fracture edge, is that the classical continuum models do not
contain the necessary physics to predict fracture. In this sense, molecular dynamics offers an
appealing approach to studying the initiation and propagation of fracture, which explains the
growing literature devoted to this technique [4—11]. On the other hand, it requires an accurate
description of the long-range and short-range intermolecular forces in the bulk material,
which is a difficult task in the case of liquids and solids [8].

Various multiscale models (so-called atom-to-continuum modeling) have also recently
gained considerable attention. One of the most extensively studied methods of this type,
in the context of finite-element method (FEM) approximations to continuum models, is the
quasi-continuum method introduced by Tadmor et al. [12]. Based on an atomistic view of
material behavior, its continuum aspect comes from the fact that the FEM is based on en-
ergy minimization. A different type of atom-to-continuum modeling is a recently proposed
approach by Xiao and Belytschko [13] which involves the introduction of bridging domains
between regions modeled using bulk (continuum) descriptions of material behavior and re-
gions modeled using atomistic descriptions of material behavior. Both of these approaches
involve adjustable parameters that one needs to fit for every particular application.

Other attempts to incorporate microscale processes into fracture modeling include mod-
els based on configurational forces, as considered by Gurtin and Podio-Guidugli [14, 15],
Gurtin and Shvartsman [16], Sivaloganathan and Spector [17], Maugin and Trimarco [18],
Fomethe and Maugin [19] and others. Also gaining attention is the peridynamic paradigm
for modeling fracture [20].

In contrast to the latter theories, which introduce either an entirely new additional force
system (configurational forces) or an entirely new continuum modeling paradigm (peri-
dynamics), the theory proposed herein uses conventional ideas of continuum mechanics
through the introduction of a dividing surface endowed with excess properties together with a
mutual force. Our approach builds upon a hybrid theory introduced by Oh et al. [21]. Unlike
a start-from-scratch atom-to-continuum approach, this theory is based on a continuum theory
of material behavior that takes into account effects due to long-range intermolecular forces
from adjoining phases in the vicinity of the fracture surfaces. No adjustable parameters are
needed and, as demonstrated in Section 4, the theory using curvature-dependent surface ten-
sion predicts a finite crack tip stress amplification of the applied loading, in contrast to the
crack tip stress singularity exhibited by models in classical elastic fracture mechanics. This
allows us to formulate a fracture criterion based upon the notion of a critical crack tip stress
(CCTS) defined to be the minimum crack tip stress level required to propagate the crack in
addition to an energy-based crack growth condition similar to the classical notion of a critical
energy release rate (ERR) defined in the setting of singular crack tip stresses and strains.
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1.2. Current versus Reference Configuration

Classical fracture theories are customarily formulated in a reference configuration. However,
aspects of the theory discussed here are more easily described in the current or deformed
configuration. For example, the correction potential, which determines the mutual body
force term and, depending on the model, the crack surface excess properties, is set up only
when chemical bonds have been broken and depends on the crack opening profile.

On the other hand, formulating a fracture theory in the current configuration presents
certain complications. First, it is not entirely clear how one should mathematically define a
fracture in the deformed configuration, where the crack is opened, as traditionally a crack is
defined as a surface in the reference configuration across which the displacement, velocity,
stress fields, etc. could sustain a discontinuity. Also, the notions of crack length and crack
velocity in the current configuration are ambiguous, since one needs to separate crack tip
motion due to crack growth from motion due to deformation. (A convenient method for
doing this is presented below in Section 5.) Furthermore, to prove that the proposed modeling
approach leads to bounded stresses and strains, we employ the method of integral transforms
which is most easily applied when using the undeformed configuration as a reference.

2. PRELIMINARY DEFINITIONS

The notation introduced in this section is common to both the quasi-static and the dynamic
cases. In Section 4 attention is limited to studying the boundary-value problem arising when
considering a classical (quasi-static) Griffith crack. In this case, time is just a parameter and
does not affect the mechanics, for this reason the time dependence is often suppressed in the
notation. When deriving an energy-based crack growth condition in Section 5, a dynamic
problem needs to be considered.

With subscript ¥ we denote quantities defined relative to a natural reference (unloaded)
configuration. The material body in the reference configuration is denoted by B, (¢), where
the time dependence is due to (possible) crack extension (Section 5). Here B, (¢) is viewed
as an evolving reference configuration. The boundary of B, (), denoted by 61, (t), has the
decomposition

aBK(t)=SKUEK(t) (1)

where S, denotes the boundary the body would have in the absence of the crack (which
does not evolve with time) and 3, (r) denotes the crack. The location of the crack tip in the
reference configuration is denoted by ¢(¢) (Figure 1). To that end, ¢(¢) is the crack extension
velocity.

Let X denote the position of points in B, (¢), and y (X, t), X € B,(t) a motion of the
cracked body which might be accompanied by crack extension. The body, its boundary sets
and the crack tip in the current (deformed) configuration are denoted by B,, S;, ¥, and ¢;,
respectively.? Spatial points are denoted by x € B;. The material and spatial descriptions
of the displacement are denoted by u, (X, 1) (:= y (X, ) — X) and u(x, ), respectively, and
v(Xx, t) is the spatial description of the velocity. Let F(X, ) denote the deformation gradient
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B

Figure 1. Edge crack in the reference and current configurations.

Figure 2. Part P of a body, intersecting the dividing surface X.

and let J = det(F). The gradient and divergence operators are denoted by grad and div in
the spatial frame, and by V and Div in the material frame. Similarly, surface gradient and
surface divergence are denoted by grad,,) and div,) and by V) and Div,) in the spatial and
material frame, respectively.?

If s, is an oriented curve in the fracture surface X, (¢), parameterized by arc length
S € (0, L), v, denotes the unit conormal vector to s, i.e. v, = 1, x N, where N is the unit
normal to X, (¢) and T, = ‘% is the unit tangent to s,.

Let P be a part of the body intersecting the dividing surface . Let Pt denote the
domain occupied by the first phase (e.g. bulk material) and P~ be the domain occupied by
the second (e.g. gas or vacuum). Then P = P+ U (X N'P) U P~ (Figure 2). Let the limit of
a generic bulk field ¢(x) in P \ X be defined by

P (x) = slir(% p(x—snt) forall xeX

where n¥ is the outward (for P*) unit normal vector to the dividing surface 3. Given a field
¢(x) we define the jump of ¢ across 3. by

[Pl =" — ™.
Similarly, for a field ¢(")(x), defined on the fracture surfaces,

(qﬁ(”)v) = ¢(ﬂ,+)v+ 4 ¢(0,—)v—
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Figure 3. The v* and v~ - unit tangent vectors to ¥+ and X7, respectively, and normal to the crack edge
c.

denotes the jump of ¢”)v at the crack edge. Here
" (e,) := lim ¢ (¢, — svF)
s—0t

and v¥ is the unit conormal vector to the crack edge ¢; (tangent to the crack surface X% and,
in three dimensions, normal to ¢,), pointing away from the fracture surfaces (Figure 3).

Let T denote the Cauchy stress tensor and T, — the first Piola—Kirchhoff stress tensor.
Further, let the matrix representation of the first Piola—Kirchhoff stress tensor in Cartesian

coordinates be given by
011 012
[TK] = .
012 O

We assume that there exists a surface Cauchy stress tensor T(”) which gives contact forces
on a curve in the fracture surface . For simplicity and consistency with the literature [22,
p. 148] assume that the surface stress can be modeled as Eulerian, i.e. T’ = yP,. Here
P, is the perpendicular projection onto the tangent space 7 to 3J; at x. We refer to y as the
surface tension. Further, let H denote the mean curvature (see (79), Appendix A).

3. FORMULATION OF THE PROBLEM IN THE REFERENCE
CONFIGURATION

We consider a classical Griffith crack, meaning a static, mode I crack of finite length in an
infinite linear elastic body, subjected to far-field tensile loading o .

In view of the fact that the method of integral transforms is most easily applied when the
problem is formulated in a reference configuration where the crack is just a slit, we work in
the unloaded configuration of the body.

In order to simplify the presentation, assume that X = (X, X») is non-dimensionalized
by crack length, so that the crack in the reference configuration is parameterized by
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YE={X:-1<X, <1,X,=0%).

Consequently, in the current configuration, the upper/lower crack surface can be parameter-
ized by

SE={x:x =X +u1(X1,07), xo =ux(X1,0%), -1 < X; < 1} (2)
where X = (x1, x,) and (u,, u,) are the components of u, (X).

Let P, C B, be a part in the reference configuration of the body and let P = y (P,).
Then, provided that P does not contain the fracture tip, the force acting on P is

FP) = / Tnda+/bdv+/ T vds
oP P aZNP)

- / Tnda—l—/bdv—l—/ div T da
oP P SOP

= / JTmF—TNdA+/ JbdV
OPy Py

+ / J(div,, T ®n7),F "N~ dA 3)
YNPy

where b is the mutual body force term in the current configuration, n is the outward unit
normal vector to 0P and n~ is the unit normal to the crack profile > pointing into the
bulk material, N is the outward unit normal vector to P, and N~ is the unit normal to the
reference crack profile X, pointing into the bulk material, v is the conormal to 6(X N P),
while T,, is the material description of T, i.e. T,,(X) = T(y (X)). If the fracture tip ¢ is in
‘P, then there is an additional contribution to F(P) due to the excess properties at the crack
tip, namely

FP) = / Tnda+/bdv+/ Tvds + b
oP P o NP)

= / Tnda + / bdv + / div, T da — (T)v)(¢,) + b
oP P TOP

= / JTmF—TNdA+/ JbdV
0Py P

+ / J(div(y T @ n7),F'N"dA — (Tv,)(c) + b 4)
EK mPK

where b is a mutual force acting at the crack tip, arising due to resistance of chemical
bonds to opening of the fracture surfaces at the fracture tip and b\ is the corresponding
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body force in the reference configuration. Here we have used that in the case of plane strain
IF(c)t.(c)|| = 1, which in turn implies b = b,(f). Recall that the first Piola—Kirchhoff
stress tensor is given by

T, =JT,F .

Let b, denote the body force in the reference configuration, then b, = Jb. Using
/ T.NdA = / DivT, dV + / [T, IN"dA, (5)
0Py - YrNPy
we transform (4) to

F(P) (DivT, + b,)dV

PK

+ / (Jdivin T @ n7),,F'N™ + [T, IN") dA
e NPe

— (T“9v)(c) +b. (6)
If ¢; ¢ P, the last two terms in (6) should not be included in F(P). Since equilibrium
requires JF(P) = 0, application of the localization theorem to the first term in (6) implies
that the differential momentum balance in the reference configuration can be expressed as
DivT, + b, =0, (7
the jump momentum balance* by
J(div) T @ n7), F "N~ + [T,IN" =0, 8)
and the crack tip momentum balance by

b = (T, )(c). 9)

The jump momentum balance in Cartesian component form is

_ A4 ur ) +urauzy [ 7)1 +ur)?
\/(1+M1,1)2+”%1 (U u)? 3,

op =

Y, (M%,lumz +ouo (14w ) (Ui —uzn) — (14 M1,1)2M2,11)

+
((1 + M1,1)2 + M%,l)z




FRACTURE THROUGH EXTENSION OF CONTINUUM MECHANICS 375

_ A4 wu)? +urpuzy [ 7)1+ ur))us,

022
\/(1+M11)2+u%1 (Ut + s,
y(1+ ul,l)(u%,lul,u Fuo (4w )y —uz) — (1 + u1,1)2u2,11>
- — ,(10)
((1 + ul,l)z + MZ,I)
where u; ; = 24. A detailed derivation of Equations (10) is provided in Appendix B. The

jump momentum balance provides boundary conditions on the crack surfaces which are
highly non-linear because of the ascribed surface excess properties. Owing to symmetry,
it suffices to consider the problem on the upper half plane only. In this case, additional
boundary conditions are needed on {X : |X;| > 1, X, = 0}. Symmetry implies

u(X1,0) = 0, |Xi]>1

op(X,0) = 0, |Xi|>1 11

We assume that the constitutive behavior of the material can be modeled by Hooke’s law
in the reference configuration, that is, the Piola—Kirchhoff stress tensor T, is given by

T, = 2uE + Atr(E)I (12)
where
1 T
E= E(Vu,C + Vu,)

is the infinitesimal strain tensor and A and y are the Lamé moduli.
Also, a homogeneous tensile far-field loading is assumed, i.e.

lim o,(X;,X;) = 0

Xy—>00

lim 0,(X;,X;) = 0

Xzeoo

lim 0'22(X1,X2) = 0. (13)
X2—>00

Thus, the problem we are going to consider is formulated in the reference configuration (the
upper half plane) and consists of:

1. adifferential momentum balance given by Equation (7);

2. boundary conditions on {X : |X;| < 1, X, = 0} given by the jump momentum balance,
Equations (10);

3. boundary conditions on {X : |X| > 1, X, = 0} given by Equations (11);

4. a constitutive equation given by Equation (12);

5. afar filed loading condition given by Equation (13).
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4. METHOD OF INTEGRAL TRANSFORMS APPLIED TO THE NAVIER
EQUATIONS

4.1. Model with Constant Surface Tension and Zero Mutual Body Force Term

As a first step in our analysis we consider a model with constant surface tension (y = const)
and zero mutual body force, i.e. b, = 0 in (7). The method of integral transforms applied to
the Navier equations is used, a key step in which is the construction of the so-called Dirichlet-
to-Neumann and Neumann-to-Dirichlet maps, derived in Appendix A. For the model with
no mutual body force correction term, the Dirichlet-to-Neumann and Neumann-to-Dirichlet
maps reduce, respectively, to

2u? 2u(242p) [* ui1(r,0)
0) = —— 0 ’ d
o 12(x, 0) l+3ﬂuz,1(x, ) + Gi3pn T r—x &
2u 2u(A+2u) [ u1(r,0)
0) = — 0 ° d 14
g2(x,0) /1+3#M1,1(X, ) + O+307 | r—x r (14)
and
A4+2u * o12(r, 0) 1
,0) = — d ,0
1%, 0) CEWY: R Ty
) oo 0 1
Uy (x,0) = ——21 ][ o2(0) 4 on(x,0) (15
’ ui+wm Joo T —x 204+ p)

where 3‘: denotes a Cauchy principal value integral. For simplicity, in this section, the in-
dicial notation (X, X») has been replaced by (x, y). Substituting the first equation of (15)
into the second of (14) and using the boundary conditions (11) on |x| > 1, one arrives at

2u(Z 4 u1) [ usi(r,0) u ][1 o 12(r, 0)
,00 = . d d
20 = e L = Y vz L =2 Y
_ E ][1 U1 (r, 0) dr + 1—2v ][1 o 12(r, 0) dr.  (16)
20—v)x J_, r—x 20— J_, r—x

Here E and v denote Young’s modulus and Poisson’s ratio, respectively:

E_,u(3/1+2,u) b= A
o 24u T 204

We now linearize the jump momentum balance boundary conditions (10) under the as-
sumption that u; ; (x, 0) and u; jx(x, 0) are small. The solution of the linearized problem will
then be checked for consistency with the assumptions made.

From (10) it is evident that the asymptotic form of the jump momentum balance equa-
tions is
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61,00 = O4hot, |x|<]1
on(x,0) = —Jyurn(x,0)+hot, |x]<1 (17)

where ‘h.o.t.” denotes higher order terms.

Let # denote the Fourier transform of u with respect to the x variable. Note that®
the Dirichlet-to-Neumann and the Neumann-to-Dirichlet maps (and, consequently, Equa-
tion (16)) were derived under the assumption that u;(p, y) and u,(p, y) vanish in the
limit as y — oo, whereas the far-field loading condition for our problem is given by (13). In
order to reduce the considered problem to a problem which satisfies the above assumptions,
we use the linearity of the differential momentum balance and the (linearized) boundary con-
ditions and introduce u’/ and u’ such that u, = u/ + u® with u/ being the displacement field
corresponding to the homogeneous stress field

0 0
T{:(O ) (18)
o

Since the stress and strain tensors corresponding to u’ are related constitutively by Hooke’s
law, i.e. T/ = 2uE/ 4 Jtr(E/), where E/ = 1(Vu/ 4 (Vu/)"), one easily finds

- Ao
”{ (x,y) - mx
- A+2u)o
uf (x, y) fw—fl)y. (19)
The stress corresponding to u’ vanishes in the limit as y — 0o, and consequently
lim @} (p,y) =0 and  lim @3 ,(p,y) =0
that is, u’ satisfies the assumptions under which Equation (16) was derived.
From the definition of u’ and Equations (17) and (18) one concludes that
c%,(x,0) = O+hot, |x|<1
6%(x,0) = —o—7juy(x,0)+hot, |x|<I. (20)
Substituting the above equations into (16) one arrives at
0
0 T, 0) = 2(1 —Evz)n ][_11 ”ili”’xo) dr. @1

Let us define
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Table 1. Values of u; (1, 0) for various values of the (non-dimensional) far-field loading o
and (non-dimensional) excess property 7.

Y o uz,1(1,0)
0.05 0.001 —0.0069
0.002 —0.0139
0.004 —0.0278
0.1 0.001 —0.0046
0.002 —0.0093
0.004 —0.0185
0.2 0.001 —0.0030
0.002 —0.0059
0.004 —0.0119
=uy,(x,0 __r 22
P(x) =uy,(x,0), ¢= 20— (22)
Then Equation (21) takes the form
1
v (x) + ¢ MaVr =—-0, xel[-1,1]. (23)
T ) r—x

This is a Cauchy singular, linear integro-differential equation. It arises, for example,
when modeling combined infrared gaseous radiations and molecular conduction. Abdou
[23] and Badr [24] derive the solution as a series of Legendre polynomials, while Frankel
in his 1995 paper [25] derives the solution of an equation of the type (23) as a series of
Chebyshev polynomials. It should be noted that while Frankel considers some numerical
experiments, he does not study the convergence of the obtained infinite system of linear
algebraic equations. Various numerical approaches to solving equations of a similar type
were considered in [26, 27].

We take an approach similar to that of Frankel [25] to reduce (23) to an infinite system
of linear equations. For y # 0 the matrix of the system is eventually diagonally dominant
and its diagonal elements tend to infinity as the row/column index tends to infinity. Using
these key properties and theorems by Farid [28, Theorem 2.1] and Farid and Lancaster [29,
Theorem 2.2], one can show that the matrix of the system is invertible and is a compact op-
erator from /; into /,, and that the solutions of the truncated systems converge to the solution
of the infinite system.

4.1.1. Numerical Experiments

In Table 1 the values at the crack tip of u, ; (x, 0), obtained using the method described above,
are compared for various values of the (non-dimensionalized) far-field loading parameter
o and surface tension 7. One can observe that the larger the value of the surface excess
property, the smaller the slope of the crack profile at the crack tip.

From the numerical experiments (Figures 4 and 5) it is clear that the solution u;(x, 0)
for the crack profile is a monotonically increasing function on (—1, 0) and monotonically
decreasing on (0, 1). Furthermore, the slope of the crack profile at the crack tip increases
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Figure 4. Approximation of u, ; (x, 0) by a finite sum of Chebyshev polynomials (400 terms) for 7 = 0.05
and far-field loading ¢ = 0.001, 0.002, and 0.004.
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Figure 5. Approximation of u, ;(x, 0) by a finite sum of Chebyshev polynomials (400 terms) for far-field
loading oo = 0.002 and 7 = 0.005, 0.01, and 0.02.
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with an increase in the far-field loading. In addition, the surface excess property y, with
the appropriate boundary condition, given by the jump momentum balance leads to a finite
opening angle at the crack tip. However, (23) implies that if the crack surfaces do not come
together at a cusp, i.e. ¢(£1) = up(£1,0) is non-zero, then ¢'(x) = u,11(x,0) has a
logarithmic singularity at the crack tips. Using (17) one concludes that this leads to a loga-
rithmically singular stress at the crack tip. This is an improvement from the classical LEFM
model which leads to a square-root singularity of the crack tip stress, however, as in LEFM,
any singular stress is inconsistent with the assumptions made to linearize the equations and
derive (23).

4.2. Model with Curvature Dependence in the Surface Tension and Zero Mutual Body Force
Term

In this section, as a next step, we study a model in which the mutual body force is assumed
to be zero but we allow for curvature dependence in the excess property y of the fracture
surface, i.e.

7 =7 (H). (24)

Even though curvature-dependent surface tension models are not common in the fracture
literature, the effect of curvature-dependent surface tension has been widely studied in the
context of nucleation theory [30-32].

Assuming that stresses and strains remain small and combining (85) and (24) one derives
the following asymptotic expansion for 7

7 () =70+ 7u21(x,0) +ho.t (25)
where y , = const and y ; = const. After substituting (25) into (10) and linearizing the jump

momentum balance equations under the assumption that u; ;(x, 0) and u; i (x,0), i, j, k =
1, 2 are small, we obtain

0'12(X,0) )/1142,111()6,0)+h.0.t.

0'22(X,0) = —youz,u(x,O)—Fh.o.t.. (26)

Note that, unlike in the case of constant surface tension, here the shear stress on the crack
surfaces to first order is not identically zero.

We proceed in a similar way to the approach taken in the case of constant 7 (Section 4.1).
Using (16) and splitting the displacement vector into u, = u’ + u/, where the components
of u/ are given by (19), we arrive at the following linear integro-differential equation for

P(x) = u3 (x,0) = us, (x, 0):

1 "
od' (@) + %][ DDA EE D g =, xe(-11) @7
-1

r—Xx
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where
1—2v

3 R

~2(1—1?) ¢2

First note that unlike in the case with y = const (cf. (23)), Equation (27) cannot have a
solution ¢(x), such that ¢’(x) is singular at the endpoints. The reason being that this would
imply ¢”(x) ¢ L'([—1,1]) and consequently the Cauchy principal value integral in (27)
would not exist. In turn, this implies that every solution ¢ (x) of (27) satisfies

Gi1p(ED + oy 19" (£ =0. (28)

Thus, the solution ¢(x) ‘adjusts itself” so that (28) is satisfied. Note that (28) cannot be
viewed as a boundary condition.
Further, taking into account (11); we look for a solution of (27) subject to

Pp(=1) =¢(1) =0 (29)

so that u, ;(x, 0) is continuous at the crack tips. Furthermore, the symmetry of the problem
requires that the crack profile u;(x, 0) be an even function of x and therefore we look for a
solution ¢ of (27) such that

P(x) = —¢(=x), xe(=1,1). (30)

Theorem 1. Problem (27), subject to (29) and (30), has a unique solution for all, apart from
countably many, values of the parameters y , and y ;.

Proof. We use a technique introduced by Mikhlin and Prossdorf [33, Chapter VII] to reduce
(27) to canonical form.
Let w(x) := ¢"(x). Then

1
#(x) = / oolx, Yy () dr + ¢, 31)
-1

and

1
$x) = / (e, Yy () dr + e (x4 1) + ¢ (32)

1

where

1, re(—1,x) 1
wo(x,r) = { , w(x,r)= / wo(x, ag(t, r)dt
0,rex,1) -1

and ¢; = ¢'(—1), co = ¢(—1). After substituting (31) and (32) into (27) we arrive at a
singular integral equation for  (x) of the form
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1 1 !
V152][ v(r) dr +/ k(x,r)y(r)ydr = —oc — yyc1 — Q][ Md;’ 33)
- -1 -

T 1 r—Xx T 1 r —X
where

: C()l(t, r) dr.

k(x,r) =yowolx,r)+ %][

-1

Using the boundary conditions (29), we obtain ¢, = 0. Also, combining (29), (30), and (31)
we find

1 1,
0= / P (x)dx = / / wo(x, )y (r)drdx + c. (34)
0 0o J-1
Thus, using (29) and (30), (33) can be written in the (canonical) form

1 1
Rlyl(x) := le(z][ Mdr +/ %(x, Ny(r)dr =—o 35)
—1 1

r—Xx —

where

B oo (2 1
) = yowo(x,r>+5‘][ Mdr—yo/ oolt, ) dt
- 0

T 1 t—Xx

1 1 t 1
— ﬁ][ / wo(s, r) + ds dt.
T -1 Jo r—Xx

Let Lé ([—1, 1]) denote the weighted space of functions having a finite norm

1 172
v, = (/ (1 =x)" ) dx) )
-1

It is well known [27, 33, 34] that the singular integral operator R[] is a Fredholm operator
from LZ([—I, 1]) to LZ([—I, 1]) of index 1. The index depends only on the dominant part
of the operator: the singular integral operator

Riy](x) = 1][1 e 4

T 1 r—x

and is independent of any compact perturbation, in particular, it is independent of

l~
Ralp1(x) = / Fx, Py () dr.

1

One can show [35] that the general solution of the singular integral equation
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1 f0)

T J4r—X

gx) = dr (36)

is given by

1 | LV
f(x)=—ﬁ (;]{Ig(r) p— dF+C>. (37)

In essence, formula (37) gives an inverse of the finite Hilbert transform operator (36). Using
this, we conclude that R, [y](x), restricted to the space of functions y with | _11 w(x)dx =0,
has a trivial null space. Therefore, (35) is equivalent to

716w () + R Ry [w1(x) = R [0 ](x)

Note that R;' R, is a compact operator, being the composition of a compact with a continuous
operator, and, consequently, it has a countable spectrum. Furthermore, y 7,1 + R;'R;,
where [ is the identity operator, is invertible, unless —y ¢, is in the spectrum of R;'R..
This concludes the proof. ]

4.2.1. Numerical Experiments

To find a numerical solution to problem (27), subject to (29) and (30), we employ a spline col-
location method, similar to the one introduced by Samofilova in [36], where a first-order sin-
gular integro-differential equation (SIDE) is solved. Spline collocation methods for SIDEs
were considered by many others, including Schmidt [37]. Using (30), it suffices to solve
the problem on (0, 1). Further, the boundary conditions (29) combined with (28) imply that
¢(1) = ¢”"(1) = 0 and (30) yields ¢(0) = ¢”(0) = 0. Consequently we can use a natural
cubic spline S(x) to approximate the solution ¢(x). Let0 = x; < x; < --- < xy4 = 1 be
the evenly spaced spline nodes, i.e.

Si(x), x € [x1,x]

$(x),  x € [x2,x3]

S(x) =
Sn(x),  x € [xy, xn41]
with [38]
3 3
Zipt (X — X)) + 2 (x4 — X i h
Si(x) = +1( ) = (Xi+1 ) + <% _ gZi+1> (x — x;)

; h
+ (% - gz,) (Xi41 — X). (38)
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Here h = 1/N, y; approximates ¢(x;) and the coefficients z; can be found by solving the
tridiagonal system of equations

i1 = 0
6

Zici+4zi +zip = ﬁ(%‘ﬂ =2y + yi-1)
vg = 0.

Using (30), we transform (27) into

yod (x) + = ][ CO+Er " O 001, (39)

r2 — x2

The Cauchy principal value integral is calculated with the help of a product integration
method [39, 40], i.e

N

][ (ClS(’”)‘FCleSN(”))V 221:]5'“ (1S (”)‘4‘(23’15//(”))’”

72— 2 2 — y2

and, using (38), each of the integrals on [x;, x;,] is evaluated exactly.
In the end, the following (N — 1) x (N — 1) linear system of equations for the unknowns
Y2, V3, ..., Yy is solved

yoS(t)JrZ][xm (G50 + &, S50, r=—c, i=2,...,N  (40)

—t2

where #; is the midpoint of the interval [x;, x;].

Figures 6-9 are graphs of the slope of the crack profile u ;(x, 0) and of y ,us1;(x, 0)
for v = 0.33 and various values of the parameters y , y; and the far-field loading o. Note
that the parameters are non-dimensionalized (e.g. (7 = ¢';/E), but for simplicity of notation
the superscript * is dropped.

From the numerical experiments (Figure 6) it is clear that |o,,(1, 0)], the stress at the
crack tip (in absolute value), is an increasing function of the far-field loading (cf. (26)). Fur-
thermore, the larger the value of y |, the smaller the crack tip stress (Figure 7). Interestingly,
unlike in the constant surface tension model (Section 4.1), the crack tip stress is an increas-
ing function of y , (Figure 8). In Table 2 the values at the crack tip of ¢'(x) = us1;(x,0),
in the case of curvature-dependent surface tension, are compared for various values of the
(non-dimensionalized) far-field loading parameter ¢ and the parameters y, and y, which
determine the surface excess property 7 (x).

It should be noted here that for certain values of the parameters, namely when y , is not
much smaller than y ;, the model yields unphysical solutions and predicts interpenetration of
the upper and lower crack surfaces (Figure 9).
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Figure 6. Graph of u,;(x,0) and of y,us,,(x,0) for y, = 0.1, y, =
o = 0.001, 0.002, 0.004.
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Table 2. Value of ¢'(1) = u;,11(1, 0) for various values of the (non-dimensional) far-field
loading o and (non-dimensionalized) y, and y ;.

Yo V1 o ¢'(1) Yo Vi o ¢'(1) Yo V1 o ¢'(1)
0.05 0.9 0.001 0.0060 0.1 0.9 0.001 0.0079 0.2 09 0.001 0.0202
0.002 0.0120 0.002 0.0158 0.002 0.0404
0.004 0.0240 0.004 0.0315 0.004  0.0808
1 0.001 0.0050 1 0.001 0.0063 1 0.001 0.0125
0.002 0.0101 0.002 0.0126 0.002  0.0250
0.004 0.0201 0.004 0.0252 0.004 0.0500
1.1 0.001 0.0043 1.1 0.001 0.0053 1.1 0.001 0.0090
0.002  0.0087 0.002 0.0105 0.002 0.0180
0.004 0.0173 0.004 0.0210 0.004 0.0361

Further, models for which y , is much larger than y | predict highly oscillatory solutions.
Thus, physically realistic solutions require that the dependence of surface tension upon cur-
vature not be too weak relative to its baseline value in the limit as crack surface curvature
vanishes.

Most importantly, introducing curvature dependence into the surface tension removes
the crack tip stress singularity and leads to a crack profile such that the two crack surfaces
meet at a cusp at the crack tip. Moreover, models with curvature-dependent surface tension
yield solutions such that u; ; (x, 0) and u, ;; (x, 0) remain small (when o is small enough),
which is consistent with the assumptions made to derive (27).

4.3. Model Including Mutual Body Force Correction

In order to construct the Dirichlet-to-Neumann (99) and the Neumann-to-Dirichlet (101)
maps for the model with non-zero mutual body force correction, one needs to find a particular
solution of (91), which can be done using standard techniques.

We take an approach similar to that presented in Sections 4.1 and 4.2. Specifically, using
the Dirichlet-to-Neumann map (99), the Neumann-to-Dirichlet map (101) and the boundary
conditions on the crack surfaces, we construct an equation relating the tensile stress o, (x, 0)
and the slope of the crack profile u, ; (x, 0) for x € [—1, 1], after which we linearize the com-
ponents of the body force term b, (x, ) under the assumption that u; ; (x, 0) and u; jx(x, 0)
are small.

We adopt a model for the mutual body force term analogous to the model proposed by
Oh et al. [21], where the body force in the current configuration is given by b = —grad®
with ® (x, x;), a correction potential of the form

1 (@) poo
D (x1, x) = / / / o(\/(x; —a)? + (xa — b)2 + ) dcdb da. 41
—-1J-= —00

h(a)

Here ¢ is an interatomic potential, for example of Morse or Lennard—Jones type.®
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4.3.1. Model with Constant Surface Tension and a Mutual Body Force Term

First consider the case where the surface excess property 7 is a constant. As in Section 4.1,
we splitu, = u’+u/ where u/ is the displacement field corresponding to the homogeneous
stress field determined by the far-field loading o .

One can show that introducing a mutual body force term, based on a correction poten-
tial as given in (41), leads to the addition of a compact operator to the original singular
integro-differential operator. More precisely, proceeding in the same way as for the deriva-
tion of (21), after linearization of the body force in the reference configuration b, under the
assumption of small displacement gradient, one concludes that ”(2),1 (x, 0) satisfies

—o —Juy ,(x,0) = dr + Kluj3 1(x) (42)

E ][1 uj , (r, 0)

20 —v)rw J_, r—x

where
1 a
lC[ug’l](x)z/ / ug’l(r,O)drK(x,a)da (43)
—1J-1

with K : [—1, 1] x [—1, 1] = R - a continuous function. Therefore, K is a compact operator
on C[—1, 1], being the composition of a Fredholm integral operator of the first kind [41, p.
55] and a bounded operator on C[—1, 1].

Let

d(x) = ug,l(x, 0)

and let the singular integro-differential operator S be defined by

90 dr.

aQ=v)r J_, r—x

SIPIx) = 7¢/(x) + 5
Then (42) is equivalent to

S[Pl(x) + Klpl(x) = —o. (44)

4.3.2. Model with Curvature-dependent Surface Tension and a Mutual Body Force Term

In the case when the surface excess property is curvature-dependent and the model includes
a body force correction term, after linearizing the differential and jump momentum balances,
using arguments similar to those given in the previous section, it is straightforward to show
that ug’l(x, 0) satisfies the following equation

1 fr gl (r,0) 4+ oy ud 4y, (r, 0)

T J_1 r—x

7ot 1, (x, 0) + dr + Kb 1(x) = —o.  (45)
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Let

. L[t gl (r,0) 4+ Eay 41, (, 0)
SIP1) =yl (x,0) 4 - f HALI TS g,

-1 r—Xx

Here the notation introduced in Section 4.2 is used. Then (45) can be written in the form

SIpl(x) + Klgl(x) = —o. (46)

4.3.3. Discussion

We conjecture that if 7 = 0, then for any physically reasonable correction potential the
solution ¢ of the singular integral equation (44) exhibits a square root singularity at the crack
tip. Furthermore, if 7 (x) & y o + y u2.11(x, 0) with y, # 0, i.e. there is non-zero curvature
dependent surface tension introduced as an excess property of the fracture surfaces, then
(45) has a unique solution ¢(x) = ug 1 (x, 0) for all, apart from countably many values of the
parameters y , and y ;. Moreover, ¢(x) and ¢’(x) are bounded on [—1, 1], i.e. the operator
S| [-1+ K[-1, where K is the compact operator given by (43), behaves in a similar way to the
singular integro-differential operator S[-].

In other words, it is the surface tension y of the fracture surfaces, together with the ap-
propriate fracture surface boundary conditions in the form of the jump momentum balance
that is responsible for removing the square root singularities at the fracture tips, character-
istic of the classical LEFM model. Moreover, including a mutual body force term in the
model, after linearization of the jump momentum balance conditions, results in a compact
perturbation of the SIDE. We conjecture that this compact perturbation does not affect the
fundamental result, namely a model with curvature-dependent surface tension ascribed to the
crack surfaces yields bounded stresses and strains for any physically reasonable body force
correction. However, these are still open questions, subject to future investigation.

5. ENERGY-BASED CRACK GROWTH CONDITION

Various approaches to the thermodynamic analysis of fracture have been studied in the liter-
ature, with or without consideration of temperature effects. These approaches have incorpo-
rated classical singular theories with singular stresses and singular power flux into the crack
tip (see Gurtin [42, 43] and Gurtin and Yatomi [44]) or with cohesive zones designed to re-
move the singularities (see Gurtin [45]). Others have included the notion of a configurational
force system, with or without cohesive zone (see Gurtin and Shvartsman [16], Costanzo [46],
Gurtin and Podio-Guidugli [14, 15]) or excess surface properties, with or without cohesive
zone.

Separately, Gurtin and Murdoch [47, 48], Murdoch [49] and Fried and Gurtin [50] have
developed a theory of elastic material surfaces, incorporating models with excess surface
properties, not necessarily directed towards fracture.
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The idea of ascribing excess properties to a dividing surface between two phases dates
back to Gibbs. In the development of fracture theory, Griffith was the first to introduce sur-
face excess properties in the context of solids, but he did not build it into a model of fracture
in any concrete way. To the best of the authors’ knowledge, the first comprehensive attempt
to develop a fracture theory including excess properties was offered by Eftis and Liebowitz
[51] (see also Zhang and Karihaloo [52], Van der Varst and De With [53]). Unfortunately,
their development contains serious conceptual and technical flaws.

Our approach bears resemblance to several of the above modeling approaches in that it
includes a detailed description of the surface excess properties. What is new in this approach
is that, as shown in Section 4, curvature-dependent excess properties together with the ap-
propriate jump momentum balance, which defines the boundary condition on the fracture
surface, lead to a theory with bounded stresses and strains. Further, even though the model
in which the surface tension is taken to be constant exhibits a logarithmic crack tip stress sin-
gularity, this singularity does not lead to an influx of energy into the crack tip, and therefore
the theory outlined below is applicable in this case as well.

An energy-based crack growth condition is formulated, including terms similar to the
classical notion of a critical ERR, defined in the setting of singular crack tip stresses and
strains. Classically the ERR arises due to singular fields, whereas in the case of the modeling
approach adopted here, a notion analogous to the ERR arises through a different mechanism,
associated with the rate of working of the surface excess properties at the crack tip.

5.1. Problem Statement

Here we consider a plate, notched on one edge (two planes intersecting at a relatively large
angle). The plate is undergoing dynamic, mode I fracture, the fracture having formed at the
tip of the notch.

In our analysis of this problem, we make the following assumptions.

1. Temperature is independent of position and time.

2. The rates of external and mutual energy transmission, and the rate of contact energy trans-
mission are negligible.

3. Mass transfer is negligible at all phase interfaces.

4. Pressure in the gas phase between crack surfaces is the atmospheric pressure, considered
negligible when compared with the stresses generated in the system by deformation.

Owing to crack growth, in the modeling approach taken herein, we consider a continuous
sequence of reference configurations (where the slit has different lengths). The mass transfer
from the bulk material to the fracture edge and from the fracture edge to the fracture surface
is more conveniently accounted for in the reference configuration using evolving natural
configurations.’

5.2. Analysis

To simplify the discussion, the derivation of the crack growth condition given in Section 5.2
is in the context of a straight edge crack (in the reference configuration) in a bounded two-
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dimensional body. An expression for the surface first Piola-Kirchhoff stress tensor T\ is
derived® in Appendix A, namely

IFr.| _
TV = — % _T@OPpFT, 47
C T IRE T @7

From here on, B, is assumed to be a bounded two-dimensional body. Let IC{I5;} de-
note the kinetic energy of the body, expressed in terms of the current and the reference
configuration:

1 1 1
KB} = 5/ o IvIP dv+5/ PO IVIP da+ 59 Ivter, I
B; oB;

_ 1 o112 1 ©@) (142 L o2 4
= P X7 dV + P IXI? dA + =p & |l (48)
2 /B 2 JoBe) 2

where p is the mass density of B,, p® is the surface mass density and p'© is the mass
density associated with the fracture tip ¢,. In a similar way, p,, p\*’, and p© are the mass
density, surface mass density, and mass density associated with the fracture tip in the refer-
ence configuration.’

Let U{B;} be the internal energy of 5, with U{B,} = A{B,} + TS{B,} where A{B;}
denotes the stored energy, S{B3;} denotes the entropy, and 7' denotes the constant absolute
temperature. Let A and A© be respectively the Helmholtz free energy density and the
surface Helmholtz free energy density per unit mass, then

A{B,} = /pgdv+/ p @A da
1 a!

= / pKA\dV—G-/ p A dA. (49)
B, () By (1)

In the current model there is no free energy density associated with the crack tip, although it
can easily be added, if needed. Further, let P{B3,} be the power input to the body

PB) = / bK-XdV+b,(f’-é,+/s§-XdA
By (1) S,

+ 2T (e())ve(e(r)) - Fle(r)e(). (50)

Here s{ are the external tractions per unit area in the reference configuration acting on the
body and b\, as in (4), is the mutual body force acting at the crack tip. Note that P{/5,}
includes the power input not only through the external force system, but also from (possible)
mutual body forces and surface tractions arising from the material response of the body
(through the jump momentum balance). The last term in (50) represents the rate of working
of the crack surface stresses at the crack tip and it is non-zero only when there is crack
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extension (only the part of the crack tip velocity which is due to crack extension (bond
breaking) is taken into account, Equation (68)).
The fundamental power balance can be written in the form

d d
—K{B,} + —U{B,} = P{B,} — D{B,} D
dt dt
where D{B,} is the fracture energy dissipation rate.

The entropy inequality in the form of the Clausius—Duhem inequality (see [54, p. 728]
and [55, p. 130]) in the context of assumptions 1 and 2 reduces to

%TS{B,} > 0. (52)

Next, following the analysis of Gurtin and Podio-Guidugli [14], we derive the transport

theorems appropriate for the current setting. It is important to keep in mind that in the setting

of [14], the mechanical power flux into the crack tip is not zero due to the singular crack tip

stress and strain fields, whereas here stresses and strains are bounded at the crack tip. For
this reason, the transport relations needed here differ from those derived in [14, 15].

Lemma 1 (Transport relation for a ‘bulk’ function in the reference configuration). Let
® (X, 1) be afield defined on B, (t) x R* which is bounded and sufficiently smooth up to the
crack from either side. Then

d .
L e= / b (53)
dt /. B(1)

where ® is the material time derivative of ®.

Lemma 2 (Transport relation for a function defined on a growing surface in the ref-
erence configuration). Consider B.(t) C R>. Let ®©) (X, 1) be a field defined on the
(possibly growing) crack surface Y., (t) x Rt which is bounded, and sufficiently smooth on
(E, (@) x RY)\ ({e(®)} x RY). Then

d

4 go_ / H@ 120 (c(1) &) - (54)
dt By (1) 0By (1)

Proofs of Lemmas 1 and 2 are provided in Appendix E.

5.2.1. Momentum Balance Relations

Invoking the transport theorem (which has the usual form for a bulk control volume due to
the fact that stresses and strains remain bounded) and standard localization arguments, one
derives the local form of the balance of linear momentum in the reference configuration
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pX=DivT, +b,, XeB() (55)
and jump momentum balance
p9% = Div T — TN, XeX, ()
p9% = Div)TV —T,N+s’, XeS,. (56)
Here N is the outward unit normal. For the problem considered herein, X, () = X, (1) U
>, (t)~ is not just a dividing surface in the body, but rather a part of its boundary and the first
equation in (56) could also be written in the form
% = Div,) TV — TEN*, X e NX(1). (57)
In addition to these, there is a momentum balance at the crack tip given by
P& =1 + (09 ve(e®))e — T ((D)Ve (c(r))) (58)
where v, (c(¢)) is the conormal at ¢(¢) (in two-dimensional space this is the unit tangent to
the fracture curve) pointing away from the fracture surface. Equation (58) is based on [22,
(2.1.9-15)], stated with respect to the reference configuration and modified for the case of a
propagating crack in a two-dimensional body.

5.2.2. Crack Growth Condition

We now proceed with a derivation of a necessary condition for crack propagation, working
in the reference configuration. Substitution of (48), (49), and (50) into (51) yields

1/ ) 1 .12 1 ( .2
DT av 4+ / PO IKIE dA + 2p© [,
df<2 Bu() 2 JoBo) 2 '

+ / pKZdV+/ pff)g(”)dA>
B (1) 0By (1)

= / bK-XdV—l—b,(f)-é,+/sfc-XdA
By (1)

K

b el vile) - Fe)et) — - TS(B) DB, (59)

Lemmas 1 and 2 together with (55), (56), and (59) lead to
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2 (%p,i‘f)(c(z)) I+ p;ﬂ(c(z))X(ﬂ(c(z))) (1) - o (e(t))

(C)

L L le” + pO% - & +/
Pl
2 dr t B

(Div, %+ p,ﬁ) av
(o)
+ / (Div(g)Tfj’) X —T,N-x+pA > dA
By (1)
= b & + 2T (e())ve(c(r)) - F(e(t))é(t)

d
- ETS{Bt} —D{B,}. (60)

Use of the divergence theorem yields

/ DivTK-XdV=—/ T,,de+/ TN xdS (61)
B (1) B (t) 0B, (1)

and similarly from the surface divergence theorem (see [22, (A.6.3-7) and (2.1.9-3)])
/ Div(, T - xdS
0B, (1)
- / T - ViyxdS + (T (e()vi(e(t)) - &)
By (1)

= — / T . FP, dS + 2T (c(t)v.(c(t)) - & (62)
By (1)

with P, the perpendicular projection operator onto 813, (t), where Equation (71) is used.
In virtue of (58), (61), and (62), Equation (60) reduces to

= R >(o) .
/ (pKA ~T, F) av +/ <p<;>A — T -FPK> dA
B, (1) 0B (1)

+ (p (@) 1P + 2@ AT () ) + 2508 &) 1) -, (e)

dp,(f) 2
+ 2 dr Il¢ |l
d
= 2T (c(r))v,(c()) - Fe(r))e(t) — —TS(B,} = DB} (63)

Since in any isothermal process a thermoelastic material is hyperelastic (T, = p,CE)FX)

with free energy function equal to the stored energy [55, p. 134], we have pKAA =T, F.
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By assumption, the surface Cauchy stress is of the form T = 7P,. Let A@(X) =

A (F(X)) = A©)(j,) where j, = J ||F~TN]| is the Radon-Nikodym derivative of the area

measure on X, with respect to that on 3, (r) (see Proposition 1, Appendix D). Then

) d
pA —pi")d A (j)orj, - F

Now,

v jo |F~N|| 6gJ + Jop HF‘TNH

J|[F'N||[F~T - F'NQF 'NF"

O TNII

J||[F'N||P,F" = P F "
On the other hand, by Proposition 1 in Appendix D
T .¥P, = j,yPF " .¥P, = j,7PF ' .F.

Since (see [22, p. 325])
d
— p@ L F@);
y P d (]2)’
Equation (63) reduces to

(P2 (€ eI +2O)AP (€(r)) +2p0¢ - & ) &(6) - vielr)

ldp(”)
t oS lle1?

= 2T ()N e) - Flew)els) — S TS(B) = DI, o9

Note that the terms remaining in (64) are non-zero only when the crack starts to propagate.
Using T = 7P, and the results in Appendix D, one can show that T)v, = jyv, where
Jj = |IF1,||. Assuming that the kinetic energy of the crack tip is negligible and appealing to
the entropy inequality, (64) reduces to

_e() -FT(e(r))v(c)
¢(t) - v (c(2))

P (e)A (1)) < j7 ; (65)

where we have used ¢(¢) - v, (c(¢)) > 0, which holds true since v, (c(¢)) is the unit tangent to
the fracture surface pointing away from it and provided the crack can only change direction
at an angle smaller than 7 /2. Note that in the case of plane strain j = ||F(c(?))t,(c(2))] = 1.
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Now let 65") be the critical value of the surface Gibbs free energy per unit mass, which

depends only on the atomic bond strength, and let y be the surface energy. Here 650 ) can be
interpreted as the energy required to break the chemical bonds [56], while y — as the energy
required to overcome the long-range intermolecular forces [57]. Then

PDAD = p@G@ 4y (66)

If the crack does not change direction, i.e. if P,(c(t))¢(t) = é(¢), using v, = P, FTv/
HPKFTV , Equation (65) can be written in the form

P (€(1))G (c(1) + 7 (c()) < 7 ||Pe(e(t))F  (c(t))v(er)| - (67)

Equation (67) gives a necessary condition for crack propagation. The left-hand side of
(67) depends only on the material properties at the crack tip, while the ratio on the right-hand
side is related to the deformation gradient and depends on the far-field loading. The reason
we refer to (67) as a crack growth condition rather than a fracture criterion has to do with
the energy dissipation D(B3;) and the entropy production which are not being modeled in the
present discussion.

Note: The analysis in Section 5.2 can be performed in the current configuration, if needed,
in a similar way, using the analogs of Lemmas 1 and 2 for the current configuration, as well
as

P FTv
Ve = ———
[P FTv]|

and

T = lT(")PKFT.
it

In this case one has to be careful to distinguish the motion of the crack tip due to crack exten-
sion (bond breaking) from the motion of the crack tip due to deformation. A straightforward
calculation gives

¢ v(c;, t) + F(e(r), 1)e(r)

v(e, 1) + (L= gradu(e,, 1) 7'e(r) (68)
in which I denotes the identity tensor. It follows that
¢(r) = (I — gradu(e,, 1))(¢, — v(c,, 1)) (69)

which gives the spatial description of the crack extension velocity. In the absence of crack
extension (bond breaking), ¢(t) = 0 while, in general, ¢, # 0.
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6. CRACK TIP STRESS CRITERION

Since the theory proposed herein predicts a finite crack tip stress (Section 4.2), there is an
alternative fracture criterion, based on crack tip stress rather than energy. This criterion
appeals to the assumption that the crack will start to propagate once the cleavage stress
exceeds the stress required to overcome the short-range (chemical bonds) and long-range
intermolecular forces. The critical stress for a given material can (in principle) be estimated
through ab initio molecular dynamics calculations.

For example, for the model with curvature-dependent surface tension and no body force
correction term, we estimate the tensile stress at the crack tip from (26):

0'22(1, O) = -y Ouz,“(l, 0) +h0t

Since the considered model leads to finite stresses and strains, we conclude that the cleavage
stress is well defined and can be calculated using the results from Section 4.2. Thus, the crack
starts to propagate once the stress at the crack tip reaches the value of the critical stress'?, i.e.

o crit

o (1,0) >

This new approach to formulating a fracture criterion is very appealing with its straight-
forward physical interpretation and simple implementation.

7. CONCLUSIONS

In this paper we study several types of models arising from a new approach to modeling brit-
tle fracture based on an extension of continuum mechanics to the nanoscale, first proposed
by Slattery et al. [22] and then applied in the context of fracture by Oh et al. [21]. The main
idea of the theory is to correct bulk material behavior in a neighborhood of the fracture sur-
faces for effects of long-range intermolecular forces from adjoining phases. This, however,
leads to a non-linear, non-local boundary-value problem.

The method of integral transforms applied to the Navier equations is employed to resolve
the fracture profile and tensile stress at the crack surfaces. First we consider a model of
fracture which incorporates constant surface tension ascribed to the fracture surfaces and use
the jump momentum balance as a boundary condition at the crack surfaces, and then show
that it leads to a sharp crack profile at the crack tip (as opposed to the blunt one predicted by
the classical LEFM model) and stresses which exhibit a logarithmic singularity at the crack
tip.

Further, a modified model is studied in which the surface excess property includes cur-
vature dependence. We show that this model yields bounded stresses and strains. This lends
support to having a stress-based fracture criterion which amounts to a simple strength of ma-
terials argument. Moreover, in the case of the curvature-dependent surface tension model,
the two fracture surfaces form a cusp at the crack tip. The resulting second-order linear SIDE
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is solved numerically using spline collocation methods combined with product integration
techniques.

The second part of the paper is devoted to the derivation of a crack growth condition
based on the global energy balance and the second law of thermodynamics. The analysis
is in the spirit of Gurtin [42, 43], Gurtin and Yatomi [44] and Gurtin and Podio-Guidugli
[14, 15] with the major exception that in the theory presented herein there are no stress and
strain crack tip singularities in contrast to those previous studies. For this reason, the energy-
based crack growth condition developed in this paper arises in a very different way from the
classical notion of ERR used in the papers cited above.

The theoretical results derived for the fracture modeling paradigm studied in this paper
offer a number of potentially important benefits to practical fracture mechanics analyses.
In addition, the intriguing prospect of using a CCTS fracture criterion enabled by the finite
crack tip stress field predicted by the model, as shown above when one uses the jump mo-
mentum balance boundary condition on fracture surfaces along with a curvature-dependent
surface tension, there is no need in finite-element calculations to employ singular elements
at crack tips, cohesive zones, or process zones, all of which entail difficulties to implement
efficiently and accurately. With bounded crack tip stresses and strains resulting from use
of the appropriate conditions, finite-element implementation is made a relatively straightfor-
ward and simple affair.
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discussions. This work was supported in part by the Air Force Office of Scientific Research through Grant FA9550-
06-0242 and in part by award number KUS-C1-016-04 made by King Abdullah University of Science and Technology
(KAUST).

APPENDICES

A. SURFACE GRADIENT AND SURFACE DIVERGENCE
Let ¢(x) be a scalar field defined in a neighborhood of a dividing surface X, n be a unit
vector normal to X and let P denote the projection tensor onto the tangent space to >. Then
the surface gradient of ¢(x) is given by (see [22, p. 632])

grad, ¢ = Pgrade. (70)

In a similar way, the surface gradient of a vector field v(x) may be expressed in the following
form (see [22, p. 648])

grad, v = (gradv) P 71)
and consequently for the surface divergence of v one obtains

div(, v = tr((gradv) P). (72)
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As for the surface divergence of a second-order tensor field A (x), it can be easily shown (see
[22, p. 661]) that it satisfies

¢ diviHA = div,)(ATe) (73)

for any constant vector ¢. Equation (73) can be used as a definition of div(,)A. The surface

divergence and surface gradient satisfy product rules analogous to the standard rules (for div
and grad).

Lemma 3. Let ¢, v, w, and A be smooth fields with ¢ scalar valued, v and w vector valued,
and A tensor valued. Then

dive) (@A) = Agrad,)¢ + ¢diviHA (74)
dive)(v@w) = vdivyw + (grad,,v)w. (75)
For a detailed discussion of the theory of elastic material surfaces, see [22, 47-49]. We
can now find an explicit expression for div,)T). If we assume that the surface stress T
is given by T) = 7P, where P is the projection tensor defined by
P=I-n®n (76)
then (74) yields
divy T = grad,,7 + 7 div,)P. (77)
Now, combining (76) and (75) one has
div,)P = —divyn ® n = —ndiv,n. (78)
Here we have used the fact that
(grad,m)n = (gradn) Pn = 0.
Let us now define the curvature of X2 by
H = —%div([,)n_. (79)
Here, in order to avoid ambiguity of the definition, we have chosen the unit normal vector

n~ to the fracture surface 3, pointing into the bulk material. Note that div,P is independent
of how we choose the direction of n. Then we can express div,)P in the following way

div P =2Hn". (80)



402 T. SENDOVA and J. R. WALTON

Using the equivalent of (5) in the current configuration and combining (3), respectively (4),
(77), and (80) one concludes that the jump momentum balance in the deformed configuration
takes the form

grad,,y +2y Hn™ + [Tn™ = 0. (81)

B. COMPONENT FORM OF THE JUMP MOMENTUM BALANCE EQUATIONS
IN THE REFERENCE CONFIGURATION

From Equation (2) one concludes that the unit normal vector to Y pointing into the bulk
material has the following component form

1

n = (—uzy, 1+ up)h, (82)
Vw2 i,
consequently
P 1 (l-l-ul,l)2 (14 uy)uz; 3)
B a +”1,1)2+”%,1 (1 + u11)uz, ”%,1 '

Here u; ; are evaluated at points X on X, i.e. —1 < X; < 1, X; = 0. Whenever this is clear,
for simplicity of notation, this dependence is suppressed.
Combining Equations (70) and (83), one arrives at the following expression for

grad.,y:

(x
0+ 131 1)21)+ p”: (4w )?, (14w Dua) (84)
: 2.1

grad(g)i =
Further, the definition of a surface divergence of a smooth vector field (72) and Equation
(83) yield

w2 w0+ up (L1 )@y —uy ) — (1 +up)u
divyn- = L2102 2.1( L)@ — ua ) — ( 1.1) 211 85)

((1 +upg)?+ u%’l)yz

It only remains to evaluate the term JF~TN~ - n~. The matrix of the deformation gradient in
Cartesian coordinates can be written in the following form

14 up, U
[F] = .
Uy | 14+ uy,
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Using this, the fact that N~ = (0, 1)T and Equation (82) for n~, one arrives at

0+ ui1)? + uipun

JFIN" .n~ =
\/(1 +up)?+ ”%,1

(86)

Finally, Equations (77), (78), (82), (84), and (86) together with (8) lead to the following ex-
pression for the jump momentum balance equations formulated in the reference configuration:

_(1 +M1,1)2+M1,2M2,1 7/()51)(14"41,1)2

o1 =
\/(1+M1 D? +u (I u)? + 03,
Yo, (M%,1M1,12 +ouo (14w ) (Ui —uz) — (14 M1,1)2u2,11)
+ ,
((1 + 141,1)2 + u%,l)z
oy — (14 u1)* +uipuay [ 7 ) +uy us,y
n = -

3
\/(1 +ur 1)+ u3 (I u,0)* + 0,

y(1+ Ml,l)(”%,lul,u Fuo (4w )y —uzn) — (1 + M1,1)2M2,11>
- — .(87)
((1 + ul,l)z + ”2,1)

C. CONSTRUCTION OF THE DIRICHLET-TO-NEUMANN AND THE
NEUMANN-TO-DIRICHLET MAPS

Following [35], we proceed as follows. The component form of the differential momentum
balance (7) is given by

oni+onp2+bg = 0
on1tonstbae = 0 (88)
where, from Hooke’s law (12),
on = (A+2wuiy+ uzp
o = plup+ur)
on = Aupg+ (A+2u)uyp. (89)

After substituting (89) into (88) and differentiating with respect to x, one obtains
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(A4 2w)uy i+ puy i+ A+ wuz o+ by = 0

(A4 wuy o+ puz g + (A +20)uz 10 + by = 0. (90)

Taking the Fourier transform of (90) with respect to x results in the following system of
ordinary differential equations

> . d . ~ .~
poFtt ip(h+ p) ==ty — p*(A+2u)u1 1 +ipby = 0
y dy
dz ~ . d ~ 2~ .
(/1 + zﬂ)d_yzuz’l + lp(/l + ,U)@Mm — P HUj + l]?bkz = 0 (91)

where the Fourier transform of an integrable function f on R is defined by

FUN) = Fpy = [ fewe dx ©2)
and use is made of the property

FLf1=ipFlf] (93)

for f a continuous and piecewise smooth function such that f’ € L'(R) (see [58]). System
(91) is equivalent to a first-order system of ordinary differential equations

Y =AY +B o4
where
T
Y = <ﬁ1,1, U1, diyﬁl,la diyﬁ2’1>
B = (0,0, —ipb, —ipbhy)"
and
0 0 1 0
0 0 0 1
A= | PPO+20) 0 0 _ip(A+p)
1 Iz
0 pu_ ipG+p) 0

A+2u A+2u

The general solution of the homogeneous system is



FRACTURE THROUGH EXTENSION OF CONTINUUM MECHANICS 405

A+3u :
Yo = i =4+ Ay ) e —iAyye P
" ’< 1+P@+#)2>e e
A+3u >
i (As AL ) P+ iAgye”
( TpO+wt +
Yio = Aie™” 4+ Arye™ + Aze? + Ayye?”
20+ 2
Yis = i <pA1 — M,%) eP +ipAyye P
A+ p
20+ 2
+ i <pA3+MA4> e” +ipAsye”
A+
Yie = (—pAi+A)e™ —pAryye™ + (pAs + Ay) e + pAsye”

with A; = A;(p),i =1, ..., 4. Then, the general solution of (94) is givenby Y =Y, + P,
where P(p, y) = (a1(p, y), a2(p, ), a3(p, y), as(p, y))T is a particular solution such that
lim,_, P(p, y) = 0. Thus, the general solution of (91), defined on the upper half plane,
which vanishes as y — oo is

. . A+3 il . _

ui(p,y) = i (—Sgn (P)A + £ Az) eV —isgn (p)Arye " + a1 (p, y)
p(A+p)

i (p,y) = Aie™ + Ayye Y +as(p, y). (95)

From (93) we have

- R - id .

u(p,y) = ipui(p,y) = wa(p,y)=———u(p,y)
pdy

- R - id ..

ur1(p,y) = ipur(p,y) = upp,y)= —;Eum(% y).

The above equations together with (89) and (95) lead to

R i d . ~

oun(p,y) = p|————u+uy
pdy

A4+2u

i d
= 2 Al——— A+ A elrly — — —a1(p,y) + uar(p,y)
ﬂ(l TETS 2 2)’) p,u 1(p, y) + noa(p,y

dy

~ — i d .
on(p,y) = Auig——A+2u)—us,
P dy

= 2ui (Sgn (p)A — A, + sgn (p)Azy) e~ IPl

_*
P4+ )

] d
+ J0i(p.y) = —(h+ 21)—ax(p, y). (96)
p dy
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We can solve (95) for A;(p) and A,(p)

A(p) = uz1(p,0) —ax(p,0)

_ip(A+p)

As(p) 7+ 3

(11.1(p, 0) + isgn (p)it,1(p, 0) — isgn (p)az(p, 0) — a1 (p, 0))

and substitute these into (96) to arrive at

~ 2u* . (2 +2u)
cin(p,0) = if3ﬂuz,1(p,0)+tsgn(p)%( i1,1(p,0) —ai(p,0))
(A +p) i d
e a(p,0) — —u—oai(p,0
+ 7T 3 a>(p, 0) pudyal(p )
. 2u* . (2+2
on(p,0) = —/1_:!3ﬂu1,1(1930)+15gn( ),ui_'_—?,,u)( u2,1(p, 0) — az(p, 0))
(A +20)(4 + i d
LD 4, (,0) = LG4 20 s, 0), ©7)
+3u P dy

Next, we apply the inverse Fourier transform to Equations (97), using

F s 1) =+ £ L ar — i) (98)

—00

The operator H[ /] defined in (98) is known as the Hilbert transform. This leads us to the
so-called Dirichlet-to-Neumann map:

2u’® 2u(A+2 © 41, 0) —a,1(r, 0
op(x,0) = /1+3 U1 (x,0) + ﬂ(;+3:)) - r)—xl )d
pl+p) . d/xv
£/ 7 0 0)d
+ /1+3 ( )+,udy o al(sa ) s
R 2 +20) [ u24(r,0) = (7, 0)
O'ZZ(X,O) = _i—+—3luul’1(x’0)+ 7[(},““3#) o r—x d
A+2u0)A+p) . .
L l/i); By O)+(H2ﬂ)_/ Gia(s, 0) ds (99)
0

where f = F~![f] denotes the inverse Fourier transform of f. In order to construct the
inverse map of (99), one solves Equations (97) for &, ; and u »:
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N 2u 1 -
u(p,0) = —ngH(P)#_l_)(Ulz(P,O) #az(P,O))+m022(P>O)
A+2u sgn(p) d d
+ m<al(P,O)+ Eal( 0)+—50€2(P,0))
N 2u 1 -
(.0 = =isen ()3 L@, 0) = a1 (1, 0) = 5T (7, 0)
2)+3u sgn(p) (A+2u)* d
T POt i @Y
i U d
Ty et o

After applying the inverse Fourier transform to (100) one obtains the Neumann-to-Dirichlet
map:

A+2u * 012(r,0) — pas(r, 0) 1
0) = — % d 0
upi(x,0) 200+ 7 - r+ oxn(x,0)

o0 r—x 20+ )
A4+2u (.
20+ )< )+——][ /ocl(s O)dsr—x

- i/ é2(s,0)ds>
dy Jo

_ /1-{—2/1 o 0'22(1",0)—/15(1(1",0) _ 1
0 =~ P TV
+ 2/1+3,u G (x. 0) + (/1-{-2/1)2 ][ / oo (s, O)
2(/1+ 1) a2 2,u(/1+,u)7rdy r—x
uwod o[t
+ 2(/1—4_’“)5/0 a1(s,0)ds. (101)

D. SURFACE FIRST PIOLA-KIRCHHOFF STRESS

For purposes of deriving an expression for the surface first Piola—Kirchhoff stress tensor, it
is most natural to work in a three-dimensional setting. Thus, within this section, we assume
that B, C R? and that 3, is a two-dimensional surface. The results derived herein are valid
in the two-dimensional context as well, since the problem we consider can be viewed as a
three-dimensional problem, reduced to a two-dimensional problem.
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The notation introduced in Section 2 is used, with s, an oriented curve in the fracture
surface X, (¢), parameterized by arc length S € (0, L). Further, let ds and d S be small length
elements in the current and reference configuration, respectively. Then

ds = X OSK(S)H dS = [|F(s(S)Te (s (SHI dS = j dS. (102)

d
|
Here j = ||Ft,|| is sometimes called the Radon—Nikodym derivative of the arc length mea-
sure on s = y o s, with respect to that on s, (see [47]).

One can show that the unit conormal to the image s of the curve s, in the current
configuration is given by the expression

P,FTv,

= — 103
T (105)

Indeed, let n denote the unit normal to the surface 3,, and T, be the unit tangent to the curve
s. To show that v, as given by (103), is conormal to s, it suffices to prove that v-n = 0 and
v -1, = 0. The first is clearly satisfied since v € 7y, while n € ’];l. For the latter note that,
P, = P! and P,Ft, = F1,, consequently

_ PFv.  Fr, Vi T _o
IPFTvell NIFtll  IPF vl [[Fr|l

V'Tt

The total force exerted by the material in s* (the part of 2, into which v points) on the
material in s is

L P.F Ty
Ty — / T (y o sK(S));j ds = / Ty,
/s 0 [P F~Tv, || S

where

IFr, |l _
TV = ——*° _7@pFT 104
< IPF-Ty, | ' e

is the surface first Piola—Kirchhoff stress tensor.!!

Proposition 1. Let J = det(F), then

IFr, |

Ty , (105)
IPF=Tv|

=J|[F'N

in particular, (47) is independent of the conormal v,. Furthermore, if n = F~TN/ HF‘TNH
(i.e. nis the unit normal to XJ;) and da, and d A y are area elements for surfaces in the current
(respectively, reference) configuration, normal to n and N, respectively, then
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da, = J |[F'N|| dAy = jodAy,

ie. jo=J HF‘TNH is the Radon—-Nikodym derivative of the area measure on Y, with respect

to that on X, (¢).

Proof. By the spectral theorem [59], there exists a representation of U in the form

U=Zaiei X e;

where B = {e;,i = 1,2, 3} is an orthonormal basis for the vector space V), consisting of
eigenvectors of U, and a; are the corresponding eigenvalues. Let [v.] = (a,, b,, c,)T and
[N] = (an, by, cy)T be the representations of v, and N, respectively, relative to the basis B.

Recall that 7, = N x v,, therefore

Jo= lFzl

= \/a%(chv — byey)? + a3(eya, — cvay)? + ad(ena, — cyay)?.

Furthermore,
F-T -T
PF v = H( Nok N)F vy
|F-TN|?
U—lvk_m -INJ| .
lu=N°

After some straightforward manipulations one concludes

IEz.|l 2.2.2 2212 2.0
P F-Tv, || = \/0‘20‘3aN + afa3by + ajaicy
t K
2 2 2
a b
= | X+ X K~ g [FN]|.

Now, by Nanson’s formula,
nda, = JF'NdAy.

Taking the inner product of the above equation with n = F~TN/ HF ‘TNH yields
da, = J |[F7'N|| dAy

which concludes the proof.

(106)
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E. PROOFS OF LEMMAS 1 AND 2

Proof (Lemma 1). Let D?(¢) denote a disk of radius & centered at the crack tip ¢(¢) and
moving with it. Let B°(t) = B, (¢) \ D?(¢). Then

d .
< <I>=/ <1>—/ ®é(r) - N.
dt Jsp0) B (1) oD (1)

Here N is the unit normal vector to 0D?(¢) pointing into the bulk material. Using the regu-
larity and boundedness of ® one concludes that

d d .
= o = lim—/ ) =/ b,
dt Js,u -0dt Jpi B (1)

O

Proof (Lemma 2). Let [(¢) be a curve in R?> parameterized by I(s,7), 0 < s < 1 with
a(r) =1(0, r) and b(¢r) = 1(1, ¢). Then the standard transport theorem yields

d . .
— o = b+ a-N,+o(b b-N
" /( t) /1( D@ N 2 0)b-N,

where N, and N, are the unit tangent vectors to /(¢) at a(t) and b(¢) respectively. Now let
I(t) =S JX.(t). Then a(r) = b(r) =c(r) anda- N, = b - N, = [|¢(¢)||, which concludes
the proof. O

NOTES

1. An interesting exception is the recent work by Ortiz and colleagues [1-3] to derive universal forms for
cohesive laws in crystalline materials. However, their studies consider the work of decohesion required
to separate infinite, parallel planes of atoms in the renormalized limit of infinitely many layers of atoms.
It is not clear how appropriate that is for modeling the work required to open the short (atomic-scale)
cohesive zone in a brittle crystal for which the assumption of infinite parallel planes of atoms seems of
dubious validity.

The subscript 7 is suppressed in the static case.

See Appendix A for the definitions of surface gradient and surface divergence.

For a derivation of the jump momentum balance in the current configuration, see Appendix A.

See Appendix A.

AR

If the potential becomes singular as the distance between the points tends to zero, hard-sphere approxi-
mation is used.

7. An alternative approach to modeling crack propagation takes the body to be the bulk material together
with the gas phase. In this case no points are ‘added’ to the boundary and thus one does not need
to consider an evolving reference configuration. However, in this approach one must account for the
mass transfer between the bulk material, the dividing surface, and the fracture tip. In essence, fracture
propagation is viewed as a ‘chemical reaction’” occurring at the fracture edge.
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The derivation for T presented herein corrects a small mistake in [47] in the formula, corresponding
to (103), relating the conormal in the current to the conormal in the reference configuration. For this
reason, the expression for T") derived here differs slightly from the formula given in [47].

Owing to the fact that the upper and lower fracture surfaces meet at an angle (strictly less than 7 ), the
fracture tip (in the case of three dimensions, the fracture edge) is viewed as a ‘common point’ (in the
case of three dimensions, a common line), endowed with mass density.

Here o5, denotes the non-dimensionalized tensile stress.

The formulas (103) and (104) should be compared with (5.23) and (5.24) in [47] which we believe to be
in error.
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