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Abstract

Recently many new classes of integrable systems in n dimensions occurring in classical
and quantum mechanics have been shown to admit a functionally independent set of 2n — 1
symmetries polynomial in the canonical momenta, so that they are in fact superintegrable.
These newly discovered systems are all separable in some coordinate system and, typically, they
depend on one or more parameters in such a way that the system is superintegrable exactly when
some of the parameters are rational numbers. Most of the constructions to date are for n = 2
but cases where n > 2 are multiplying rapidly. In this article we organize a large class of such
systems, many new, and emphasize the underlying mechanisms which enable this phenomena
to occur and to prove superintegrability. In addition to proofs of classical superintegrability
we show that the 2D caged anisotropic oscillator and a Stéckel transformed version on the 2-
sheet hyperboloid are quantum superintegrable for all rational relative frequencies, and that
a deformed 2D Kepler-Coulomb system is quantum superintegrable for all rational values of a
parameter k in the potential.

1 Introduction

We define an n-dimensional classical superintegrable system to be an integrable Hamiltonian
system that not only possesses n mutually Poisson - commuting constants of the motion, but
in addition, the Hamiltonian Poisson-commutes with 2n — 1 functions on the phase space that



are globally defined and polynomial in the momenta. Similarly, we define a quantum superin-
tegrable system to be a quantum Hamiltonian which is one of a set of n independent mutually
commuting differential operators that commutes with a set of 2n — 1 independent differential
operators of finite order. We restrict to classical systems of the form H = ZZj:l g" pipj +V

and corresponding quantum systems H = A, + V. These systems, including the classical Ke-
pler and anisotropic oscillator problems and the quantum anisotropic oscillator and hydrogen
atom have great historical importance, due to their remarkable properties, [1, 2]. The order
of a classical superintegrable system is the maximum order of the generating constants of the
motion (with the Hamiltonian excluded) as a polynomial in the momenta, and the maximum
order of the quantum symmetries as differential operators. Systems of 2nd order have been well
studied and there is now a structure and classification theory [3, 4, 5, 6, 7, 8]. For 3rd and higher
order superintegrable systems much less is known. In particular there have been relatively few
examples and there is almost no structure theory. However, within the last three years there has
been a dramatic increase in discovery of new families of possible higher order superintegrable
classical and quantum systems [9, 10, 11, 12, 13, 14, 15, 16]. The authors and collaborators have
developed methods for verifying superintegrability of these proposed systems, [17, 18, 19, 20].
In the cited papers the emphasis was on particular systems of special importance and recent
interest. Here, however, the emphasis is on the methods themselves.

In Section 2 we review a method for constructing classical constants of the motion of all
orders for n-dimensional Hamiltonians that admit a separation of variables in some orthogonal
coordinate system. Then we apply it to the case n = 2 to show how to derive superintegrable
systems for all values of a rational parameter & in the potential. Many of our examples are new.
In Section 3 we review our method for establishing a canonical form for quantum symmetry
operators of all orders for 2-dimensional Schrédinger operators such that the Schrodinger eigen-
value equation admits a separation of variables in some orthogonal coordinate system. Then
we apply this method to establish the quantum superintegrability of the caged anisotropic os-
cillator for all frequencies that are rationally related, and for a Stéackel transformed version
of this system on the 2-sheet hyperboloid. We give a second proof for the caged oscillator in
all dimensions n that relies on recurrence relations for associated Laguerre polynomials. We
also apply the canonical equations to establish the quantum superintegrability of a deformed
Kepler-Coulomb system for all rational values of a parameter k£ in the potential.

1.1 The construction tool for classical systems

There are far more verified superintegrable Hamiltonian systems in classical mechanics than was
the case 3 years ago. The principal method for constructing and verifying these new systems
requires the assumption that the system is already integrable, in particular, that it admits a
separation of variables in some coordinate system. For a Hamiltonian system in 2n-dimensional
phase space the separation gives us n second order constants of the motion in involution. In
this paper we first review a general procedure, essentially the construction of action angle
variables, which yields an additional n — 1 constants, such that the set of 2n — 1 is functionally
independent. This is of little interest unless it is possible to extract n new constants of the
motion that are polynomial in the momenta, so that the system is superintegrable. We will
show how this can be done in many cases. We start first with the construction of action angle
variables for Hamiltonian systems in n dimensions, and later specialize to the case n = 2 to
verify superintegrability.



Consider a classical system in n variables on a complex Riemannian manifold that admits
separation of variables in orthogonal separable coordinates x1,--- ,x,. Then there is an n x n
Stackel matrix

S = (Sij(2i))
such that & = det S # 0 and the Hamiltonian is
H=1"L = Zn:Tu (p? + vi(2;)) = Zn:TM pr+Vi(zy,-,xn),
i=1 i=1
where V = >"" | Ty; vi(x;), T is the matrix inverse to S:
En:Tiijk = En:sz'jTjk =ik, 1<,k <n, (1)
j=1 g=1

and 0;; is the Kronecker delta. Here, we must require I} ;7T7; # 0. We define the quadratic
constants of the motion L, k=1,--- ,n by

n
Ly =) Tu@;+v), k=1, n, (2)
i=1
or
n
p?—i—vi:ZSijEj, 1< <n. (3)
j=1

As is well known,
{ﬁj,ﬁk}zo, 1<j,k<n.

Here,
{A(x,p), B(x,p)} = Y (0:A 8,8 — 9, A 9;8).
i=1
Furthermore, by differentiating identity (1) with respect to x; we obtain

n
OnTie ==Y TinSi;Tje, 1< hi, 0 <n, (4)
j=1
where S,’Zj = OpSh;-
Now we define nonzero functions My;(x;,pj, L1, - , L,) on the manifold by the requirement

{Mk]7ﬁf}:T€]S]k7 1 Sku]?gén

It is straightforward to check that these conditions are equivalent to the differential equations
n

2p;0i Mij + | v+ > SjLy | O, Mij = Sjr, 1< j.k<n. (5)
q=1

We can use the equalities (3) to consider My either as a function of x; alone, so that %Mkj =
Sjk/2p; or as a function of p; alone. In this paper we will take the former point of view.
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Now define functions

ZQZZMij I1<qg<n. (6)
j=1
Then we have .
{Eqv Lo} = ZTijjq = Otq- (7)
j=1

This shows that the 2n — 1 functions
7-[ - '615'627"' 7[’717'52"" ’Zn’

are constants of the motion and, due to relations (7), they are functionally independent.

Now let’s consider how this construction works in n = 2 dimensions. By replacing each
separable coordinate by a suitable function of itself and the constants of the motion by suitable
linear combinations of themselves, if necessary, e.g. [21], we can always assume that the Stéckel
matrix and its inverse are of the form

(A1 1 1 1
S_<f2 1)’ T_f1+f2<f2 f1>’ (®)

where f; is a function of the variable x; alone. The constants of the motion £; = H and /{2
are given to us via variable separation. We want to compute a new constant of the motion Lo
functionally independent of L1, Lo. Setting Moy = M, Moy = —N, we see that

d d
2p1—M =1, 2po—N =1 9
P1 d.’ljl ) D2 dxg ) ( )
from which we can determine M, N. Then £ = M — N is the constant of the motion that we
seek.

The treatment of subgroup separable superintegrable systems in n dimensions, [18], is also
a special case of the above construction. Suppose the Stéckel matrix takes the form

1 —f1, 0 o e 0
0 1 —fo 0 -~ 0
s=| 0 0 = 0 (10)
0 0 0 - 1 —fu,
0 0 o --- 0 1
where f; = fi(z;), i =1, -+ ,n. The inverse matrix in this case is
L fi fife - o fiferfaa
0 1 fo fafs -+ forrrfaa
T=| 0 0 . T : : (11)
0 0 0 1 frn_1
0 O 0 0 1

which leads exactly to the construction found in [18].
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1.2 Application of the construction for n = 2
As we have seen, for n = 2 and separable coordinates u; = x,us = y we have

1

= L1 = ———} 2 +up(x) +v
H=h= fas ) et @+ ), (12)
N 10 B SRS  (C) B S

We will present strategies for determining functions fi, fo,v1,v1 such that there exists a 3rd
constant of the motion, polynomial in the momenta. The constant of the motion Lo =M —
N constructed by solving equations (9) is usually not a polynomial in the momenta, hence
not directly useful in verifying superintegrability. We describe a procedure for obtaining a
polynomial constant from M — N, based on the observation that the integrals

le/ dxq 7 Nzl/ dzo ’
2) VHHA+ Ly —v 2) VfoH—Ly— v

can often be expressed in terms of multiples of the inverse hyperbolic sine or cosine (or the
ordinary inverse sine or cosine), and the hyperbolic sine and cosine satisfy addition formulas.
Thus we will search for functions f;,v; such that M and N possess this property. There is a
larger class of prototypes for this construction, namely the second order superintegrable systems.
These have already been classified for 2-dimensional constant curvature spaces [4] and, due to
the fact that every superintegrable system on a Riemannian or pseudo-Riemannian space in two
dimesions is Stéckel equivalent to a constant curvature superintegrable system [22, 23], this list
includes all cases. We will typically start or construction with one of these second order systems
and add parameters to get a family of higher order superintegrable systems.

A basic observation is that to get inverse trig functions for the integrals M, N we can choose
the potential functions f(z),v(z) from the list

A+ Bsinpz

VA = A’+B C, Z = 13
() = AP+ Bt O Ze) = o (13)
A B . .
7 — A — A 2ipz Be'P?
3(2) cos? pz * sin? pz’ 1(2) e b
A B

B
Zs(z) = AP+ 5

227 Zﬁ(z):;_‘_;v

sometimes restricting the parameters to special cases. Many of these cases actually occur in
the lists [4] so we are guaranteed that it will be possible to construct at least one second order
polynomial constant of the mation from such a selection. However, some of the cases lead only
to higher order constants.

Cartesian type systems.

For simplicity, we begin with Cartesian coordinates in flat space. The systems of this type
are related to oscillators and are associated with functions Z; for j = 1,5,6. We give two
examples.

[E1]. For our first construction we give yet another verification that the extended caged har-
monic oscillator is classically superintegrable. We modify the second order superintegrable



system [E1], [4], by looking at the potential
g

_ 2.2 2.2 B
V =wiz® +wiy +ﬁ+?’
with Lo = p2 + wia? + I% (For w1 = wy this is just [E1].) It corresponds to the choice of a
function of the form Zs for each of v1,vs. Evaluating the integrals, we obtain the solutions

. (2 2 Q_L
M(x,pw)zﬁA, sinhA:w

L3 — 4026
_' . 2 2 -
N(yapy) = 728, sinh B = Z(2W2y H+ EQ) ’
e VH — L) — 4y

to within arbitrary additive constants. We choose these constants so that M, N are proportional
to inverse hyperbolic sines. Then, due to the formula cosh? u — sinh?u = 1, we can use the
identities (3) to compute cosh.A and cosh 5:

2w 2w
cosh A = 17173:’ cosh B = 2YPy .
L3 —4wip V(H — L2)? — 4wy
Now suppose that w;/wy = k is rational, i.e. k = £ where p, ¢ are relatively prime integers.

q
Then w; = pw, wy = qw and

sinh(—4ipqw[M — N]) = sinh(qA + pB), cosh(—4ipqw|[M — N]) = cosh(qA + pB),

are both constants of the motion. Each of these will lead to a polynomial constant of the motion.
Indeed, we can use the relations

(coshx £ sinhz)" = cosh na & sinhnz, cosh(z + y) = coshz coshy + sinh z sinh y,

sinh(z + y) = cosh z sinh y + sinh x cosh y,
— [n/2] n o s
coshnz = jz:% < o > sinh® z cos x,
‘ . [(n=1)/2] n i -
sinh nx = sinh x Jz::l < 9j— 1 > sinh x cosh x.

recursively to express each constant as a polynomial in cosh A, sinh A, cosh B, sinh 3. Then,
writing each constant as a single fraction with denominator of the form

(- = L2)* — dw3y)™/2(L5 — dwip)"/?

we see that the numerator is a polynomial constant of the motion. Note that, by construc-
tion, both sinh(—4ipqw[M — N]) and cosh(—4ipqw[M — N]) will have nonzero Poisson brackets
with Lo, hence they are each functionally independent of H, Lo. Since each of our polynomial
constants of the motion differs from these by a factor that is a function of H, Lo alone, each
polynomial constant of the motion is also functionally independent of H, Ly. Similar remarks
apply to all of our examples.



[E2]. There are several proofs of superintegrability for this system, but we add another. Here,
we make the choice v1 = Z1, vo = Zs, corresponding to the second order superintegrable system
[E2] in [4]. The potential is

V:w%$2+w§y2+ax+yi,

where Lo = p2 +w?z? + ax and the system is second order superintegrable for the case wi = w.
Applying our method we obtain

. . 9 2 )
M([L‘7p$) g LA’ SlnhA — Z(wlx + a) COShA — wlp

2w VAwi Lo + a2’ VAwi Lo + a2’

i(2w%y2 —H+ L) 2waypy

LB .
JH—Lo)E —aa2s VH — L2)? - 428

Thus if wy /2wy is rational we obtain a constant of the motion which is polynomial in the
momenta.

' B, sinhB=

N(y,py) = 47}2

Polar type systems:

Next we look at flat space systems that separate in polar coordinates. The Hamiltonian is of
the form )
05+ 1) + 9(0) = (PR + pj + v1(R) + v2(0)),
r=R=Inr, y=260, f1:eQR, fo=0.

H:prr

Cases for which the whole process works can now be evaluated. Possible choices of f and g are
a
(1) £) = ar?, g(0) = Zs(ko),  (2). () = =, 9(0) = Zs(ko),

(3). f(r) = ar?, g(0) = Zu(k0), (4). f(r) =
(5). f(r) = ar?, g(0) = Zo(k0), (6). f(r) =

In each case if p is rational there is an extra constant of the motion that is polynomial in the

canonical momenta.

[E1]. Case (1) is system [E1] for £ = 1. For general k this is the TTW system [12], which we
have shown to be supperintegrable for k rational.

, 9(0) = Zy(k0).

Q@ = |9

g(@) = Zg(ke)

)
r

Case (2). This case is not quadratic superintegrable, but as shown in [19] it is superintegrable
for all rational k.

[E8]. For our next example we take case (3) where z=x-+iy:

SE=1 k/2-1
V= azz—l—ﬁzk+1 Y

for arbitrary k. (If k£ = 2 this is the nondegenerate superintegrable system E8 listed in [4].) In
polar coordinates, with variables r = e and z = ¢®*%. Then we have

H = 6’_2R(p%g+pg —|—40464R—|—,862ik9 —|—’76ik6) (14)
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—Ly = pj + B0 e H = e (p — Lo+ dael),
Our method yields

) ; —ik0 . — ‘
N(Ops) = — B, smhB— "2£2° +72), cosh B — 2”’9—\/722671199

i . (—2Loe7 20 — H) 2iprv/—L2  _op
M(R,pr) = ——A, hA= , cosh A= LBV =2 2R
(R.pr) = —==A, sin NavryapTr I —dal, — H2C

This system is superintegrable for all rational k
[E17]. Taking case (4) we have, for z=x-+iy:

o Fh—1 Fh/2—1

V= \/§+ﬁzk+1 TV ket

(For k=1 this is the superintegrable system E17 in [4].) Then we have
H = ™ (ply + pj + ae’ + B0 4 e™™), (15)

—Lo = pj + Be 20 L yem k0 g — e2R(p% — Lo+ ael?).

Applying our procedure we find the functions

1 , (2L2e™0 4 7) 2ipov/ L2 ipg
N(f,pg) = ——==B, sinhB=-————2 coshB= ——+——"—¢"",
(6 po) kLo 4BLy — 2 4BLy — 2
1 . (—QEQG_R + a) 2v/ Lopr _R
M(R,pr) = —A, hA = ,cosh A= Y =2PR R
(B.pr) = 7= A, sin WL, a2 THL; — 2

This demonstrates superintegrability for all rational k.

[E16]. Case (5) corresponds to [E16] for k£ = 1, and our method shows that it is superintegrable
for all rational k.

Case (6). This case is not quadratic superintegrable, but it is superintegrable for all rational
k.

Spherical type systems:

These are systems that separate in spherical type coordinates on the complex 2-sphere. The
Hamiltonian is of the form

1

H = cosh® ¥ (py, + p + vi(p) + v2(¥)), =, y=1, fL =0, fo= cosh? 9’

Embedded in complex Euclidean 3-space with Cartesian coordinates, such 2-sphere systems can
be written in the form
H=7J+J3+Ji+V(s),

where
_ _ _ 2.2 3
J3 = S81Ps, — S2Psy, J1 = S2Ps; — S3Psys J2 = S3Ps, — S1Psz, ST+ 85 + 83 = 1.
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[S9]. Here, we have the case v1(¢) = Z3 and v2(v)) is a special case of Zs.
«
v=248,
S %2 83
It is convenient to choose spherical coordinates

cos ¢ sin
%17 Cosh )’ %2 = Cosh )’ 53 = tanhy

In terms of these coordinates the Hamiltonian has the form

B o

cos2p  sin®?¢  sinh®v

H = cosh® ¥[p}, + p’, +

2 o B

L — P H = cosh®ypl + L
2 p“’—i_congo sin? cosh” 9[p;, + L2 +

S

sinh? )"’

system [S9] in [4]. We extend this Hamiltonian via the replacement ¢ — k¢ and proceed with
our method. Thus

B Y

= cosh? y[p? + p? 16
= cosh™lpy, + pp + cos? ky * sin? k¢ N sinh? ¢ (16)
o p
Lo =
2=Pp cos? ke * sin? k¢
with H expressed as above. The functions that determine the extra constant are
. . 9 B T sin(2k
M(p,py) = LA, sinh A = (L2 cos(2hyp) — o + 5), cosh A = Lasin(2ko)p, ,
Ak Lo V(Ls —a—p)? —4daf V(L2 —a—B)2—4ap
i(Lacosh(2¢) +~v —H) VLo sinh(24))py

)
N(,py) = ——==DB, sinhB = , coshB = .
W:p4) 4V Ly V(H — Ly —7)? — 4Ly V(H — L2 —7)? — 4Ly

Thus this system is superintegrable for all rational k.

[S7]. This system corresponds to v1(¢) = Z2 and vy(¢)) a variant of Z3. The system is second

order superintegrable:
as3 Bs1

+ + X
Vi + 3 s3/sT+s3 s

Choosing the coordinates ¥ and ¢ we find

V=

sinh cos
Y YL

H = cosh? @b(pi +p(2p +a

cosh? sin?p  sin?p’’
CoS vy 9 9 sinh ¢
Lo =p2+ B—" + , H = cosh + Lo+ a———).
27 P Bsin2 @ sin?gp @D(pw 2 cosh? w)

We make the transformation ¢ — k¢ and obtain

sinh v cos ky 0%
cosh? 1) sin?ky  sin’ky /)’

H = cosh? v <pi —i—pi + (17)

9



cos ki vy

Ly =p? ,
2 p(p + ﬁSiHQ k‘go + SinQ kgp
with H as before. The functions that determine the extra constants are
1 j 9 .
M(p,pp) = —=—=-A, sinhA= il£s cos(kp) + 3) , cosh A = \/ESID(kS@)pr )
=% VB2 +4L2 — ALoy VB2 +4L2 — ALyy
) 2L9 sinh 2 cosh
N, py) = LB, sinh B — Lo sinh vy + « . cosh B = i cosh ¥py, .
VL V—a? +4L5 — 4LH V—aZ +4L3 — 4LH

Thus this system is superintegrable for all rational k.

[S4]. Here vi(p) = Z4 and v2(v)) is a variant of Zs. This is another system on the sphere that
is second order superintegrable and separates in polar coordinates:

o Lo P 8l
(s1—1is2)*  \/s2+s3 (s1—isa)\/s2 + 53

In terms of angular coordinates v, ¢ the Hamiltonian is

V=

. . inh 1
H=c ‘h2 2 + 2 4+ 2ike + ike + Sl > ) 18
osh” ¢ (m P, + ae gl b1 v (18)
After the substitution ¢ — k¢ we have
. ) inh
Lo = p?P + ae?® 4 ytke 3 — cosh? w(pi + Lo+ Bsmhi}/}).
coS
The functions that determine the extra constants are
i , i(2Loe7 kP — ) 2iv/Lopy, ik
M(p,p,) = A, sinh A= , cosh A = —L222F o7y,
( <p) 2V Lok \/4£2a—|—72 \/4,C204+’72
’ Lo sinh ) — 2i cosh
N, py) = LB, sinh B = 22s1n v_b = cosh B = Z2COS YPy =
2V/Ls VAL 4Ly — B VALS + 4Ly — 3
so this systems is also superintegrable for all rational k.
[S2]. Here vi(p) = Z4 and va()) is a variant of Zs:
« 6] ~v(s1 +1is2)

V= :
S% (81 — i82)2 (81 — i82)3

which is is second order superintegrable. After the substitution ¢ — k¢ we obtain the system

H = cosh? v <pi + pi + + Be?ke 4 We‘“’“") , (19)

_*
sinh? ¢

Lo — 2 + 2iky + 4ikg0’ H = ,h2 2 + Lo+ o ‘
s =1+ B 4 e cosh (p + L2+ )
Applying our procedure we find
i . (2Loe~ ke — 3) 2v/Lap —ik
M(p,p,) = ——=——A, sinhA=-""—" "2 coshAd= "L ¢ "¢
Wb = L mn VALyy — 7 ALy —

i B. siuhB = i(Lacosh(2¢) —a+H) . coshB — VLo sinh(2¢)py, '
4Ly V(Lo —a—H)2 —daH V(Lo —a—H)2 —daH

Thus the system is superintegrable for all rational k.

N (4, py) =

10



1.3 Horospherical systems

In terms of horospherical coordinates on the complex sphere we can construct the Hamiltonian
H=y* (02 + ) + wiz® + w3y’ + o + B)

If wy/we is rational then this system is superintegrable. However, there is no need to go into

much detail for the construction because a Stickel transform, essentially multiplication by 1/42,

takes this system to the flat space system generalizing [E2] and with the same symmetry algebra.
There is a second Hamiltonian which separates on the complex 2 sphere

«
H=y*(p2 +p, + - + B+ wiz® + wiy?)

It is superintegrable for wi/wy rational, as follows from the Stickel transform 1/y? from the
sphere to flat space. If w; = wy then we obtain the system [S2]. We note that each of the
potentials associated with horospherical coordinates can quite generally be written in terms of
$1, 82, 83 coordinates using the relations

—1 —S3

y=—", o= —"— sitsi+si=1L
S1 — 189 81 — 152

1.4 Generic systems
These are systems of the form
1

H = m (pi _pi + Zy(x) - Zk(@/))

where j, k can independently take the values 2, 3,4 and Zj, Zj depend on distinct parameters.
Superintegrability is possible because of the integrals

dx 1 2Ce 2%k + B

= arcsin(————
VO + Be2ike  Aetike  2k\/C ( VAAC — B?
—2Csinkx + B

VAC? + 4CA + B2

),

arcsin(

/ dz _ 1 )
A+ Bsinkx +C ]{:\/5 ’

cos? kx

Ccos2kx+ A— B
VA +B+C)2—-4AB

X

/ d 1
\/A+B+C 2kVC

cos? kzx sin? kx

arcsin(

).

Consider an example of this last type of system:

1
= Al e2ikx + Bledikz _ g/ e2iqy _ }lediqy

<p3: _ pi + Ae2ikm + Be4ik:{; _ aniqy _ be4iqy).
The equation H = E admits a separation constant

P2+ (A— EANY ™ (B — EB')eth = pz + (@ — Ed")e*' ¥ 4 (b — Eb)e™Y = L

11



As a consequence of this we can find functions M (z, p,) and N(y,p,) where

1 e (2216—22"“? + B)
—— arcsin(————),
4kVL VALA — B2

where A= A— EA', B= B — EB’ and

M(x,ps) =

1 2ae2Y + b
N(y,py) = —= arcsin( a +

7A)a
4pV'L VALa — b2

where & = a — Ed’,b = b — EV. We sce that if # is rational then we can generate an extra
constant which is polynomial in the momenta.

The superintegrable systems that have involved the rational functions Z7, Z5 and Zg work
because of the integrals

1 24z +C

dx
= ——a CS. hi
/\/Ax2+Bx+C’ Jaesinh(——m—as

)

and
2B + Az

VA2 —ABC

).

arcsinh(

dx 1
/ac\/Ax2 + Bx+C - _\/E
2 Quantum Superintegrability

2.1 The canonical form for a symmetry operator

We give a brief review of the construction of the canonical form for a symmetry operator [19].
Consider a Schrodinger equation on a 2D real or complex Riemannian manifold with Laplace-
Beltrami operator As and potential V:

HY = (A2 +V)U =EV (20)
that also admits an orthogonal separation of variables. If {uj,us} is the orthogonal separable
coordinate system the corresponding Schrédinger operator has the form

1
fi(ur) + fa(us)

and, due to the separability, there is the second-order symmetry operator

fo(uz)  fi(w) (
fi(ua) + fa(us) fi(u1) + fa(uz)

i.e., [Lo, H] = 0, and the operator identities

H=1L =27 —f—V(ul,UQ) =

(02 + 02, + vi(ur) + va(u2)) . (21)

Ly = (92, + vi(u1)) 02, +va(u2))
f1 (ul)H + L2 = 612“ + Ul(U1), fQ(UQ)H — L2 = 832 + UQ(UQ). (22)
We look for a partial differential operator f/(H , Lo, u1,u2) that satisfies
[H,L] =0. (23)

12



We require that the symmetry operator take the standard form
=% (Aj’k(ul, 9)Ouruy + BIF (1, u2)0, + CIF (uy, u2) Dy, + DIF (uy, uQ)) HILE.  (24)
J,k
We have shown that we can write

L(H, Ly,uy,u2) = A(uy,uz, H, L2)012 + B(u1,us, H, L2)0x
+ C(u17u27H7L2)82+D<u17u27H7 L2)7 (25)
and consider L as an at most second-order order differential operator in w1, up that is analytic
in the parameters H, Lo. Then the conditions for a symmetry can be written in the compact

form
Au1u1 + AU2U2 + 2Buz + 2Cu1 = 0, 26

(26)

Buyuy + Buguy — 2Au,v2 + 2Dy, — Avh + (2Ay, fo + AfS)H — 2A,,Ly = 0, (27)

Cuyuy + Cupuy — 244,01 + 2Dy, — AV) + (244, f1 + Af])H + 2A,, Ly = 0, (28)

Duyuy + Duguy — 2By, v1 — 2Cy,v9 — By — Cv), (29)

+(2By, f1 + 2Cu, fo + Bf + C f3)H 4 (2By, — 2C,,)La = 0.

We can further simplify this system by noting that there are two functions F'(uy,ug, H, La),
G(u1,u2, H, Ly) such that (26) is satisfied by

A—F,  B-= —%EbF oG, C= —%81F + 0., (30)

Then the integrability condition for (27), (28) is (with the shorthand 0;F = Fj, 0j0F = Fj,
etc., for F' and G),

1
2G1222 + §F2222 + 2F22(’()2 — f2H + LQ) + 3F2(Ué — féH) + F(’Ug — élH) =
1
—2G1112 + §F1111 +2F11(v1 — f1H — L) + 3F1(v] — fi1H) + F(v{ — f{ H), (31)

and equation (29) becomes

%F1112+2F12(01 —f1H)+F1(U/2—f§H)+%G1111 + (32)
2G11(v1 — fiH — Lo) + G1(vy — fiH) =
_%F1222_2F12(U2_fQH)_F2(U/1_f{H)+%G2222 +
2G2(va — foH + La) + Ga(vy — foH).

Here, any solution of (31), (32) with A, B,C not identically 0 corresponds to a symmetry
operator that does not commute with Ly, hence is algebraically independent of the symmetries
H, Ly. (Informally, this follows from the construction and uniqueness of the canonical form of
a symmetry operator. The operators L = g(H, Ly) algebraically dependent on H and Lo are
exactly those such that A= B =C =0,D = g(H, Ls). A formal proof is technical.) Note also
that solutions of the canonical equations, with H, Lo treated as parameters, must be interpreted

in the form (24) with H and Ly on the right, to get the explicit symmetry operators.
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2.2 The caged anisotropic oscillator

In [19] we used the canonical form for symmetry operators to demonstrate the quantum superin-
tegrability of the TTW system [12, 13] for all rational k, as well as a system on the 2-hyperboloid
of two sheets [19]. Here we give another illustration of this construction by applying it to the
2D caged oscillator [11]. For p = ¢ This is the second order superintegrable system [E1] on
complex Euclidean space, as listed in [4]. Here,

HY = (011 + 022 + V(u1,u2)) ¥, (33)
where o o
V(ur,u) = w(pul + ¢*ul) + —5 + —,
uy o U

in Cartesian coordinates. We take p, ¢ to be relatively prime positive integers. Thus

fi=1, fo=0, v; = w?p?ud + Z%, vy = WigPul + Zg (34)
The 2nd order symmetry operator is
Ly =— (33 + 02(U2)) ;
and we have the operator identities
0 = —(vi(w1) + H+ Ly), 05 = —va(ug) + Lo. (35)

Based on the results of [18] for the classical case, we postulate expansions of F,G in finite

series
F = Z Aa,bEa,b(ula u2), G = Z BaybEmb(ul, UQ), Ea,b(ul, UQ) = u‘fug (36)
a,b a,b

The sum is taken over terms of the form a = ag + m, b = bg + n, and ¢ = 0,1, where m,n
are integers. The point (ag, bg) could in principle be any point in R?,

Taking coefficients with respect to the basis (36) in each of equation (31) and (32) gives
recurrence relations for these coefficients. The shifts in the indices of A and B are integers and
so we can view this as an equation on a two-dimensional lattice with integer spacings. While
the shifts in the indices are of integer size, we haven’t required that the indices themselves be
integers, although they will turn out to be so in our solution. The 2 recurrence relations are of
a similar complexity, but rather than write them out separately, we will combine them into a
matrix recurrence relation by defining

Aa,b
Ca,b - ( Ba,b ) .

We write the 2 recurrence relations in matrix form as

0 = Ma,bCa,b + Ma—l,b—i—lCa—l,b-‘rl + Ma,b+20a,b+2 + Ma,b+4ca,b+4
+ Mot1,-1Cat1,0-1 + Mai1p+1Cav1 041 + Mat1,643Ca+1,64+3 + May2pCar2(37)
+ Moy30+1Ca43p+1 + MayapCotap, (38)

where each M; ; is a 2 X 2 matrix given below.
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Mgy = ( il oy 1]5) ot et —2w? (bg — ?Lp) (bg + ap) > ’
0 0
My 1p41 = ( 2w2p2a(b+ 1) 0 ) y
[ 2Ly(b+2)(b+1) 0
My pyo = ( ? 0 —2Ls(b+2)(b+1) ) ’
_( S0+3)(b+ 1)1 +6b+das +8) 0
Mapta = < ; 0 2 —5(b+4)(b+2)(b* + 4b + 402 + 3) > ,
0 0
Moy1p-1 = ( 2,2¢%b(a+1) 0 )’
0 0
Masrp = < —2H(a+1)(b+1) 0 > ’
N B 0 2a+1)(b+3)(b+2)(b+1)
LT Ha+ )b+ 2) (b + 4b+ dag + 3) 0 |
[ 2(H+ La)(a+2)(a+1) 0
Mayyop = ( ? 0 —2(H + Lo)(a+2)(a+1) ) ’
B 0 2(a+3)(a+2)(a+1)(b+1)
Maraprs = < a+2)(d+1)(a® + 4a + 4a; + 3) 0 ) |
B —La+3)(a+1)(a®+ 6a+ 401 + 8) 0
Matap = ( ’ 0 1 3(a+4)(a+2)(a® +4a + daq +3) > ’

It is useful to visualize the the set of points in the lattice which enter into this recurrence for
a given choice of (a,b). These are represented in Figure 1. Although the recurrence relates 10
distinct points, some major simplifications are immediately apparent. We say that the lattice
point (a,b) has even parity if a 4+ b is an even integer and odd parity if a + b is odd. Each
recurrence relates only lattice points of the same parity. Because of this we can assume that the
nonzero terms C,; will occur for points of one parity, while only the zero vector will occur for
points with the opposite parity. A second simplification results from the fact that the recurrence
matrices My m p+n are of two distinct types. Either m, n are both even, in which case My {m p4n
is diagonal, or m,n are both odd, in which case the diagonal elements of M, p4+, are zero.
Another simplification follows from the observation that it is only the ratio p/q = r that matters
in our construction. We want to demonstrate that the caged anisotropic oscillator is operator
superintegrable for any rational . The construction of any symmetry operator independent of
H and Lo will suffice. By writing w = w'/2, p’ = 2p, ¢ = 2q in H, we see that, without loss
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of generality, we can always assume that p,q are both even positive integers with a single 2 as
their only common factor.

If for a particular choice of p, ¢ we can find a solution of the recurrence relations with only a
finite number of nonzero vectors C, ; then there will be a minimal lattice rectangle with vertical
sides and horizontal top and bottom that encloses the corresponding lattice points. The top row
ap of the rectangle will be the highest row in which nonzero vectors Cy, , occur. The bottom row
aj will be the lowest row in which nonzero vectors Cy, ; occur. Similarly, the minimal rectangle
will have right column by and left column b;. Now slide the template horizontally across the top
row such that only the lowest point on the template lies in the top row. The recurrence gives
(ap + 1)bAg,» = 0 for all columns b. Based on examples for the classical system, we expect to
find solutions for the quantum system such that ap > 0 and b > 0. Thus we require Ag,, = 0
along the top of the minimal lattice rectangle, so that all vectors in the top row take the form

0
Camb B ( BaoJ) > ‘

Now we move the template such that the recurrence M, second row from the bottom and
on the left, lies on top of the lattice point (ag,bg). This leads to the requirement (bpg —
aop)(bog+aop)Bagy,n, = 0. Again, based on hints from specific examples, we postulate By, p, # 0,
ag = ¢q, bp = p. Since we can assume that p,q are even, this means that all odd lattice points
correspond to zero vectors. Next we slide the template vertically down column by such that only
the left hand point on the template lies in column by. The recurrence gives (bg — 1)aAqp, = 0
for all rows a. Since by is even, we postulate that

0
Ca,b() - < Ba’bo >
for all lattice points in column by.
Note that the recurrence relations preserve the following structure which we will require:

1. There is only the zero vector at any lattice point (a,b) with a 4+ b odd.

2. If the row and column are both even then C,; = < BO )
a,b

0

This does not mean that all solutions have this form, only that we are searching for at least one
such solution.

3. If the row and column are both odd then Cpp = ( Aap >

To finish determining the size of the minimum lattice rectangle we slide the template ver-
tically downward such that only the right hand point on the template lies in column b;. The
recurrence gives (by —1)(by —3)A(a,b1) =0, b1 (b1 —2) By, = 0 for all rows a. There are several
possible solutions that are in accordance with our assumptions, the most conservative of which
is by = 0. In the following we assume only that B, 3, # 0, the structure laid out above, and the
necessary implications of these that follow from a step by step application of the recurrences.
If we find a vector at a lattice point that is not determined by the recurrences we shall assume
it to be zero. Our aim is to find one nonzero solution with support in the minimum rectangle,
not to classify the multiplicity of all such solutions.
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Now we carry out an iterative procedure that calculates the values of Cy at points in the
lattice using only other points where the values of C;; are already known. We position the
template such that the recurrence M, ;, second row from the bottom and on the left (of the
template), lies above the lattice point (ag,b), ag = ¢, and slide it from right to left along the
top row. The case b = by = p has already been considered. For the remaining cases we have

2w?p?ag(b+ 1) Agy 1611 = 2w (bg — aop)(bq + aop)Bagp + 2L2(b +2)(b+ 1) Bagpia  (39)

1
+5(b+4)(b+2)(b* + 4b+ 4o + 3) Bag bra-

Only even values of b need be considered. Now we lower the template one row and again slide
it from right to left along the row. The contribution of the lowest point on the template is 0
and we find

2w (qlb + 2] — plac))(alb + 2] + plao]) Aug—1,5+1 = —2a0(b+4)(b+ 3)(b +2)Bagp+a  (40)

1
—2L(b+3)(b+2)Auy—14+3 — 5(b +4)(b+2)(b* + 8b+ 11ag + 8) Agy— 1,515

where we have replaced b by b+ 1 so that again only even values of b need be considered.
For the first step we take b = p — 2. Then equation (39) becomes

2w2p3€1Aq—1,p—1 = —8w2q2(p - 1)Bq,p—2 +2Lap(p — 1)Bq7pv

and (40) is vacuous in this case, leaving A,_; ,—1 undetermined. Note that several of the terms
lie outside the minimal rectangle. From these two equations we can solve for By, 2 in terms
of our given B, ), Ag—1,. Now we march across both rows from right to left. At each stage
our two equations now allow us to solve uniquely for A,_; 41 and B in terms of A’s and
B’s to the right (which have already been computed). We continue this until we reach b = 0
and then stop. At this point the top two rows of the minimal rectangle have been determined
by our choice of By, and A4_1,—1. We repeat this construction for the third and fourth rows
down, then the next two rows down, etc. The recurrence relations grow more complicated as
the higher rows of the template give nonzero contributions. However, at each step we have two
linear relations

< 2w?p2a(b+ 1) —2w?(bg — ap)(bq + ap) ) ( Aa—1p+1 ) _ .
2w (q[b + 2] — pa)(q[b + 2] + pa) 0 Bap

where the right hand side is expressed in terms of A’s and B’s either above or on the same line
but to the right of A,_1 p41, B, hence already determined. Since the determinant of the 2 x 2
matrix is nonzero over the minimal rectangle, except for the upper right corner and lower left
corner, at all but those those two points we can compute Ag—1 441, Bgp uniquely in terms of
quantities already determined. This process stops with rows a = 1, 2.

Row a = 0, the bottom row, needs special attention. We position the template such that
the recurrence M, lies above the lattice point (0,b), and slide it from right to left along the
bottom row. The bottom point in the template now contributes 0 so at each step we obtain an
expression for By in terms of quantities A, B from rows either above row 0 or to the right of
column b in row 0, hence already determined. Thus we can determine the entire bottom row,
with the exception of the value at (0,0), the lower left hand corner. When the point M, on
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the template is above (0,0) the coefficient of By vanishes, so the value of By is irrelevant
and we have a true condition on the remaining points under the template. However, this is
a linear homogeneous equation in the parameters By, Ag—1p-1: XBgp + nAg—1p-1 = 0 for
constants x, 7. Hence if, for example, x # 0 we can require By, = —(1/x)Aq—1,p—1 and satisfy
this condition while still keeping a nonzero solution. Thus after satisfying this linear condition
we still have at least a one parameter family of solutions, along with the arbitrary By (which
is clearly irrelevant since it just adds a constant to the function GG). However, we need to check

those recurrences where the point M, ; on the template slides along rows a = —1, -2, -3, —4 to
verify that these relations are satisfied. We have already utilized the case a = —4, and for cases
a = —3,—2,—1 it is easy to check that the relations are vacuous.

The last issue is the left hand boundary. We have determined all vectors in the minimal
rectangle, but we must verify that those recurrences are satisfied where the point M, ; on the
template slides along columns b = —1, —2, —3, —4. However again the recurrences are vacuous.

We conclude that there is a one-parameter (at least) family of solutions to the caged
anisotropic oscillator recurrence with support in the minimal rectangle. By choosing the ar-
bitrary parameters to be polynomials in H, Ly we get a finite order constant of the motion.
Thus the quantum caged anisotropic oscillator is superintegrable. We note that the canonical
operator construction permits easy generation of explicit expressions for the defining operators
in a large number of examples. Once the basic rectangle of nonzero solutions is determined it is
easy to compute dozens of explicit examples via Maple and simple Gaussian elimination. The
generation of explicit examples is easy; the proof that the method works for all orders is more
challenging.

Example: Taking p = 6 and ¢ = 4, we find (via Gaussian elimination) a solution of the
recurrence with nonzero coefficients

Al,la A1,37 A1,57 A3,1a A3,37 A3,5

Bo2, Bo 4, B2o, Ba2, B2 4, Bso, B2, Bsa, Bs o, Be 2, B 4

We can take A; 5 = a1 and A3 3 = a2 and then all other coefficients will depend linearly on a;
and ay. Calculating the A, B, C' and D from equations (27), (28) ,(30) we find the coefficient of
H~! has a factor of 2as + 9a; and so we set a1 = w% and ay = —9/2a; to obtain the symmetry
operator L , (25), where uj, ug are Cartesian coordinates and

9 3 1
A = Moﬂulng + 2048w 'LL1U2HL2 — %w UL U (271@ — 32u%) Lo
1 1
+ Ew ulugH + aw4a2u1u2 — §w6u1u2 (9u% — 2u%) — 2—56w4u1u2
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Using Maple, we have checked explicitly that the operator L commutes with H. Note that

it is of 6th order. Taking the formal adjoint L*,[19], we see that S = %(f} + L*) is a 6th order,
formally self-adjoint symmetry operator.

3 An alternate proof of superintegrability for the
caged quantum oscillator

This second proof is very special for the oscillator and exploits the fact that separation of
variables in Cartesian coordinates is allowed Here we write the Hamiltonian in the form
1 2 1 2

1% 173
H=02+402— 1ia® — isy® + 4$2 - 4y2 : (41)
This is the same as (33) with w1 = z, us = y, p? = —p?w?, P = —¢?w?, a; = % — al,

Qg = i — a3. We look for eigenfunctions for the equation HU = AW of the form ¥ = XY. We
find the normalized solutions

_1 2 1 _1 2 1
X, = e 2 g a L0 (11a?), Y, = e 22y 2 L0 (1gy?)

where the L (z) are associated Laguerre polynomials [24]. For the corresponding separation
constants we obtain

Az ==2m(2n+a1 +1), A =-2p202m+az+1).

The total energy is —A; — Ay = E. Taking p; = pp and ps = gu where p and ¢ are integers we
find that the total energy is

E = —2pu(pn + gm + pai + p + gaz + q).

Therefore, in order that F remain fixed we can admit values of integers m and n such that
pn + gm is a constant. One possibility that suggests itself is that n — n 4+ ¢,m — m — p. To
see that this is achievable via differential operators we need only consider

U =LY (1) L2 (22), 21 =ma?, 20 = poy*.
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We now note the recurrence formulas for Laguerre polynomials viz.

w%LS(iﬁ) =pLy(z) = (p+a)ly y(z) = (p+ 1)Ly, (z) — (p+ 1+ a—z)L;(z)
Because of the separation equations we can associate p with a differential operator for both m
and n in the expression for W. We do not change the coefficients of L7, ,(z). Therefore we
can raise or lower the indices m and n in ¥ using differential operators. In particular we can
perform the transformation n — n + ¢, m — m — p and preserve the energy eigenvalue. To see
how this works we observe the formulas

1 2
i—Q
D, 2) Xp = (0 = 20D — 1 + i’ + 4—5) Xn = —4n (n+ 1) Xnp1,

1 2
i—«
D™ (p2,y)Ym = (0 + 2ypady + 2 + p5y” + 2 /2 2) Yo = —4pa(m + 09) Yo 1.

In particular, if we make the choice ;3 = 2u, 2 = p then the operator DV (2u,x)D~ (u,y)?
transforms X,, Y, to —128u3(n+1)(m+asg)(m—1+a2) X, 11Ym—_2. We see that this preserves the
energy eigenspace. Thus can easily be extended to the case when u1 = pu and ps = qu for p and ¢
integers. A suitable operator is DV (pu, z)2D~ (qu, y)P. Hence we have constructed a differential
operator that commutes with H! The caged oscillator is quantum superintegrable. This works
to prove superintegrability in all dimensions as we need only take coordinates pairwise.

Remark: This second proof of superintegrability, using differential recurrence relations for
Laguerre polynomials is much more transparent than the canonical operator proof, and it gen-
eralizes immediately to all dimensions. Unfortunately, this oscillator system is very special and
the recurrence relation approach seems difficult to implement for more complicated potentials.
Further, the canonical operator construction permits easy generation of explicit expressions for
the defining operators in a large number of examples, via Maple and simple Gaussian elim-
ination, whereas the operator method seems to yield explicit expressions in only the lowest
dimensional cases.

3.1 A proof of superintegrability for a deformed Kepler-Coulomb
system

In [16] there is introduced a new family of Hamiltonians with a deformed Kepler-Coulomb
potential dependent on an indexing parameter k which is shown to be related to the TTW
oscillator system system via coupling constant metamorphosis. The authors showed that this
system is classically superintegrable for all rational k. Here we demonstrate that this system
is also quantum superintegrable. The proof follows easily from the canonical equations for the
system.

The quantum TTW system is HV = EV with H given by (21) where

w =R, us =0, fi =e*£, f,,=0, v; = ae*l, (42)
B Y 2(y+B) | 2(y—B)cos(2kb)
= o2 =3 = o2 2 :

cos?(kf) = sin*(kf)  sin*(2k0) sin”(2k0)

(Setting r = e we get the usual expression for this system in polar coordinates r,#.) In our

paper [19] we used the canonical form for symmetry operators to establish the superintegrability
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of this system. Our procedure was, based on the results of [20] for the classical case, to postulate
expansions of F, G in finite series

= Z Aa,b,cEa,b,c(Ra 9)7 G = Z Ba,b,cEa,b,c(Ra 0)7 (43)

a,b,c a,b,c
Eopo = g2l sinb(2k9), Eop1 = e2eR sinb(2k9) cos(2k0).

The sum is taken over terms of the form a = ap +m, b = bg + n, and ¢ = 0,1, where m,n are
integers, ag is a positive integer and bg is a negative integer. Here F, G are the solutions of the
canonical form equations (30), (31), (32) for the TTW system. We succeeded in finding finite
series solutions for all rational k£, and this proved superintegrability.

In [16] the authors point out that under the Stéckel transformation determined by the
potential U = 2% the TTW system transform to the equivalent system HU = —aV, where

- 1 B Y
H=—(0%+0?—E 2 . 44
e4R <6R + 9 exp(2R) + cos?(kb) + sin2(k‘9)) (44)

Then, setting r = €2, ¢ = 26, we find the deformed Kepler-Coulomb system.

o 1 1 o5 E B ¥ o
<87" T R% Ty T e cos2(kg/2) | 42 sin2(k¢/2)> Y=
From the canonical equations, it is virtually immediate that system (44) is superintegrable.
Indeed the only difference between the functions (42) defining the TTW system and the functions
defining the Stéckel transformed system is that f; and v; are replaced by f; = exp(4R) and
v = —Eexp(2R) (we can set E = H) and the former H is replaced by —«. From this we find
that the only difference between the canonical equations for the TTW system and the canonical
equations for the transformed system is that o becomes —H and H becomes —a. Since our
proof of the superintegrability of the TTW system did not depend on the values of H and «,
the same argument shows the superintegrability of the transformed system. Also, any solution
(i.e., a second commuting operator) for the TTW system gives rise to a corresponding operator
for the transformed system by replacing o and H with —H and —a, respectively.

v,

Example: For the deformed Kepler system with k = 2, we take p = 2 and ¢ = 1 and use
Gaussian elimination to find a solution with nonzero coefficients
A_210,A11,0,B-200,B8-20,1,B8-1,0,0,B-1,0,1,B0,0,1,

in which A_519 and A_11 are two independent parameters. To achieve the lowest order
symmetry and ensure that the A, B, C'and D are polynomial in Ly and H, we choose A_2 10 =
32(Ly —4) and A_1,1,0 =0 and find,

A = 32e *Bgin(46)Ly — 128 *F sin(40),

B = 8¢ *cos(40)L: + (8(8 — v)e 4+ 4Ee 2R cos(46) — 8e cos(46)) Lo

— 96e R cos(40) — 16Ee 2R cos(46) + 40(y — B)e B + 4B (B — v)e 2,

C = —8e *Fgsin(40)L% — 4sin(40)H Ly + 8(e ™% — Ee™2F) sin(46) Ly + 20sin(40)H
+ 96e 4 sin(40) 4 32Ee 2R sin(40) — E?sin(46),
D = —32¢ " cos(40)L2 — 8cos(40)H Ly

+ (128¢ 4% cos(46) — 12Ee 2R cos(46) + 16(y — B)e ) Ly + 24 cos(40) H
+48(8 — v)e M - 48Ee " cos(40) — 4E(y — B)e 4 2E? cos(40).
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It has been explicitly checked, using Maple, that the fifth order operator obtained from these
expressions commutes with H.

3.2 A proof of superintegrability for the caged oscillator on the
hyperboloid

Using this same idea we can find a new superintegrable system on the 2-sheet hyperboloid by

taking a Stéckel transformation of the quantum caged oscillator HV = EV¥, (33) in Cartesian

coordinates u,us by multiplying with the potential U = 1/u2. The transformed system is

ui
2

u? <8% + 05 + Wi (p*ud + ¢*ud) — Ful + az
2

) U =—aV.

We embed this system as the upper sheet sy > 0 of the 2-sheet hyperboloid s% - 3% - s% =1in 3-

dimensional Minkowski space with Minkowski metric ds? = —ds2 +ds? +ds3, via the coordinate
transformation
1+ u?+u 1—u? —u? U2
50:#7 81:#, sg=—, up >0.
2uq 2uq Ul

Then the potential for the transformed system is

- o FE w2 (p? — ¢? w2q?(sg — s
oo - (p (J4)_|_ q*(so 31). (45)
85 (80 + 81) (80 + 81) (80 + 81)

This is an extension of the complex sphere system [S2], distinct from the system (19) that
we proved classically superintegrable. It is an easy consequence of the results of [17] that the
classical version of system (45) is also superintegrable for all rationally related p,q, However,
quantum superintegrability isn’t obvious. However, from the results of Section 2.2 it is virtually
immediate that this new system is quantum superintegrable for all relatively prime positive
integers p,q. This follows from writing down the canonical equations (31), (32), first for the
caged oscillator where
fi=1, fo=0, v; =w?p*ui + 0%, vy = wq’uj + O%-
uy Uy

and then for the Stéckel transformed system where

1 «
2,2 2 2.2 2 2

fi=—=, f2=0, vi =wpui — E, va =w ¢ us + —.
uy Uy

The equations are identical except for the switches oy — —FE, H — —ay. Thus our proof of
quantum superintegrability for the caged oscillator carries over to show that the system on the
hyperboloid is also quantum superintegrable.

4 Discussion

A basic issue in discovering and verifying higher order superintegrabily of classical and quantum
systems is the difficulty of manipulating high order constants of the motion and, particularly,
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higher order partial differential operators. We have described several approaches to simplify such
calculations. Although our primary emphasis in this paper was to develop tools for verifying
classical and quantum superintegrabity at all orders, we have presented many new results. The
classical Eucidean systems [E8], [E17] and most of the examples of superintegrability for spaces
with non-zero scalar curvature are new. We have explored the limits of the construction of
classical superintegrable systems via the methods of Section 1.1 for the case n = 2. Further
use of this method will require looking at n > 2, where new types of behavior occur, such
as appearance of superintegrable systems that are not conformally flat. We also developed
the use of the canonical form for a symmetry operator to prove quantum superintegrability.
We applied the method to the n = 2 caged anisotropic oscillator to give the first proof of
quantum superintegrability for all rational k. We used the Stéackel transform together with
the canonical equations to give the first proofs of quantum superintegrability for all rational
k of a 2D deformed Kepler-Coulomb system, and of the caged anisotropic oscillator on the
2-hyperboloid. Then we introduced a new approach to proving quantum superintegrability
via recurrence relations obeyed by the energy eigenfunctions of a quantum system, and gave an
alternate proof of the superintegrabilty for all rational & of the caged anisotropic oscillator. This
proof clearly extends to all n. The recurrences for the caged oscillator are particularly simple,
but the method we presented shows great promise for broader application. Clearly, we are just
at the beginning of the process of discovery and classification of higher order superintegrable
systems in all dimensions n > 2.
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Figure 1: The template. Points contributing to the recurrence relation are marked with large dots
(e, 0). The large dot on the bottom center corresponds to the position (a — 1,b+ 1), the large dot
at the top corresponds to the position (a + 4,b) and o corresponds to position (0, 0).
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