Problem Set #2

Math 8600
November 12, 2002

Exercise 1 (Oversampling) In this problem you will show that a positive
effect of sampling a band limited signal f(t) at a rate faster than the Nyquist
rate is that the expansion for f(t) in terms of the sampled values converges
at a faster rate. (The negative effect is that you have to sample more often.)

1. Suppose [ satisfies the hypotheses of the Shannon sampling theorem
proven in the notes; in particular it is a band limited signal with f(\) =
0 for |A| > Q. Fiz a > 1 and reprove the theorem to show that
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Solution: Here we use the definitions
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On the interval [—aS2, aQ)] we can expand f(X) in a uniformly conver-
gent Fourier series

f = 3 cne 5.
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Since f(\) vanishes outside this interval,
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3. Since f(A) =0 for |\| > Q, we see that f(A) = f(N)da(\). Prove that
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Solution:

F) = FNG) = 3 cone 55, (0).
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Note that if h(\) = e~ 4@ §,()\) then
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Hence the result follows.

Since go(t) has a factor of t* in the denominator, this expression for
f(t) converges faster than the expression in the Shannon theorem. Note
that the nth term behaves like 1/n?, rather than 1/n.

Exercise 2 (Filtering with the FFT) Let

2
F(t) = e 10 (sin 2t + 2 cos 4t + 0.4 sin ¢ sin 50¢) .

Discretize f by setting yp = f(2km/256),k = 1,---,256. Use MATLAB’s
FFT to compute 4 for 0 < k < 256. (Note that y,_r = Ty. Thus the
low frequency coefficients are 4o, -« *, Ym and Yaos6—m, -, Y256 for some small
integer m. Filter out the high-frequency terms by setting 4, = 0 for m <
k < 255 — m with m = 6. Then apply the inverse FFT to these filtered iy
to compute the filtered y,. Plot the results and compare with the original
unfiltered signal. Experiment with several different values of m.

Exercise 3 (Compression with the FFT) Consider the signal f(t) as given
in the previous problem. Let tol = 1.0 In the previous problem compress the
transformed signal by setting 4, = 0 whenever |ji| < tol. Apply the inverse
FFT to the compressed transfirmed signal to get a compressed signal yi. Plot
the results and compare with the original uncompressed signal. FExperiment
with several different values of tol. Keep track of the percentage of Fourier
coefficients that have been filtered out.

Exercise 4 Construct the unitary rep Ty of Hg induced by the one-dimensional

rep TY (a1, az,y3) = €2™N¥% of the subgroup H', where N is an integer (not

necessarily positive). Determine the action of Hg on the rep space. Under
what conditions on N is Ty irred?

Solution Here Ty is defined on the space V of functions f on Hp such that
f(BA) = Ty(B)f(A) for all B€ H', A € Hpg, i.e.,

(a1 + 21, az + @2, Y3 + T3 + a132) = " NEE (2, 32, 73). (1)
The operators Tn(A), A € Hg act on V according to
[T (A)E)(A) = £(A'A). (2)
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We see that for any A(xq1,z9,23) we can always choose B(aq,as,ys) such
that BA = A'(2),x4,0) where 0 < 2} < 1,0 < 2z}, < 1. Thus f can be
restricted to X = H'\Hg with coordinates (z!,z},0). Moreover, setting
x3 = 0,y3 = —a1x2 in we have the periodicity condition

—2miNaixo

olar + z1,02 + 19) = € o(x1,72) (3)

where ¢(z1,22) = f(1,x9,0). Conversely, given ¢ we can define a unique f
satisfying by

f(x1, 20, 23) = (a1, xg)esz“.

The Hpg-invariant inner product on X is dxdxs:

1 1
(p1,02) = /0 /0 P1(21, T2)P2 (71, T2)dz1dTs, (4)
and the operator Ty[y] = Tn(A(y1, y2, y3)) acts on these functions by

(Tw[yle) (@1, 22) = exp2miN (ys + 21y2)]0(z1 + Y1, 22 + 42).  (5)

If N =0, it is obvious that this representation is reducible. Indeed, each
exponential e!(™1#17272) for m, my, integers is mapped to a multiple of itself
by the group action. Now assume that the integer /V is nonzero.

Consider the periodizing operators
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which is well defined for any ¢ € Ly(R) which belongs to the Schwartz space.
It is straightforward to verify that f; = P ;1 satisfies the required periodicity
condition, hence f belongs to V. Further f; = €*™/®2 F (1, X,) where F is
periodic in x5 with period 1/N. We say that V; is the space of those functions
in V' with this form. Also
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so P = Z'N‘ ! P, can be extended to an inner product preserving mapping
of Ly(R) into V. That is, P maps ¢, %' to 3, f;, 32, f] respectively, and we

have
1 V-1

E6E0 =200 =y X 00 =00)

It is clear from that if ¢;(xq,zs) = ij(xl,xz,()) then we can recover
¥(z1) by integrating with respect to xy : ¥(z1) = [y @;(z1,y)e "% dy.
Thus we define the mapping P of V} into Ly(R) by

Pioi(t) = I | olbu)e 5y, eV "

Since ; € V} we have
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for a an integer. (Here ¢, (t) is the nth Fourier coefficient of ¢(t,y).) The
Parseval formula then yields
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Thus this is an inner product preserving mapping of V' = @;V] back into
Ly(R). Moreover, it is easy to verify that

for ¢ € Ly(R), p € V', ie., P* = 3, P} is the adjoint of P} ; P;. Since

P*P = e on Ly(R) it follows that P is a unitary operator mapping Ls(R)

onto V' and P* = P! is a unitary operator mapping V' onto L, (R).
Finally,

(PjTN[y]lb) (x) = e2mili+N(z3+ys+2192)] Y 62ﬂin(zz+y2)¢(n +z1+ Y1)
= (Tly]P;4)(x)



so P,;TV[y] = Tn[y|P; and the unitary reps TV and ’i‘N|V;-’ are equivalent
for each j =0,1,---,|N| — 1.

Thus we have shown that The representation space V' splits into a direct
sum of |N| subspaces V}’ , and restricted to each of these subspaces the rep-

resentation is irreducible and equivalent to TV. Note that Ty is irreducible
only if N = +1.

Exercise 5 Suppose f € Ly(R) such that fp # 0 almost everywhere. Prove
that the set {™mertma) g /| fol  my,my = +1,42,---} is an ON basis
for the lattice Hilbert space V'. Find an explicit expression for the corre-
sponding ON basis of Ly(R) obtained from the mapping P~.

Solution: We have that fp # 0 a.e., that it is square integrable on the unit
square, and that

felar + 1,00 + 22) = 6_2ma1z2fP(331, Za),

Moreover,
o

fe(zi,z0) = ). ™™ f(z, +k).

k=—o00

Note also that

<fo>= [ s0gd = (fe.ge) = [ [ fogodidr,

and
T [y1, yo) fo (1, T2) = ¥ fp(z — 1+ y1, T2 + Ya),
T y1, yo) f (1) = ™2 f(t + y1).
Now let gp € V'. We want to expand gp in the form

gp(z1,T2) = Y Conym, €T MD2) £, /) fio | (24, 29).
mi,ma

Note that the set

Em1m2 (xla x2) = 62m.(mlwH—mZm)fP/‘fP|

is ON on V. Indeed

1 1 i
(Em1m2’ En1n2) _ / / 627rz[(m1—n1)m1+(m2—n2)m2]dxldx2 — 5m1n15m2n2-
0 0
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To show that this set is a basis, note that since gp fpi/|fp| is square inte-
grable, our problem is equivalent to the expansion

P| (331, .IQ Z Cm1m2€2m(m1$1+m2$2)

ap
| fp

which we know exists. Indeed

mi,m3

f_ T
Cniny = (9P |ff" ¢ ’("1$1+n2z2)) = (gp, Enyn,)-

Next, note that ‘jf_:%‘(xl,xz) satisfies the twisted periodicity property, so

that it belongs to V’. Hence there is a square integrable function f(t) such
that

fe _ s fp
./ e ‘@ y)dy = f(t), Pf= ol

Moreover, for any g € L?(R) we have

27ri(m1$1+m2$2 2mimat

T'[—ma,milgp = e gp, T'—mgy,mig(t) =e gt —my).

Therefore, our ON basis in L?(R) is

Framalt) = & ft =), F0) = [ L

skokskokokokoskokok
The following MATLAB routines should be useful:

function fc=compress( f, r)
% Input the vector f and ratio r: 0<= r <=1.
% The output is the vector fc in which the smallest
% 100r% of the terms f_k, in absolute value, are set
% equal to zero.
if (r<0) | (r>1)
error (’r should be between 0 and 1°)
end;
N=length(f); Nr=floor (N r);
ff=sort(abs(w));
tol=abs (ww(Nr+1) ;
fc=(abs (w) >=tol) . *w;



You can discretize the interval [0, 27| and read in the signal as a vector
by using the commands

t=linspace (0,2%pi,278);
f=exp(-t."2/10) .*(sin(2*%t)+2*cos (4*t)+0.4*sin(t) .*sin(50%t)) ;

If hatf is the FFT of f, you can filter out high frequency components
fromhat f with a command such as

filterhatf=[ hatf(1: m) zeros(l, 2°8-2%m) hatf(2°8-m+1:2°8)]

function L2error =fftcomp(t,f,r)
% Input: time vector t, signal vector f, compression rate r, (between
% 0 and 1)
Output: graph of f, graph of the compression of f, and the relative L2
error
if (r<0) | (r>1)
error (’r should be between 0 and 1’)
end;
hatf=fft(£f);
hatfc=compress(hatf,r) ;
fc=ifft(hatfc);
plot(t,f,t,fc)
L2error=norm(f-fc,2) /norm(f)



