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Abstract

This paper is the first in a series that lays the groundwork for a
structure and classification theory of second-order superintegrable sys-
tems, both classical and quantum, in conformally flat spaces. Many
examples of such systems are known, and lists of possible systems have
been determined for constant curvature spaces in two and three dimen-
sions, as well as few other spaces. Observed features of these systems
are multiseparability, closure of the quadratic algebra of second-order
symmetries at order 6, use of representation theory of the quadratic
algebra to derive spectral properties of the quantum Schrédinger oper-
ator, and a close relationship with exactly solvable and quasi-exactly
solvable systems. Our approach is, rather than focus on particular
spaces and systems, to use a general theoretical method based on inte-
grability conditions to derive structure common to all systems. In this



first paper we consider classical superintegrable systems on a general
2D Riemannian manifold and uncover their common structure. We
show that for superintegrable systems with nondegenerate potentials
there exists a standard structure based on the algebra of 2 x 2 sym-
metric matrices, that such systems are necessarily multiseparable and
that the quadratic algebra closes at level 6. Superintegrable systems
with degenerate potentials are also analyzed. This is all done with-
out making use of lists of systems, so that generalization to higher
dimensions, where relatively few examples are known, is much easier.

1 Introduction and examples

The goal of this series of papers is a structure and classification theory of
second-order superintegrable systems, both classical and quantum, in confor-
mally flat spaces. A classical superintegrable system H = =, gpip; + V(x)
on an n-dimensional local Riemannian manifold is one that admits 2n — 1
functionally independent symmetries S, &k =1,---,2n — 1 with §; = H.
That is, {#, Sk} = 0 where

{f7 g} = Z(awjfapjg - apjfawjg))
j=1

is the Poisson bracket for functions f(x,p),g(x,p) on phase space [1, 2,
3,4, 5,6, 7, 8. Note that 2n — 1 is the maximum possible number of
functionally independent symmetries and, locally, such symmetries always
exist. The main interest is in symmetries that are polynomials in the p; and
are globally defined, except for lower dimensional singularities such as poles
and branch points. Many tools in the theory of Hamiltonian systems have
been brought to bear on superintegrable systems, such as R-matrix theory,
Lax pairs, exact solvability, quasi-exact solvability, and the Jacobi metric, [9,
10, 11, 12, 13]. However, the most detailed and complete results are obtained
from separation of variables methods in those cases where they are applicable.
Standard orthogonal separation of variables techniques are associated with
second-order symmetries, e.g., [14, 15, 16, 17, 18, 19, 20] and multiseparable
Hamiltonian systems provide numerous examples of superintegrability. In
these papers we shall concentrate on second-order superintegrable systems,
that is those in which the symmetries take the form S = ¥ a¥ (x)p;p; + W (x),
quadratic in the momenta.

There is an analogous definition for second-order quantum superinte-



grable systems with Schrodinger operator
1 y
H=A+V(x), A=-—2)> 0,,(/99")0x,,
(x) 77 2; (v99")0x,

the Laplace-Beltrami operator on a Riemannian manifold plus a potential
function, expressed in local coordinates z;, [15]. Here there are 2n—1 second-
order symmetry operators

1 .
Sk = — > 00 (V9030 + W (x), k=1,---,2n -1
ij

with S; = H and [H, S| = HSy — SyH = 0. Again multiseparable sys-
tems yield many examples of superintegrability. However, as we shall show,
not all multiseparable systems are superintegrable and not all second-order
superintegrable systems are multiseparable.) There is also a quantization
problem in extending the results for classical systems to operator systems.
This problem turns out to be very easily solved in two dimensions and not
difficult in higher dimensions for nondegenerate systems.

Superintegrable systems can 1) be solved explicitly, and 2) they can be
solved in multiple ways. It is the information gleaned from comparing the
distinct solutions and expressing one solution set in terms of another that is
a primary reason for their interest.

To illustrate some of the main features of superintegrable systems we give
a simple example in real Euclidean space. (To make clearer the connection
with quantum theory and Hilbert space methods we shall, for these examples
alone, adopt standard physical normalizations, such as using the factor —% in
front of the free Hamiltonian.) Consider the Schrodinger eigenvalue equation
HY = EV or

1/ 02 02 1 k2—-1 p2_1
2 Vw2 w22 2 14 2 4\ =FU. (1
2<8x2+8y2> +2<w (" +y°) + + 7 (1)

This equation separates in three systems: Cartesian coordinates (z,vy); polar
coordinates £ = rcosf, y = rsinf, and elliptical coordinates

2 o (u1 —e1)(u2 — e1) o _ 21 —e)(u2 — €)

T (e1 —e2) ’ (ea —e1)

The bound states are degenerate with energies given by E, = w(2n + 2 +
k1 + ky) for integer n. The corresponding wave functions are 1) Cartesian:

n1!n2!

‘Ilnlan2 (.’E,y) = 2w%(k1+k2+2)\/ x(k1+%)y(k2+%)
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e SEHOLN (Wa?) L (wy?),  m=mi g, (2)

and the LF(z) are Laguerre polynomials, [21]. 2) polar:

2m/!
T(r.0) = o) (g $(2q+k1+ka+1)
(T’ ) a ( )w F(m+2q+/€1 +l€2+ 1)

e(fwrz/Z),r,(2q+k1+k2+1)L?g+k1+k2+1(wT2), n=m-+gq, (3)

q!F(lﬁ + kz +q+ 1)
(k2 +q+1)I'(k1 + g+ 1)

Pk (g) = J2(2q +hit ke +1)5

x (cos 0)F101/2) (sin 9)k2+(1/2) plkka) (cos 26), (4)
and the P{¥1:#2)(cos 26) are Jacobi polynomials, [21] . 3) elliptical:

i} —w(z?+y?) kit+1, kot l_n[ x’ + y2 2
=e€ T : —C
y 0m ()]

m=1 — €1 em -
where ) ) ( 0)( )
X Y ) — _ o \U1 — Uo —
0—61+0—62 ¢ ¢ (9—61)(9—62) (5)

are ellipsoidal wave functions [22, 23]. A basis for the second order symmetry
operators is

L_ g2 1_ g2
L1 — 82 + (4 :EQ 1) —w2$2, L2 — 8:3 + (4 y2 2) _U)2y2 (6)
1 y? 1 |
_ 2 2 2
Ly = (20 — y0:)” + (Z - k1)ﬁ + (Z - kz)? g

(Note that —2H = L; + Ls.) The separable solutions are eigenfunctions of
the symmetry operators Ly, L3 and L3 + es Ly + e Ly with eigenvalues

Ae=—w2nm +ki+1), A= 2¢+k +ka+1)*+(1+k+k),

Ae = 2(1 — k) (1 — ko) — 2eqw(ky + 1) — 2eqw(ky + 1) — w?ejeq—
a ki +1 ko +1 ]

4 Z [e2 +e
m=1
respectively. The algebra constructed by repeated commutators is

1
Om_el em_62

[L1,Ls) = [Ls, Lo] = R, [Li, R] = —4{L;, L;}+16w’Ls, i #j,i,j=1,2,
[Lg, R] = 4{L1, Lg} - 4{L2, L3} + 8(1 - k%)Ll - 8(1 - If%)LQ,
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8 64
R = o{Ly, Ly, Ly} + -{L1, Lo} + 16w”L5 — 16(1 — k) L}

_16(1 — k)2 — 13@&%3 64w?(1— K2)(1 — k). (1)
Note that these relations are quadratic. Here {A,B} = AB + BA, is a
symmetrizer. The important fact to observe about the algebra generated by
Ly, Ly, L3, R is that it is closed under commutation [24, 25]. This is a
remarkable fact, but typical of superintegrable systems with nondegenerate
potentials, as we shall show. Indeed the closure is at level 6, since we have
to express the square of the 3rd order operator R in terms of the L; basis of
2nd order operators. Note that the degeneracy of the energy eigenspace is
broken by the alternate separated bases of eigenfunctions. The eigenfunctions
of one separable system can be expanded in terms of the eigenfunctions
of another, and this is the source of nontrivial special function expansion
theorems [26]. The symmetry operators are in formal self-adjoint form and
suitable for spectral analysis. Also, the quadratic algebra identities allow us
to relate eigenbases and eigenvalues of one symmetry operator to those of
another. Indeed the representation theory of the abstract quadratic algebra
can be used to derive spectral properties of the generators L;, in a manner
analogous to the use of Lie algebra representation theory to derive spectral
properties of quantum systems that admit Lie symmetry algebras, [26, 27,
28, 29]. (Note however that for superintegrable systems with nondegenerate
potential, there is no first order Lie symmetry.)

A common feature of quantum superintegrable systems, exhibited in the
example above, is that after splitting off a multiplicative functional factor,
gk1+3)y(k2+3)e=5(@"+9") in the example, the Schrodinger and symmetry op-
erators are acting on a space of polynomials, [30]. This is closely related
to the theory of exactly and quasi-exactly solvable systems, [11, 31]. In the
example the one-dimensional ODEs obtained by separation in the Cartesian
and polar systems are exactly solvable, in terms of hypergeometric functions,
and the energy eigenvalues are easily obtained. The elliptic system separated
equations quasi-exactly solvable and polynomial solutions are obtained for
only particular values of E. However, these values are just the energy eigen-
values obtained in the Cartesian and polar systems. This characterization of
quasi-exactly solvable systems as embedded in PDE superintegrable systems
provides considerable insight into the nature of these phenomena.

The classical analog of the above example is obtained by the replacements
Oz — Pz, Oy — py. Commutators go over to Poisson brackets. The opera-
tor symmetries become second order constants of the motion. Symmetrized
operators become products of functions. The quadratic algebra relations
simplify: the highest order terms agree with the operator case but there are



fewer nonzero lower order terms. Indeed, the classical algebra has basis

1 2 1 2

1k 1_
Si=pp+ i - Wi Sz=pZ+4y 2 —wh?, (8)

1 y2 1 .’E2
S = (zp, — yps)® + (Z — k%)p + (Z — k%)?, O =S, + S,

The classical quadratic algebra relations are
{81583} = {83582} = Ra {8Z7 R} = 8818]+16w2837 [ 7é j: 7’?.7 = ]-a 27

{85, R} = 88,83 — 885,83 + (4 — 16k3)S; — (4 — 16k3)S,, 9)
R? = 165,583 — 16w>Ss +(4—16k3)S? — (4—16k7)Sa +4w? (1 —4k?) (1 —4k3).

In the example the potential is nondegenerate, i.e., it depends on 3 arbi-
trary parameters (or 4 if we include the trivial constant that we can always
add to a potential). In n > 2 dimensions the nondegenerate potentials de-
pend on n + 2 parameters. Systems with nondegenerate potentials have the
most beautiful properties but there are also superintegrable systems with
degenerate potentials depending on < n + 2 parameters. For n = 2 we will
show that all of these are in a certain sense specializations of the nonde-
generate systems. For degenerate systems, first order symmetries may exist.
Note that in the classical case the symmetries corresponding to a constant
potential are just Killing tensors [15].

Many examples of such systems are known, and lists of possible sys-
tems have been determined for constant curvature spaces in two and three
dimensions, as well as a few other spaces, [32, 33, 34, 35, 36, 37]. Here,
rather than focus on particular spaces and systems, we employ a theoretical
method based on integrability conditions to derive structure common to all
such systems. In this paper we consider classical superintegrable systems
on a general 2D Riemannian manifold, real or complex, and uncover their
common structure. We show that for superintegrable systems with nonde-
generate potentials there exists a standard structure based on the algebra of
2 X 2 symmetric matrices, that such systems are necessarily multiseparable
and that the quadratic algebra closes at level 6. Superintegrable systems
with degenerate potentials are also analyzed. This is all done without mak-
ing use of lists of such systems, so that generalization to higher dimensions,
where relatively few examples are known [37], is much easier.

In the next paper in this series we will study the Stackel transform, or
coupling constant metamorphosis, [38, 39|, for 2D classical superintegrable
systems,. This is a conformal transformation of a superintegrable system
on one space to a superintegrable system on another space. We will prove
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that all nondegenerate 2D superintegrable systems are Stéckel transforms
of constant curvature systems and give a complete classification of all 2D
superintegrable systems. The following papers will extend these results to
3D systems and the quantum analogs of 2D and 3D classical systems.

2 Second-order Killing tensors for 2D com-
plex Riemannian manifolds

Before proceeding to the study of superintegrable systems with potential, we
review some basic facts about second order symmetries (without potential)
of the underlying 2D complex Riemannian spaces, i.e., second-order Killing
tensors [15]. These were worked out by Koenigs [40], though here we make
an alternate presentation suggested by [41], [42], [17]. It is always possible
to find a local coordinate system (z,y) = (z1,22) defined in a neighborhood
of (0,0) on the manifold such that the metric is

ds®> = Mz, y)(de® + dy?) = N dz dz, z=1xz+iy, Z=1x— iy,

and the Hamiltonian is Hy = (p? + p2)/\. We can consider a second-order
Killing tensor (symmetry) as a quadratic form £ = 37, a¥ (z, y)pip;, a¥ =
a’*, that is in involution with the free Hamiltonian Hy: {Hy, £} = 0. The
conditions are

g Al Ao
a];z — _Tla’ﬂ o Tzaﬂ’ 7 = 1,2 (10)
. . Al o A
2a§]+a’;z - _Alajl_;a]a iaj:1a2a 7’#]

From these conditions we easily obtain the requirements
2012 = —(a!! — a22),, 2412 = (a!! — a?2),.

From the integrability conditions for these last equations we see that
Aa? =0, A(a'' —a®®) =0, A=08;+0;

and that there exist analytic functions f(z), g(z) such that

20" = f(2) +9(2), a" —a® =i(f(2) — 9(2))-

Substituting these results in the remaining equations we find

(@3 =~ 307 +9), (@ X)s= —3M (7 +9)
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The integrability condition for these last equations is

0N = 9)) + 50O (f +9)) = 502l +9)) =0

or
A A Az Az
"H3f L 2f = g -3¢ — 2972 11
FrH3f 52 9" =39~ =297 (11)
If the space admits at least one Killing tensor independent of the Hamilto-
nian, then we can always assume that it is of the form (f,g) = (1,1), i.e.,

we can make the change of coordinates Z = [dz/\/f(2), Z = [dz/+/g(Z) so
that (11) implies

Prescribing the values of ¢(0), ¢'(0), ¢"(0), f(0), f(0), we can use (11) to com-
pute f”(0). Differentiating this equation successively with respect to z and
Z we can compute all derivatives of f and g. Thus any solution (f,g) of
the integrability conditions is uniquely determined by the 5 prescribed val-
ues. Once f and g are given, the Killing tensor ¢ is determined to within
addition of an arbitrary multiple of the Hamiltonian Hy. Thus the maxi-
mum dimension of the space of second order Killing tensors is 6. As is very
well known, this maximum is actually achieved for flat space and spaces of
nonzero constant curvature. Recall that a 2D manifold is of constant curva-
ture if and only if £ = (9,z1n \)/ ) is a constant. The space is flat if and only
if k=0.

Note that the maximum dimension of 6 is achieved if and only if the
integrability conditions for (11) are themselves satisfied identically. Applying
the operator 0,z to both sides of this expression we find

AZ n AZZ Az ! AZZ
30:( )" + (28;(7) + 3%(;)) J'+202(=0)f (12)
)\7 " )\ﬁ )‘E ! )‘ﬁ
- _3az(j)g - (282:(7) + 35::2(;)) 9 - 25:42(7)9-

If dimension 6 is achieved then this last condition on f and ¢ cannot
be independent of (11). Hence, either the coefficients of f”, f', f,¢",4', g
all vanish identically, in which case 0,zIn A = 0 and the space is flat, or
0.zIn X\ # 0 and (12) is obtained from (11) through multiplication by 0,z In .
In the second case one can easily see that

BN\ . [(0zIn\\
(P57 = (M) =




so the space is of nonzero constant curvature.

If the dimension of the space of symmetries is less than 6 then (12) is
independent of (11). In this case we can eliminate f” and g” between these
two equations and obtain a condition relating only f', f, ¢', g:

s
A

205 - 9+ 3050 7+ 2

A A A

Thus the remaining systems have spaces of symmetries of dimensions < 4. A
straightforward computation shows that this last equation can be rewritten
as

- [2 —om 3 o - [20 - oho

[BALf + [2)k,, + 8M\ k.| f = —[BAkz]g" — [2M\kz + 8)\zkz]g (14)

where 2)\k,, + 8\, k, = 2A\ks + 8)sk5. If the space of symmetries is of di-
mension 4 then the integrability conditions for this last equation are satisfied
identically. The systems with dimension 4 (which we call the Darboux spaces)
were classified by Koenigs and are four in number [40]. If the equations are
not satisfied identically, then we can repeat this procedure and find integra-
bility conditions for the spaces of symmetries of dimension 3. These spaces
were also classified by Koenigs. In the next paper in this series we will find
an alternate, much simpler derivation of these spaces that shows that they
all admit superintegrable systems with nondegenerate potentials.

2.1 Functional independence and functional linear in-
dependence of superintegrable systems

Suppose we have a Hamiltonian H = Hy +V = X7, ¢“pip; + V(z,y)
and constants of the motion Ly = £, + Wk = ?,j:l aéi)pipj + W (z,y),
for £k = 1,2. We say that such a system is superintegrable provided the
two functions L, together with H are functionally independent in the four-
dimensional phase space. (Here the possible V' will always be assumed to
form a vector space and we require functional independence for each such V
and the associated W), This means that we require that the three quadratic
forms L, Hy are functionally independent.)

In the work to follow it will be important that the functionally indepen-
dent symmetries also be functionally linearly independent. It is clear that
there are no constants «, 3,7 not all 0 such that oLy + 8Ly + vHy = 0.
However such a relation is possible if «, 8, are functions. Indeed we have



the example
Hy=p,p:+V(z), Li=p2, Ls=p.(2p.—72ps), (15)

w® =0, wW®=w® (%)

where —zZV5 = WE(Q). Here Lo = 2£1 — ZHy. (This superintegrable system is

in Lie form, [40]. It is not multiseparable.) The following result shows that
this example is unique.

Theorem 1 The flat space system (15) is the only superintegrable system
i a 2D complex Riemannian space such that the functionally independent
symmetries are functionally linearly dependent.

Proof: Suppose L1, Ly, H are functionally independent symmetries that are
functionally linearly dependent. Without loss of generality we can assume
that

Ly = f(z,y)L1+9(x,y)H, df #0, dg#0.
Since Lo is a symmetry we have the condition {f, Hy}£L1 + {g, Ho}Hy = 0 or

fra + g /X = 0 (16)
fya22 +9y/A = 0
fa'' +2fa” +g, /) = 0
f20*% + 2f,0" + g,/ 0.
Thus g, = —Afza", g, = —A\f,a®® and the remaining conditions take the

form

9412 all — 22 £ 0
(a”—an 92412 )(fy>:<0>'
Since df # 0 the determinant of the 2 x 2 matrix must be zero:

4(0,12)2 + (a22 . a11)2 — 0

We consider the case a** — a'' = —2ia'?. Then f, = —if,, so f = f(2).
From the Killing equations (10) we see that ai? = ia}? so, a'? = a'?(z). The
symmetry conditions for V,W® W? are Wk(j) = a"'V, + a*?V,, j,k = 1,2
and the integrability conditions for these equations are the Bertrand-Darboux
conditions (Wl(J ))2 = ( Q(j))l, j = 1,2, which in this case simplify to

aéz /\1

al

A
V22_VH+27:V12:_[3_2+27:X+272](V2+ﬂ/1),
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. a? A1 A2 . f2 .
Voo — Vi1 + 2tVip = _[3E + QZT + 2;](‘/2 +iVp) — 37(‘/2 +iV4).
Subtracting the second BD equation from the first, we find V; — Vo = 0 or
V = V(Z). The remaining Killing tensor equations are

(an)\)l = —)\2012, (an)\)g = 2i(a12)\)2 — )\1&12,
with integrability condition
—()\20,12)2 = 22.(/\6112)12 — ()\10,12)1.

At this point it is useful to write all equations in terms of the variables
z,Zz. Then the Killing tensor equations become
Ao =0, (At — %])z =0 (17)

and the previous integrability condition becomes

A A .
s + 35'% + 2% =0, where 2a'* = 5(2), a'' — a** =is(2).
We can change to new variables Z(z), Z(z) = Z such that this last equation
becomes s(Z) = 1, A\zz = 0. From now on, we assume that the original
coordinates z,Z were chosen so that \,, =0, 2a'2 =1, a'’ — a?? = i. In the
new coordinates we have

b:pz
A

Hy=2 , L1=2ip2 +4(a"" - i)Psz; gz = —iAf'(2),

g: = =2\ ~ D)),

so the integrability equation for g is
i =N = 2 (0 - 5)f — 2Aal

which simplifies to (Af’(z)), = 0. From (17) we see that there are functions
M (%), N(Z) such that

_ M(z)

A= izM'(2) + N(2), o' — % - i) v

If M'(z) # 0 then we can choose a new variable Z(z) such that M'(Z) = —i.
Assume that we have made this choice for Z from the beginning. Then the
equation (Af'(2)), = 0 implies zf'(2) + N (Z) f'(2) = Q(%), so N'(2) f"(z) = 0.

11



If f”(z) =0 then f is linear in z and this is impossible unless f is constant,
a contradiction. Thus L' = 0 and we can take A = z, f(z) = In(2), a'' — % =
—iZ/z which implies that the space is flat. Further we can introduce a new
variable Z(z) such that in the new variables A = 1. If on the other hand
M'(Z) = 0, then again the space is flat and we can introduce a new variable
Z(z) such that A\ = 1 with respect to the new variables. In the case that
a? — o' = +2ia'? the argument is the same, but with the roles of z and 7z

interchanged. Q.E.D.

3 Maximum dimensions of the spaces of poly-
nomial constants in 2D for 2-parameter po-
tentials

In order to demonstrate the existence and structure of quadratic algebras
for 2D superintegrable systems, it is important to compute the dimensions
of the spaces of symmetries of these systems that are of orders 2,3,4 and 6.
These symmetries are necessarily of a special type. The highest order terms
in the momenta are independent of the parameters in the potential, while the
terms of order 2 less in the momenta are linear in these parameters, those of
order 4 less are quadratic, and those of order 6 less are cubic. We will obtain
these dimensions exactly, but first we need to establish sharp upper bounds.
Consider a Hamiltonian in a general two-dimensional space of the form

_ pi+ps

H
A

+ O[1V1 + O[QVQ . (18)
Here, A and the terms in the potential V? depend on the coordinates z;
while the «; are arbitrary parameters. We say that V is a 2-parameter
potential if the gradients of V! and V? are linearly independent, that is
VIVE — V3VE # 0. We are free to redefine V! and V2 by taking linear
combinations and so we will also assume that V! # 0 and V2 # 0.

3.1 Quadratic constants

We wish to determine how large the space of second order constants of the
motion can be when V' is a 2-parameter superintegrable potential, i.e., it
admits three functionally independent constants of the motion. The general
constant of second order in the momenta is

L = a''p? + a*p2 + 2a"?p1py + arb' + apd? (19)

12



with ¢ and b being functions of the coordinates alone.

Since {H, L} is polynomial in p;, ps, ; and ay, and the a¥, b* and V*
depend only on the coordinates z; and z5, the vanishing of {H, L} gives 8
equations for the derivatives of a” and b*. Introducing two new symbols,

ct = al? and ¢ = a}?, we solve these equations to obtain

AL A2 1

al! = 3 3¢ b = Vida! + Vida'?
aél — —9c %aﬂ _ %au b% — ‘/—11)\(112 + ‘/21)@22 )
20
a? - 202 . Tlan _ T2a12 bf — ‘/12)\a11 + V22)\a12
A A
a%Z - _ T26122 _ T16112 b% — ‘/—12)\(112 + ‘/22/\(122_

Without expressions for the derivatives of ¢! and ¢? the system is not involu-
tive. However, the integrability conditions for b* and b? give equations (the
Bertrand-Darboux equations) that can be used to express ¢! and ¢? entirely
in terms of the a”/. Calculating each of b}, and b2, in two different ways and
replacing derivatives of the form @} with the expressions above leads to two
equations for ¢! and 2.

=3V A + 3V = (Vida + VA + AVL) (6® — a'th)
+ (VA + VA = Vo' = VypA)a™?
3V +3VIAG = (V2o + VEA + AV3) (a®? — a')
+ (VP + VA = Vi — VpA)a™. (21)
These can be solved for ¢! and ¢? since the gradients of V! and V2 are linearly
independent.
Since all of the derivatives of a'!, a*? and a'? can be expressed in terms

of the a¥, at any regular point, the second order part of L is determined by
three numbers.

Theorem 2 The space of second order constants for a 2D superintegrable
potential with two parameters is exactly three-dimensional.

3.2 Cubic constants

Theorem 3 The space of third order constants for a 2D superintegrable po-
tential with two parameters is at most one-dimensional.

Proof: The general constant of third order in the momenta has the form

L 111,3 222, 3

= o' pi+a*pi+3a' P pips+3a'

plpg—l-(albll+042b12)p1+(a1621+a2622)p2 .
(22)

13



As for the second order constants, we demand that the coefficients of pq, po,
o1 and a9 vanish. The terms of zeroth order in the momenta lead to

‘/llbll + ‘/21621 — 0’ ‘/12b12 + ‘/22622 =0
VIO 4+ V0% + VA + VIR = 0. (23)
Since we have chosen V! and V2 such that V;? # 0, we can solve for b't, h?
and b?! in terms of 42, and find
V3 1 oo _ Vo 19 21 Vi
——=b b =-<b d v =-——=
V2 o V7
The coefficients in {H, L} that are first order in the momenta give the 6
equations,

o' = b'2. (24)

2 M Ao
3V11a111 + 3V21a112 — X b%1—|— ﬁ b11 + ? b21
2 A Ao
3‘/12a111 + 3‘/22a112 _ Z b%2+ A bl2+ 72 p22
A A2 A2
2 A Ao
3V12a122 + 3V22a222 - 2 ng—i—— b12+— b22
A A2 A2
2 A A
1,122 1,222 __ 21 1 711 2 121
3V11a112 + 3V21a122 — E b§1+2 b;l
A A
2,112 2122 2 22 2 12
3Via + 3Via = Xbl“LXb .
(25)

The first four of these, together with (24), allow a''!, a???, a''? and a'?? to
be expressed in terms of b'2 and its derivatives, provided that, as assumed,
VVZ — V}V2 # 0. Then, substituting these expressions and (24) into the
last two equations we obtain two equations for b}? and bs? of the form
1712 | 1/1p12 A AL VR 12
THeEE VR = Sy g (26)
f2 ()‘7 )‘ia Vk])

AVVE = VRV2)VE

VIR VO v 1)

where the two functions f, (), A;, V7) are polynomial in their arguments. So
the derivatives of b'? are multiples of b2 provided V}'VZ — V}'VZ? # 0 and
V2 # 0. Hence at any regular point, all of the a“* and % are determined

by one number and so the space of third order constants is at most one-
dimensional. Q.E.D.
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3.3 Fourth and sixth order constants

Theorem 4 The space of fourth order constants for a 2D superintegrable
potential with two parameters is at most siz-dimensional.

Proof: The general constant of fourth order has the form

L= Y ad™ppipep+ Y bPFaypipi+ > cYouey;  (28)
1,9,k,l=1,2 4,5,k=1,2 4,j=1,2

The vanishing of the coefficients of p; in {H, L} allow all of the derivative of
the ¢ to be expressed in terms of the b/,

6,111 = AVIBIL 4 AV p2

0’211 _ )\‘/111)12’1 + )\‘/'2le2’1

c’112 _ /\‘/—11b11,2 + /\‘/—21[)12,2 + )\‘/—12[)11,1 +/\V22b12’1

0,212 = AVEBI22 4 V122 4 AVERILT 4 AV 2pi2

c’122 _ )\V12b11’2 + )\V22b12’2

0,222 _ )\V12b12’2 4 )\V12b22’2 (29)

The integrability conditions of these equations, that is, equations of the
form ¢ = ¢, along with terms from {H, L} that are cubic in the mo-
menta, provide 11 equations for the 12 derivatives of the . If we define
b = (b1, byt b by bt bR by b ba >t b2 b57?), e, all of the
derivatives of the b’s excluding by>", then when these equations are written in
matrix form as Ab = B, the coefficient matrix A has determinant that is a
constant multiple of A=V} (V}!'V;2 — V;' V). Hence all of the derivative of the
b’s except by>' can be expressed in terms of the b and the /¥ provided
that V%l2 1;& 0 and V}'V? — V}V2 # 0. For the remaining derivative, we define
d = by

Now, the integrability conditions for the "% and the equations obtained
from the terms of {H, L} that are of fifth order in the momenta give 12
equations for the 10 derivatives of a”/*™ and the two derivatives di and d..
The coefficient matrix of these terms in the equations has determinant that
is a constant multiple of (V{!VZ — V3 V#)*(AV}}) 2, hence these equations can
be solve provided V'V — V,'V2 # 0 and V}! # 0.

So, the 5 a¥* 6 bY* 3 ¢% and d' form an involutive system. Each of
these symbols can be specified arbitrarily at a point. The 3 ¢ give rise
to 3 zeroth-order constants, the 6 b give rise to 6 quadratic constants (3
multiplied by «; and 3 multiplied by ay), and so there are at most 5+1 =6
genuinely fourth order constants. Q.E.D.

15



For the general sixth order constant

_ 17klmn 1jkl,m
L= > a™ppipspipmpn + D, 0" anpipiprp
1,9,k,l,m,n=1,2 1,9,k,l,;m=1,2

ikl ijk
+ Y MMogapipi+ D Ao 0 (30)
k=12 ijk=1,2

the argument proceeds similarly.

Theorem 5 The space of sixth order constants for a 2D superintegrable po-
tential with two parameters is at most 10-dimensional.

We will show that the space is exactly 10-dimensional.

4 Nondegenerate superintegrable systems in
two dimensions

Now we take up our main topic: a nondegenerate superintegrable system on
a two-dimensional manifold. In earlier work we have classified the possible
superintegrable systems on 2D complex flat space, the 2-sphere, and on Dar-
boux spaces [43, 44, 33, 34, 35]. The theory we present here applies to all
2D spaces and adds greater understanding of the structure of these systems.
The Hamiltonian system is

_ Pt

Az, y)

in local orthogonal coordinates. We say that the system is 2nd order superin-
tegrable with nondegenerate potential if it admits 3 functionally independent
second-order symmetries and the potential is 3-parameter (in addition to the
usual additive parameter). That is, at each point where the potential is de-
fined and analytic (a regular point), we can prescribe the value of V;, V5 and
V11 for some unique choice of parameters. Using the two Bertrand-Darboux
equations satisfied by the potential (coming from the two symmetries other
than the Hamiltonian) we can solve for Vo3 — V31 and Vi, in terms of the first
derivatives of V.
Thus a nondegenerate potential V(x,y) obeys the equations

+V(z,y) (31)

Voo = Vi1 + A%V, + B%V,,

‘/‘12 — A12V1+B12‘/2 (32)

Here, Vi, V5, Vi1 can be prescribed arbitrarily at a fixed regular point.
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A seemingly weaker requirement for a superintegrable system is that,
as usual, it admits three functionally independent constants of the motion,
but only for a two-parameter family of potentials V(z,y) = oV (z,y) +
BV (x,7), where the gradients of V'V, V(?) are linearly independent.

Lemma 1 “Two implies three.” If the system (31) admits three functionally
independent constants of the motion and a two-parameter family of potentials,
then it admits a three-parameter family (32).

Proof: The system admits a symmetry 3 a“p;p; + W if and only if the
Bertrand-Darboux equation is satisfied. This is 9;W; = 0;W; or

(/\a12)1 _ (/\all)2
A

(ACLQQ)l _ (Aa,12)2

(Vag —V11)(112"H/12(a11 —‘122) = [ )

Vi+]

[Va.
We can always find a symmetry such that a'!, a'2, a2 take on any prescribed
values at a regular point x3. Thus we can solve the three Bertrand-Darboux
equations for the potential to obtain the system

Voo = Vii + A%Vi + B%V,,
Vi = AV + BPV,
0 = A3V, + B3V,

Case 1. A*> = B® = 0. Then the equations are (32) and the system admits a
three-parameter family of potentials.

Case 2. A% # 0. Then Vi = D*V; so we find Vi1 = D3V, Vay = DSV, Vip =
D"V,. Thus V depends on only one parameter. Impossible!

Case 3. B> 2 0. Then V, = E*V] so we find Vi, = E°V;, Voo = E®V;, Vip =
E™V,. Thus V depends on only one parameter. Impossible! Q.E.D.

To obtain the integrability conditions for equations (32) we introduce the
dependent variables W) =V, W& =V, W® = Vi;, the vector

w®
w=| W® |, (33)
w®)
and the matrices
0 0 1
AW =| 41 B© 0|, (34)

A3 B3 g2 _ 422
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A12 Bl2 0
A®D = 42 B2 1 |, (35)
A23 B23 A12
where
A13 — A%Q _ A%Q + B12A22 + A12A12 _ B22A12
B¥ = B;* - BP+A”B" (36)
A23 — AP +B12A12, BZ3 — B112 +B12B12.

(37)
Then the integrability conditions for the system
Oy, w=A0w  j=12, (38)
must hold. These conditions are
AZ(J') _ A;_i) = AW AG) — ADAG) = 4D 40)), (39)

If and only if these conditions hold, the system has a solution V' depending
on 3 parameters.
From the conditions that

2

L= d"(z,y)pep; + W(z,y), o =d",
k,j=1

be a symmetry of the Hamiltonian and relations (32) we can solve for all of
the first partial derivatives 9;(Aa’¥) to obtain

06" = —220a%), a0a?) = -5 ), (40)
30,(\a'?) = (Aa' — Aa®)(—B' — %) +(al?)(—B2 + %),
30:(Aa®®) = (Aa'' — Xa®)(2B" — %) + (\a'?)(2B% + %),
30,(Ma'?) = (Aal' = Aa2)(A2 + %) + (Aa?) (A% + %),
300a") = (A~ aa®)(~24" + %)+ (\a?)(-247 4 ),

This system closes, so the space of solutions is at most 3 dimensional. How-
ever, by the assumption of superintegrability there are at least 3 functionally
independent symmetries. Hence the space of second order symmetries is
exactly 3 dimensional. A symmetry is uniquely determined by the 2 x 2
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symmetric matrix (A% (xg)) of its values at a regular point xo, and any such
matrix corresponds to a symmetry.
To determine the integrability conditions for system (40) we define the

vector-valued function

all

h(z,y,2) = | a'?
022

and directly compute the 3 x 3 matrix functions A{j) to get the first-order
system _
O;h=A%h  j=1,2. (41)

The integrability conditions for this system are
A§2) _ AS) = ADA® — AP AN = [AD) 4@, (42)

Now we investigate the space of third order constants of the motion:

2

K=Y a"(x1,z2)prpjpi + b (1, 22)pe, (43)
knjri=1

which must satisfy {H, K} = 0. Here a*’* is symmetric in the indices &, 7, i.
The conditions are

2(?96; = ‘3(8;?&“’# aézAaj”), i (44)
3?;:1 + %CZ = 3(_8;2/\&%]' _ 8812/\0173'), i #
gi gi = 33221A gl (45)
2 2
SZ _gg ov _%Szlalnj P
and

st axs =0. (46)

The general solution for the terms third order in the p; is a sum of third
order monomials in the p; and J3 = x1ps — zop;. The ¥/ is just a third
order Killing tensor. We require the potential V' to be superintegrable and
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non-degenerate, and that the highest order terms, the a*/* in the constant
of the motion, be independent of the three parameters in V . The b’ must

depend on these parameters linearly. We set

2
W(asas) = 3 F59 (2, 20) O (1, ).

j=1 iy

(We are excluding the purely first order symmetries.) Substituting this ex-
pression into (46) we see that

[+ =0, 1452
Further
by = Vo + f1PVia, by = o Vot [V,
b= Vi PV, 0= Vi P,

where the subscript j denotes the partial derivative with respect to z;. Sub-
stituting these results and expressions (32) into the defining equations (45)
and equating coefficients of Vi, V5, Vi1, respectively, we obtain the indepen-
dent conditions:

datt = Lpaean ), 7
. %flﬂ(_2312+(lnk)1),
Agl? = % fH2(2A% + 2B" + (In )\),),
N2 = é FY2(=2A12 4 2B _ (In \),),
1= S 2B ), 4
12 _ %flﬂ(—QA12 — B” + (In\)y),

Note that (47) yield expressions for all a*/* in terms of f1'? and the A%, B%
functions. Similarly (48) yield expressions for f,* in terms of f'? and the
Akt Bkt functions. Thus we have an involutive system for f12, possibly sub-
ject to additional conditions from (45). Thus any third order constant of the
motion defined by f12(z,y) is uniquely determined by its value f?(zg,yo)
at some regular point (xg,4o). This means that the space of third order
constants of the motion is at most 1-dimensional.

There are two cases to consider.
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CASE 1: 24" = B?2 = (In \),, 2B = —A* = (In \);. Then it follows from
(47) that all a”* = 0. The integrability conditions require (In )11+ (In \)gp =
0, which is the condition for flat space, Thus by an appropriate orthogonal
change of coordinates we can assume that A = 1. In these new coordinates
we see that AY = BY = () for all 4, j. The general solution is

f1,2 = Cq,
where ¢y, is a constant. This is the homogeneous isotropic oscillator:
V(z,y) = az + By + (2> + ). (49)

Note that for this very special case a nonzero Poisson bracket of 2 second
order constants of the motion must be first order.

CASE 2: The conditions for CASE 1 do not hold for all A% B*. Now (47)
yield expressions for all ¢”/* in terms of f!2 and the A%, B¥ functions and
not all a”/* vanish. Similarly (48) yield expressions for all fi1’2 in terms of
Y% and the A B functions. We will show that the space of symmetries
is exactly one dimensional.

Theorem 6 Let K be a third order constant of the motion for a superinte-
grable system with nondegenerate potential V :

2

2
K=Y a(z,y)pepipi + 3 b (@, y)pe.
kzjaizl =1

Then
{ 2 4,5 oV
j=1

j
with _ _

Y4 pt=0, 1<45<2,
and the a”* b are uniquely determined by the number f1?(xq,y0) at some
regular point (zo,yo) of V.

Let
Ly = Z aflj)p’fpj +Wa, L2= Z aé’)pkpj + Wiy
be second order constants of the the motion for a superintegrable system with

nondegenerate potential and let Ag)(z,y) = {al(% (z,y)}, i =1,2 be 2 x 2
matrix functions. Then the Poisson bracket of these symmetries is given by

2

{Li, Lo} = > d"(x,y)pepjpi + b (z, y)pe (51)
k:jaizl
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where
Z R A
= 2)\ J a‘zl J)U/‘Z2)). (52)

Thus {L, Ly} is uniquely determined by the skew-symmetric matrix
A, Aml = Ae)Ag) — Ao Ae), (53)

hence by the constant matrix [A) (o, Yo), A1) (%o, Yo)] evaluated at a regular
point.

Corollary 1 Let V be a superintegrable nondegenerate potential. The space
of third order constants of the motion is one-dimensional and is spanned by
Poisson brackets of the second order constants of the motion.

Corollary 2 Let V be a superintegrable nondegenerate potential and L1, Lo

be second order constants of the motion with matrices Ay, Ay, respectively.
Then

{L1, L1} =0 <= [A(1), A(g)] =0 [A(l)(Xo),.A(g)(XO)] =0

at a reqular point X.

4.1 A standard form for 2D superintegrable systems

For superintegrable nondegenerate potentials there is a standard structure
allowing the identification of the space of second order constants of the motion
with the space of 2 X 2 symmetric matrices, as well as identification of the
space of third order constants of the motion with the space of 2 x 2 skew-
symmetric matrices. Indeed, if xy is a regular point then there is a 1 — 1
linear correspondence between second order operators L and their associated
symmetric matrices Axq). Let {Ly, Ly}' = {L3, L1} be the reversed Poisson
bracket. Then the map

{L1, Ly} <= [Aq)(x0), A (%0)]

is an algebraic isomorphism. Here, L, L, are in involution if and only if
matrices A(1)(xo), A(2)(x0) commute. If {L;, Lo} # 0 then it is a third order
symmetry and can be uniquely associated with the skew-symmetric matrix
[Aq)(%0), A(2)(x0)]. Since commutators of second order constants of the mo-
tion span the space of third order constants, we can identify these 1 —1 with
2 x 2 skew-symmetric matrices. Let £Y be the 2 x 2 matrix with a 1 in
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row 7, column 7 and 0 for every other matrix element. Then the symmetric
matrices

AW = (€7 +&) = AUD G =1,2 (54)
form a basis for the 3-dimensional space of symmetric matrices. Moreover,

- 1 ) . ) .
(AW, AR = (0B + 6;¢B™) + 5, YD) 4 6,,B9M) (55)

where

B — %(gij _ 5jz') =-_BUY 4 j=1,2.

Here B = 0 and B(? forms a basis for the space of skew-symmetric ma-
trices. Thus (55) gives the commutation relations for the second order sym-
metries. If V is the isotropic oscillator then there is no truly third order
symmetry. For any other nondegenerate potential, the space of symmetries
is exactly one dimensional.

To gain a deeper understanding of this structure, it is useful to reformulate
the problem of determining the second order symmetries of (31). We set

W(z) = f'Vi+ fVa+ f1'V0

and substitute this result into W; = )\2321 a“V;. Additionally we must
impose the Killing tensor conditions

a = —(In \)1a' — (In\)pa®, 247 + af = —(InA)1a — (In XN)ga®™, i # j.
From the expressions for W; we obtain the equations for the a%:

)\all — fll + f2A12 + f11A13 (56)
)\(1,12 — f21 + f1A12 + f2A22
)\a22 — f22 + le12 + f2B22

and the condition on the first derivatives of the f:
Flo f2= _fLA 4 f2A% B2y fupn (57)
Note the expressions for fl! and fi! in terms of f!, f2, f'%:
1y Ly PIRIZ g2y — ) [l 2y flig2 g

Differentiating (57) with respect to each of x1 and z2 and substituting (56)
into the Killing equations we see that we can express each of the second
derivatives of f!, f? in terms of lower order derivatives of f!, f2 f'*. Thus
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the system is in involution at the second derivative level, but not at the
first derivative level because we have only one condition for the 6 derivatives
I fa, f2, f2. We can uniquely determine a symmetry at a regular point
by choosing the 6 parameters (f1, 2, f11, fi, f5, f2) The values of f1, f2, f1
at the regular point are analogous to the 3 parameters that we can add to

the potentials in the 3 parameter family. For our standard basis, we fix
(fY 12, fM)%, = (0,0,0). Then from (56), (57) we have

N AN
fop) M e e )

Thus we can define a standard set of basis symmetries SU¥) = 3, , aé?k) (x)pipn+
WUk (x) corresponding to a regular point X, by

1 1 11 12
( ;12 ;22 ) = A(x0) ( Zzl 322 ) = )\(XO)A(jk), W(jk)(xo) =0.

The condition on WUk is actually 3 conditions since WU*) depends on 3
parameters.

4.2 Multiseparability of 2D systems

From the general theory of variable separation for Hamilton-Jacobi equations
[19, 20] we know that a second order symmetry L defines a separable system
for the equation

_ pi+p;

H Az, y)

+V(z,y)=E

if and only if

1. The symmetries H, L form a linearly independent set as quadratic
forms.

2. The two quadratic forms have a common eigenbasis of differential forms.

This last requirement means that, expressed in Cartesian coordinates, the
matrix 4 (x) can be diagonalized by conjugacy transforms in a neighborhood
of a regular point.

Corollary 3 Let V be a superintegrable nondegenerate potential and L be
a second order constant of the motion with matriz function A(x). If at
some regular point Xo the matriz A(xo) has 2 distinct eigenvalues, then H, L
characterize an orthogonal separable coordinate system.

Note: Since a generic 2 X 2 symmetric matrix has distinct roots, it follows
that any superintegrable nondegenerate potential is multiseparable.
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4.3 The quadratic algebra

Next we investigate the space of fourth order constants of the motion for 2D
systems in some detail. We already know that the dimension of this space is
at most 6. Here a constant of the motion

2 2
> ™M@y, pppipi+ 30 V@Y, 2)pmpy + W (2,9, 2), (58)

0,k,j,1=1 m,g=1

must satisfy {H, F'} = 0. Again a*7% ™4 are symmetric in all indices.
The conditions are

da'™ 2 Oln A

— _2 SZZZ
ox; Z 0z, (59)
9aii Hgii 2 oln \
- _ 511J - .
46@ +8xj 62 S, 1 #
Oali® 0a* 2 8 In A 2 8 In )\
) - _ sige 2 N sijj 2 ; -
38% + o, Za 32 i#j (60)
b 8b“ oV 2 0ln)
2 — sjit 2V sj . - 1
o0x; 8 6/\2 0z szz:lb Ox, 177 (61)
ob* V 2 0ln)
—9 szzz _ sj
ox; A 52:1 T 52::1 b Oxs
and
oW
S’L . 2
A Z b 6155 ox; (62)

Note that the a®*/* is a fourth order Killing tensor. We require the poten-
tial V' to be superintegrable and non-degenerate and that the highest order
terms, the a7 in the constant of the motion, be independent of the three
parameters in V. The ™! must depend linearly and W quadratically on
these parameters.

We set

3
b]k — Z fjk,aW(a)’ fjk,a — fkj,a’
a=1

where W(® is defined by

w) Vi
W(Z) =1 V
w3 Vi1
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Then conditions (61) become

9 . 3., . .
+—— fhho_g)qahik — _ Z (fakﬁA%) + fh7’7Ag’2 + f’“h”Aﬁ,’cZ)

awj =1

0 .. 0 .pi
Y rjkya Y rhja
o, e, !

(63)

2
- 0
=3 (e £+ f05) - Inp
s=1 Ts
where 1 < j,k, h < 2 and we set a3"* = 0. From the integrability conditions

%(gﬁ‘;) a‘z (gZV) i # j for equations (62) we obtain the conditions

awj fﬂk,a + acj fak,ﬁ _ aﬁk fﬁj,a _ 3wkfaj,ﬂ _ (64)
( (ﬁl?fsj,a + Agi)fsj,,@ o AI(Bjs)fsk,a . A((;zs)fSkﬁ)

(f,BJ ’YA(/C famAgkﬂ) _ fﬁkﬁA% _ fakﬁAng)

ﬁMw ‘EMw

0 , o O
_(fﬂk,a + fak,ﬂ)_ In )+ (fﬁj,a + faj,ﬂ)_ In ),
a:cj awk
where j # k, 1 < o, 8 < 3 and we set f3* = (.
There are 8 independent equations (63) with o # 3 and we use 5 of these
to define the 5 components a/* as linear combinations of 32 f7%* and fike.
},

We can then eliminate the a**/* from the remaining 3 equations to obtain 3
conditions relating 32 f7¥% and f#*@. There are 6 terms of the form 2 f7¥5.
T, Th

Equations (64) with o = 8 = 3 are satisfied identically. There are 2 equations

(64) with 8 =3, 1 < a < 2 and 4 equations (63) with « = 3. Thus all 6

terms of the form ;2 f/*3 can be expressed as linear combinations of f/*.
o,

There are a total of 12 distinct terms of the form 32>~ fi¥™ 1 < h, j, k,m < 2.
Th

We have seen that there are 3 conditions on these terms remaining from (63);
there are an additional 3 such conditions from (64) with «, 5 # 3. Thus there
is a shortfall of 6 conditions on the first derivatives 32~ fik:m.

Th

5o [hm with 1 <
h,7,k,£,m < 2 Differentiating with respect to x1,zs the 3 first order con-
ditions of (63), from which the a™/* have been eliminated, we obtain 6 in-
dependent conditions on these 2nd derivatives. Differentiating each of our
expressions for the a®** and substituting into equations (59) we find 6 ad-
ditional conditions on the second derivatives. Also, we can differentiate the

3 equations from (62) with a, 8 # 3 to obtain 6 additional conditions on

There are a total of 18 distinct terms of the form
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the 2nd derivatives. This allows us to express each second order derivative
as a linear combination of lower order derivatives, Thus the system is in
involution.

We conclude that any fourth order symmetry is uniquely determined by
the values f7%%(xg) and a subset of 6 of the values ;- f7%™(x,) at a reg-
ular point xy,. Note that by adding an appropriate liﬁear combination of
purely second order symmetries to the fourth order symmetry we can achieve
J7%2(xq) = 0 for all 5, k, a, so the maximum possible dimension of the space
of purely fourth order symmetries is 6. However any second order polynomial
in the second order symmetries is a fourth order symmetry, and the subspace
of polynomial symmetries is at least 5 and at most 6. We show that it is
exactly 6.

Theorem 7 The 6 distinct monomaials
(8(11))2, (8(22))2, (8(12))2, 8(11)8(22), 8(11)8(12), 8(12)8(22),

form a basis for the space of fourth order symmetries.

Proof: Since the 3 symmetries SM, S@?) 802 are functionally indepen-
dent, the 6 monomials listed above are linearly independent. Hence they
form a basis. Q.E.D.

We can use this result to explicitly expand a general fourth order sym-
metry

2 2
F= > a"™(x,y,2)pmrppi + Y, V™(@,y,2)pmpg + W(z,y, 2)
K,k,j,’izl m,q=1

in terms of the standard basis. Without loss of generality we can assume
that (0,0) = 0 is a regular point. Then F' is uniquely determined by the
data a®74(0), 9,,a*7(0), b™1(0), W(0). We can uniquely match the data
a®*7(0) by taking a linear combination of the basis symmetries

(11)\2 (22))2 (12)\2 (1) e(12)  @(12) o(22)
(SIVY2, (82)7, (S02)2, SIS0, 502502,

This leaves the symmetry S1VS?2) — (S§(12))2 whose leading order terms
vanish at the regular point. The expansion coefficient for this term is obtained
uniquely from the derivative data 0,,a*7*(0). Now we have matched all of
the 4th order terms in F with an expansion of the form F = 3~ &, S S*9).
The difference F' — F is a second order symmetry. It is uniquely determined
by the data ™¢(0), W (0), which hasn’t changed since W) (0) = 0 for all
terms in the standard basis, Thus F — F = ¥ v™(0)S™%) + W (0) and we
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have expanded the original symmetry in terms of second order polynomials
in the standard basis.

Similarly we see that the maximal dimension of 10 sixth order symmetries
is achieved by monomials in the second order symmetries.

Theorem 8 The 10 distinct monomials
(SC)3 (83 (82800 (8E)286) (86286 = §(11) §(12) §(22)
fori,7 =1,2, i # 5 form a basis for the space of sixth order symmetries.

Proof: Since the 3 symmetries SV, S22 S(12) are functionally indepen-
dent, the 10 monomials listed above are linearly independent. Hence they
form a basis. Q.E.D.

These theorems establish the closure of the quadratic algebra for 2D su-
perintegrable potentials: All fourth order and sixth order symmetries can be
expressed as polynomials in the second order symmetries.

Again, we can use these results to explicitly expand a general sixth order
symmetry

G = Z a'ijklmnpipjpkplpmpn + Z bijklpipjpkpl
iajykalaman:172 i,j,k,l:l,?
+ Y Fpip+ W (65)
1,7=1,2

in terms of the standard basis. Without loss of generality we can assume that
(0,0) = 0 is a regular point. Then G is uniquely determined by the data
a7k (0), ,a**™m(0), b9H(0), 8,6 (0), W(0). We can uniquely match
the data a”*"™"(0) by taking a linear combination of the 7 symmetries

(83 (83 (82804 (§)28),
for 4,5 = 1,2, i # j. This leaves the 3 symmetries
8(11) (8(11)8(22) —(8(12))2), 8(12) (5(11)8(22) —(8(12))2), 8(22) (8(11)8(22) _(8(12))2)

whose leading order terms vanish at the regular point. The expansion co-
efficients for these 3 terms are obtained uniquely from the derivative data
0,a" ¥ ™" Now we have matched all of the 6th order terms in G with an
expansion of the form G = 3 &kmn S S*I S The difference G — G is a
fourth order symmetry. It is uniquely determined by the data b“*!(0), W (0)
b™(0), W(0), (which hasn’t changed since W) (0) = 0 for all terms in the
standard basis), and the data 9% (0) which has changed. Now we can
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use the argument presented above to expand this fourth order symmetry in
terms of polynomials in the standard basis.

EXAMPLE: We indicate, briefly, how the example that we started with, (1),
fits into the present structure. In the example the potential is

Viz,y) = % <¢«12($2 +9°) +

where w, ki and k9 are arbitrary parameters. It is easy to verify that, apart
from an additve constant, this is the general solution of the system

3 3
Voo =V =-Vi— V5, Vig =0.
z Y

Hence we have a nondegenerate potential with

_?° A = B = .

A natural basis of functionally independent second order symmetries is {S;, Sa, Sz},
(8). To apply the above results directly, we need to choose a standard basis

at a regular point. We choose the regular point xo = (1,1). Then the stan-
dard second order symmetries S, S2) S(12) are the unique symmetries

that restrict to p2, p,papy, respectively, at xo. Thus

1

1
U =32 + (7~ K

=)W1 — ),

1 1
S =g+ (3~ K) (g~ D+ 9?)
1 1/ 1 1—y2 1 1— 22
S12) = 3 (92 + 2~ (2py — ypw)2)+§ <(Z — B+ () 7 )) +w?(2—2—y?).
The bases are related by
1 1
81:8(“)+w2+kf—1, 82:8(22)+w2+k§—1,

S =8 4 §*) _95012) 1 E? — k2.
2

Using these relations and our theory we can verify the quadratic algebra
structure for (8).
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5 Fine structure for 2D superintegrable sys-
tems: A one-parameter potential

Here we consider a superintegrable system that admits three functionally
independent constants of the motion, but only for a one-parameter family
of potentials V(z,y) = aV(®(z,y), where the gradient of V() is nonzero.
If the one-parameter family of potentials cannot be extended to a two-
parameter family, then by the proof of Lemma 1 the system must admit
a four-dimensional family of symmetries Zaa)pipj +Ww k=1, 4.
The Bertrand-Darboux equations for the potential are equivalent to a single
first-order equation that, without loss of generality, we can write as

Vi + DVs = 0. (66)

We change variables to a new orthogonal coordinate system {u,v} so that
(66) transforms to 9,V = 0. In these coordinates the Bertrand-Darboux
equation for a symmetry becomes

~ViwAa®? = [(Aa), = (M) V, (67)

where
—/\a12A(U) = ()\au)v — (Aa”)u

for all symmetries a. Thus the equation for the potential V(v) becomes
Voo = A(0) V.
The equations for a second-order symmetry are now

(Aa')y = —Aa'?, (68)
2 1 1
(Aa®?), = gA(v))\a12 + g)\vam + g)\u(a22 —a'l),
(Aa*?), = =M%
12 1 2 Ly o Ly e
(Aa™?), = —gA(v))\a + g)\va + g)\u(a —a'),
2(xa?), + (Aa'h), = Aa'? + N (att —a®).

From the integrability condition 9,(Aa*?), = 9,(Aa*?), and (68) we can
derive an equation of the form \,a?? = - - - where the right-hand side doesn’t
depend on the derivatives of the a¥. If A\, # 0 then we have an involutory
system a¥ = ---, a¥ = ... at the first derivative level. Hence the space

of symmetries would be at most 3-dimensional. This is a contradiction, so
we must have A\, = 0. This implies that the system admits the first-order
symmetry L = p, as well as a second-order symmetry p2.
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Introducing these simplifications into (68) and setting al! = s we obtain
the involutive system

!
al! = —%aw, (69)
2 IDY
22 _ ‘g 12, 1A 12
a2 = _/\Xlam’
1 2\
W = —(GAW) + 21",
1N
a,’ = —§(X022+5)
N, 1NN
e = [~y +:20@2+4 12
so= (-Gr+ i) +aen) e
1N P N N

s o= @5 AW =T? =8+ () - (5))e”,

where A = \(v). This system can depend on at most four constants a'!', a'?

a??, s at a regular point. Since the system is at least four-dimensional, we see

that it is eractly four-dimensional and that the integrability conditions must

be satisfied. (Thus the system corresponds to a Darboux space, [40, 34, 35].)
The only nontrivial integrability condition is 9,a2* = 8,a2* or

, 2, 1L XN 1N, XN

A=A+ gAT T3+ G

In terms of the potential function V', this condition can be expressed as

)\I VII
2 = an P

) = 0. (70)

for v a constant.

Theorem 9 Ewvery system with a one-parameter potential and 3 function-
ally independent second-order symmetries is the restriction of some three-
parameter potential to a single parameter, such that the restricted potential
is annihilated by some first order symmetry of the Darbouz space.

PROOF: From the discussion above, we can pass to coordinates u,v such
that the system takes the form

2 2
_ Pyt Py
=\ + vV (v).
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The Poisson bracket {p,, S} for any second-order symmetry S = ¥ a"p;p; +
W of our system is also a second order symmetry 3" a/p;p;+W,,. Thus the lin-
ear operation of differentiating with respect to u leaves the four-dimensional
space of second-order symmetries invariant. We can get more detailed infor-
mation about this space by choosing a basis in which d, is in Jordan canonical
form. A two dimensional subspace of the symmetries is spanned by H and
p2, which are in the null space of 9,. Thus the possible Jordan forms for 9,

are

&£ 0 00 €000
o &oo oo 1o0
D lo 0 00l D o000l
0 0 00 000 0
0100 €100
m')-OOlO ) 0 €00
“1looool 000 0|
0000 0000

0100

v).oooo

“looo1]

0000

where £ and &; are nonzero.

We will use these canonical forms to show that there always exists a
three-dimensional subspace of the four parameter subspace of second order
symmetries and a nondegenerate potential V, containing, V" as a special case,
such that the subspace is spanned by H = (p2 4+ p2)/A + V, p2 + Wi, and
Y aYpip; + Wy where Y a¥p;p; + Wy is one of the symmetries of the one-
parameter system. First note from the Bertrand - Darboux equations and
equations (69) that the defining equations for the nondegenerate potential
associated to these 3 symmetries must be

- i .
Y"" = Viu + 3(lng JuVu + A(0)Vy, (71)

_ N
Ve = XV

Here (Ina'?),, = 0 and Zaijpipj + Wy is the third symmetry. The integra-
bility conditions for equations (71) reduce to the single requirement

)R-

Consider the case where 0, acting on the space of second-order symmetries
has an eigenvector S with eigenvalue £ # 0. Then this symmetry must have
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the form
all — bll(v)egu, a12 — [)12(1})6.@7 a22 — 622(U)€§u.

Substituting these expressions into equations (69) we obtain the conditions

N ! N\ 2 !
e () o e

which, together with (70), implies (72). Further, the integrability conditions
for the 3 symmetries H, p2+W, S to correspond to a nondegenerate potential
are

AW M\ 2 N AN SRS
1862 =122 | =8| 2| =845 +6A4"—24% 262=|2| —[Z ]| —AZ=

(74)
and these are also implied by (73) and (70).

For the remaining systems there is a second-order symmetry whose quadratic
terms are Sp = Y a”p;p; such that the quadratic terms in S; = 9,5, also
correspond to a symmetry, and 0,57 = 0. Clearly, there are constants «, 8
with |a? + |8]> > 0 and

2
—_— + ,Bpi, SQ = USl + TZ(U)

where 75 is a quadratic form in p,, p, that depends only on v. From conditions
(69) it is straightforward to compute that

AI
a2 = b2(v), aQZ:GU;B, all:—xbu(v)u—}-cu(v),
and, finally, that
X\
_ (2 - AL = In a'?), = &.
()\) +()\> + 3 0, (Ina™),=¢ (75)

The integrability conditions for the 3 symmetries H, P2+ W, Sy + W, to
correspond to a nondegenerate potential are

XYY X\ N
—12(2) 8 (2 ) —842 +64'—242 2 (2 —ad
0=12(%) -8(%) -sagrea-2a o= (5)-(5) -a%. a0

and these, as well as (72) are implied by (73) and (70). Q.E.D.

Remark: It is easy to show using conditions (69) that the Jordan form
iv) does not, in fact, occur.
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6 Conclusions and further work

In this paper we have uncovered the structure of 2D classical superinte-
grable systems with nondegenerate potential and verified the existence of a
quadratic algebra of symmetries for all such systems. We have shown how
to compute the quadratic algebra relations in general. We have shown that
superintegrable systems with degenerate one and two parameter potentials
can be considered as restrictions of nondegenerate systems. We have verified
that, with one exception, all nondegenerate superintegrable 2D systems are
multiseparable. In the next paper in this series we will develop the properties
of the Stackel transform between superintegrable systems and verify that all
nondegenerate 2D systems are Stackel transforms of 2D constant curvature
systems (already classified, [43, 44]). This will lead to a simple classifica-
tion of all 2D nondegenerate superintegrable systems. Koenigs, [40], in a
remarkable paper has already classified all 2D (zero potential ) spaces that
admit 3 second order Killing tensors. Our classification, considerably sim-
pler than Koenigs’, will show that all of his spaces also admit nondegenerate
potentials. The next papers will extend these results to the case n = 3, a
prelude to a treatment for general n. The case n = 2 is very special and new
techniques have to be developed for higher n. However the basic conclusions
and structure theorems can be generalized. We will also show how to solve
the quantization problem and carry over the structure theory to the operator
case.
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