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Abstract
B o

Quasi-exactly solvable (QES) problems in guantum mechan-
Ics are eigenvalue problems for the Schrodinger operator
where it is posssible to compute exactly a certain finite num-
ber of eigenvalues and eigenfunctions, even though exact
algebraic expressions for the full set of eigenvalues do not
exist. In the past, mathematical physicists have used hid-
den symmetry methods to attack these problems. We give a
brief review of these methods and then show the increased
Insight into the structure of such problems provided by su-

Lperintegrability theory and separation of variables. J
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Schrodinger 1D eigenvalue problem:

- .

HV = EV

where

1 d?
H=—-—-—

acting on the space of square integrable functions L?(R).



ES and QES problems
W o

e say that the eigenvalue equation is exactly-solvable, (ES),
If there is a basis of eigenfunctions HV¥,, = E,¥,, and each
function W, (x) can be expressed in terms of
hypergeometric functions (2-term recurrence relations for
the coefficients in the power series formula). (An example is
the harmonic oscillator
1 d? 5 o

H:—§@+wx.

It IS quasi-exactly solvable (QES) If there Is a finite-dimensional
subspace W of L?(R) that is invariant under H, i.e., HW C

W.

o -
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Significance of QES
-

Let o1, ---, ¢, be a basis for for W and let Hy be the matrix
of the restriction Hyy of H to W, with respect to the basis
{¢;}. Then H must have an eigenvector ¥, in W with
eigenvalue E, obtained by solving the characteristic
equation

=

det(Hw — Ep) = 0.

Thus a QES problem always has at least one eigenvalue
and eigenvector that can be found by algebraic means. By
means of a gauge transformation we can transform a QES
problem to one where W is a finite-dimensional space of

polynomials in = with basis 1, z, - - -, z*~ L.

o -
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Motivating example

o .

nharmonic oscillator with 6th order potential term:

12k 3 kg WP g
H=—-S 4L 2 AL
5 7 +[8w (n+2) ]:z:+2:1:+2:1:

For n a fixed positive integer, there are n + 1 eigenfunctions

i =0,1,---,n where P Is a polynomial of order at most n In

X.

o -
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Explanation: Hidden symmetry algebra

o .

(Turbiner, Schiffman, Ushveridze, Gonzales-Lopez, Olver,

Realization of the Lie algebra ¢/, by differential operators:

J+::C2di—na:, J_:di, Jozxdi—g, EY =1.
T T T

Here n Is a non-negative integer.
Commutation relations:

JH I =J T —J g ==2JY, [JY, JF] = +JF,

[E°, JF] = [E°, J] =0,
Casimir operator:

- O:J+J_—JOJO+JOE—g(g+1).
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Strategy

Build the Hamiltonian H as linear combinations of products
of the Lie algebra generators. Require that the subspace
W,, of polynomials of order < n be invariant under H. Note
that

J W, CW,, JW, CW,. J"W, CW,.

Easy to verify that the most general operator in the
enveloping algebra of g/ with these properties takes the
form

~

H=c1(JN 4o d VI 4e3J T T 44 J° T 4e5(J )2 +cgJ T +c7J 4

where the c; are constants.

o -
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The Schrodinger equation

fAs an ordinary differential operator T
i = -5 + pr() L+ po(a)
— —p2\7 dilfz pP1(x A po(T),

where p;(x) Is a polynomial in x of order at most j + 2. We
can turn this into a Schroédinger operator through the

standard change of variable 7 = + | dr__ and the gauge

\/p2(z)
transformation
—o(7) 13 T 1 d2
H=e P fFer(m) — ~575 (1) = 0" + po(x(T)),
where

L p(T):—/]ﬂdZC—FlHT,. J
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The Schrodinger equation 2

Then the polynomial eigenfunctions of H form an orthonor-
mal set of eigenfunctions of H with respect to the weight
function p*(7). Note: we have to check that the eigenfunc-
tions are square integrable with respect to the weight func-

tion.

o -
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Example: The 7° oscillator
ke T

W
Then
142 k2 3 ki o, w2
H-— -~ vl 2 e 2 o4 - 6
S Tlge — @nt el 4 o4 T

and the equation HV = E'V has n + 1 exact eigenfunctions

ki1 2 6

Ui = Py (a(r))e T 5T

i=0,1,---,nwhere P is a polynomial of order at most n in

Lthe computable variable (7). J
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The hidden symmetry algebra method
fAdvantages: T
1. Can compute and classify the possibilities

2. Extends to other Lie algebras and to d-dimensional
spaces

3. Extends to difference and ¢-difference operators.

Disadvantages:

1. Lack of insight into why the parameters must take
certain special values in order that computable
eigenvalues exist

2. There are examples of QES systems not explainable
via the Lie algebra approach.

o -
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Another approach

-

The singular anisotropic oscillator potential (2D):

1

k3 — %
5 w? (42 + y?) + ki + 2

22

(1) Vi(z,y) =

The Schrodinger equation has the form

82
((%;2 -

(2)

]CQ
)W+2E—w%@9+f)—%m%—2

82
Oy?

2

Y

o

1
4

Univers
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Another approach 2
F

motion takes place only on one of the half planes (—oo < z <

=

or ko > 1/2 the singular term at y = 0 is repulsive and the

oo, y > 0)or (—oo <z < 00, y < 0), whereas for 0 < ky < 1/2
In whole plane (z,y). The Schrddinger equation separates
IN two systems: Cartesian and parabolic coordinates. This IS an

example of a superintegrable system.

o -
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-

Separation of variables in Cartesian coordinates leads to

Cartesian separation

=

the two independent one-dimensional Schrodinger equations

(3)

(4)

where

(5)

d*yn 2.2

e -+ (2)\1 — 4w — 2]€1$)¢1 = (.

d* s 20 k-7

— + |2 e —wiYy" — o = 0.
dyQ ( y2

W(x,y; k1, ko) = (x5 k1)a(y; k)

and )\, A\ are Cartesian separation constants With A\ + Ao = FE.

o

-
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1st Cartesian separation equation

-

The first equation represents the well-known linear singular
oscillator system. The complete set of orthonormalized
eigenfunctions, (on 1/2) in the interval 0 < y < oo can be
expressed in terms of finite confluent hypergeometric series
or Laguerre polynomials

=

2w<1+k2)n2! 1 12
ko) — S5tk —swy Lkg 2

where \y = w(2n2 + 1+ kg).

o -
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2nd Cartesian separation eguation

-

The second equation easily transforms to the ordinary
one-dimensional oscillator problem. In terms of Hermite
polynomials the orthonormal solutions are

=

2

D0 1/4 W2 \/_
lbm(il%kl) — (?) \/WHTM( 2(,02’),

where z = 2 + {5, and A\; = w(2nq + 1)

_ K
Sw? "

o -
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Energy spectrum

- .

k2
E:)\1+)\2:w[2n—|—2—|—kg]—8—12, n=ni1+n2=0,1,2, ...
w
The degree of degeneracy for fixed principal quantum num-
ber nis (n + 1). The separation of variables in Cartesian
coordinates leads to two exactly solvable one-dimensional

Schrodinger equations.

o -
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Parabolic separation

=

fParabolic: coordinates ¢ and n are connected with the
Cartesian x and y by

1
$:§(§2—772)a ?J:f??a €€R7n>0

The Schrodinger equation in parabolic coordinates is

1 82\If+82\11 N
52_|_772 852 8772
2E—w2(§4—§2 2_|_ 4)—k(€2— 2)_]{%_% \IJ_O
n i 1 Ui 62772 —
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Parabolic separation equations

0 .

pon substituting

(g, n) = X()Y(n)

and introducing the parabolic separation constant A\, we find
the two separation equations:

d2X k2 — 1
—d§2 + <2E§2 — w2l — k1€4 — 252 4) = —AX,
Y k3 — 3

d—772 + <2E772 — w2776 + ]f1774 — 2 ) Y =+)\Y.
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New eigenvalue problem

-

The separation equations are transformed into one another
by the change ¢ «—— in. We have

=

(&, m; BE,\) =C(E,\)Z(& E,\)Z(in; E, \)

where C'(E, \) IS the normalization constant determined by
the condition

© [ dn [ dE e mENE =1
and the function Z(u; E, \) is a solution of the equation
_ d2 2,6 4 2 k% - i _
——— + | W+ P —2Ep° + 4 =M.
B e .
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Parabolic spectrum

. .

To solve the unified separation equation we make the
substitution

W4 k'l

Z(p; B, \) = exp <_Z“ ok ) p2 (s B N).

The X-spectrum corresponds to the polynomial solutions
w(z) Note: In the special case ky = % and E replaced by its spec-
tral values this is exactly the 1D anharmonic oscillator QES problem,

where now the energy eigenvalue is )\/2.

o -
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Ushveridze’s order 10 polynomial

o -

Ushveridze took two copies of an ordinary differential QES
problem (polynomial potential of order 10) and combined
them to form a single 2D partial differential equation from
which the original ordinary differential equations can be ob-
tained by separation of variables. However, the partial differ-
ential equation that he obtains is merely separable, not mul-
tiseparable or superintegrable. Here we show the increased
iInsight and greater simplicity obtained by using three copies

of the QES problem to form a 3d superintegrable system.

o -
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3D Schrodinger equation

-

Consider the Schrddinger equation HV = EV¥ where

1 0?
"= (u* —v?)(v? — w?) [c‘?u? ~ 36k{u"” — d8kikzu”
p(1—p)
—8(2k5 + 3k1ks)u’ + - ]
1 0?
+ — 36]6%?}10 — 48/61]62?)8

(V2 — u?)(v? — w?) [(%2

p(lvg p)]_|_

—8(2k5 + 3k1k3)v® +

-
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3D Schrodinger equation 2
B o

1 O?

2 10 8
(w2 — 02)(102 — u2) [an — 36k1w — 48k1k2w

_|_

p(1—p)

—8(2k3 + 3k1k3)w® + ——

This equation is clearly separable in the u, v, w coordinates.
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Equation In x, y, z coordinates

-

Passing to Cartesian coordinates

=

1
Z = 1uvw, T+1y = 5( 202+u2w2+02w2)—1(U4+U4+w4)7

, 1
w—zy:§( 2 40+ w?),

we can recognize the Hamiltonian operator in the form

H—a—2+a—2+a—2+36k2(2( —iy)® — 4(2? + y*) — 2?)
T 0r2 Oy? ' 022 peEE vy

—1
+48k1/~c2(3(:z:—z'y)2—(x+z’y))—16(2k§+3k1k3)(x+z’y)—p(pzz )

o -
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3D superintegrable system

=

fThis In turn can be recognized as essentially the complex
Euclidean space superintegrable system with complex
nondegenerate potential

V=a(2®—2x—iy)* +4(2* + ) +6 (2(z + iy) — 3(z — iy)?)

+7( +')+(S
X [/ — -
g v+ 3
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3D superintegrable system 2

=

fThe six basis second-order symmetry operators can be
taken in the form

H=0;+0,+0;+V.
S1 = (0p —i0y)2+ f1, S =07+ f2, S3={0., Ja+iJi}+ fs,
1 ' ~
S1=5{Js, 8x—i8y}—%(8x+ic?y)2+ fa, Sy = (Ja+iJy)*4+2i{0,, Ji

where {A, B} = AB + BA and the f; are appropriate func-

tions.

o -
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Separated egns. Inu, v, w coords.

. .

The separation equations for the Schrodinger equation
have the form

82

a p(1 —p)
O\?

E)\
VIR

— 36k N0 — 48k ko A® — 8(2k5 + 3k1k3) N0 +

F0NAN) = —L3A(N),

for A\ = u,v,w, essentially Ushveridze's 1D QES problem.
Can find the quantized values of £ for QES solution by de-

termining the energy levels of the 3D problem.

o -
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A new set of separable coordinates

o .

We choose new separable coordinates u, v, z defined by

. 1 9 .
x+zy:—§(u—v) , T —iy=1u-+v.

The Schrodinger equation has the separable form

1 0

HY = [——[(5— - 144k7u® — 96k kou® + 16(2k3 + 3k kz)u?) —
0 ; ) 02
(— — 144]€1?} — 96k kov” + 16(2]€2 -+ 3]€1]€3) )] + — — 36k
Ov* 022
1 —
APy gy

2
LWe already know the quantized values of E from the SDJ

University of lowa — p.30/4
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New separation equations

-

The separation equations for the variables / = u, v each
have the form (with E replaced by its guantized values)

=

2 ]{2
(% — 144Kk — 96k kol® + 16(2k35 + 3k1k3)0? — {16koks + 16k—3
1

6k (4n — 41+ 2p — 3)M) A(L) = —\A(0)

where A = U,V and ¢ = u,v. There are typically r + 1
solutions

]CQ
A(f) — exp (4/€1€3 + 2]{252 — Q(k -+ kg)f) ?in:()(g — (92')
1

Lof this equation, with eigenvalues \\¥. s =1, ...r + 1. J
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A new QES system!
-

fNote that for this last coordinate system we have given an
example of a QES problem with a quartic potential.

It is clear that in higher dimensions there are many examples
which generalize the hitherto known examples. In fact we
can find QES polynomial potentials of arbitrarily high order.
The utility of the use of partial differential operators, rather

than ordinary differential operators, Iis evident.

o -
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QES andn-dim superintegrable system:s
W . o

e show how to get QES systems from superintegrable
systems with nondegenerate potentials.
A Euclidean space guantum system HV = EV where H =
A, + V(x) is second order superintegrable if there are 2n — 1
iIndependent second order differential operators (in Carte-
sian coordinates z;), L; = > ; ,a M)é’?ﬁ lower order terms,

j=1,---,2n — 1 that commute with i = L;.

o -
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Nondegenerate potentials

. -

The potential is nondegenerate if it is the general solution of a
system

‘/]]_Vll_ZAJJE ‘/fa j:27”'7n7
/=1

ZAW Wi, 1<k<j<n,

where all of the integrability conditions for this system of par-

tial differential equations are identically satisfied. Thus there

IS an n + 2 dimensional solution space of potentials V. Non-
Ldegenerate potentials are those with the maximum numberJ

Of param ete rS pOSSI b I e . University of lowa — p.34/4



Generic Jacobi ellipsoidal coordinates

o .

Consider the Hamiltonian

H = 282+Oz$ —|—6Z

1=1 Z

)+ 0, 0 =0y,

It is superintegrable with nondegenerate potential and a
basis of n(n + 1)/2 second order symmetry operators given

by

2 2
= 82+aa: —I— 61 Jz'j = (wiaj—wjai)2+ﬁiw_;+ﬁjx—;, [/ # 7.
z U J

Although there appear to be “too many" symmetry operators,
Lall are functionally dependent on a subset of 2n — 1 function-J

ally independent symmetries.



Generic Jacobi ellipsoidal coordinates :

-

1. The equation HV = EV¥ admits multiplicative separation

B

In n generic ellipsoidal coordinates
vy = I (uj — e;) /Tgzi(er — e;), simultaneously for all

i =

values of the parameters with e; # e;.

. Thus the equation is multiseparable and separates in a

continuum of ellipsoidal coordinate systems (and in
many others besides).

. The n commuting symmetries characterizing a fixed

elliptic separable system are polynomial functions of the
e;, and requiring separation for all e; simultaneously
sweeps out the full n(n + 1)/2 space of symmetries and
uniquely determines the nondegenerate potential.

.
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Generic Jacobl ellipsoidal coordinates -
B -

1. The infinitesimal distance in Jacobi elliptical coordinates
U 1S

2 T (u _ u)
de? — & JF\ J) 30,2
T 2; Plu)
where P(\) =TI} _; (A — eg).

2. This is a flat space separable metric for any polynomial
P()\) of order < n.

3. The distinct cases are labeled by the degree of the
polynomial and the multiplicities of its distinct roots.
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Generic Jacobi ellipsoidal coordinates ¢

f 1. If for each distinct case we determine the most general T
potential that admits separation for all e; compatible with
the multiplicity structure of the roots, we obtain a unique
generic superintegrable system with nondegenerate
potential and n(n + 1)/2 second order symmetries.

2. Thus, for n = 3 there are 7 distinct cases for —1 P()\):
A—e)A—ex)(A—e3), A—e1)(A—e2)?, (A—e1)’,

A—e)A—e2), A—e1)?, (A—e1), 1,

where e; # e; for i # j. The first case corresponds to
Jacobi elliptic coordinates.

o -

University of lowa — p.38/4



Generic Jacobl ellipsoidal coordinates ¢

. .

The number of distinct generic superintegrable systems for
each integern > 2 is
n
> ().
7=0

where p(j) Is the number of integer partitions of j, given by
the Euler generating function

O

1 -
HZO:1(1 — tk) — ZP(])tJ.

J=0
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Generic Jacobl ellipsoidal coordinates ¢

- .

1. Although we cannot write down master canonical
expressions for all such generic systems in Cartesian
coordinates, it is easy to take these limits and write
down a master equation for the separated ordinary
differential equations in the elliptic coordinates, ;.

2. The separation equation for each of the coordinates
r = u; IS essentially the same:

o -
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The master equation 1

- .

d dF
P(2) - (V P(@) =) anpoa”™ P04+ - tana” an 12" 4
(1) (1) (1) (r) (r)
b1 by by, b1 by
+($ — 61)—|—(£E — 61)2+ +(x — 61)p1+ +(x — er)+(a: — er)z_i_.
(r)
bpr B
e

Here,
Plx)=—4(x —e)P* -+ (x — e, )Pr

and po +p1 +--- +pr =n.

o -
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The master equation 2

- .

1. The n constants a,, s =0,---,n — 1 are the separation
constants for the superintegrable system in these
elliptic coordinates. In particular, £ = a,,_1.

2. The other n + 1 constants depend onthe n + 1
parameters in the potential and can be assigned
arbitrarily by specifying the appropriate potential.

o -
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The master equation 2

-

First we look for explicit solutions of a single master
equation, ignoring the fact that it is a separation equation
for a superintegrable system. To obtain polynomials, we
perform a gauge transformation and find solutions of the
form

=

(1) (1)
U =exp | bz + lox* + - + €p0+1xp0+1 + a + 2 4.
(x—e1) (z—e1)
() (r) (r) (r)
“pi—1 - G Co o Cpr—1
(.CU — epl)pl—l —|_ —|_ (.CU . er) —|_ (,CC — er)2 —|_ —|— (aj — er)pr—l
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The master equation 3

-

We require that the differential equation satisfied by the T
polynomial ®(x) is of the form
d>®

dP
(rn—pex” PO+ +r0)—+(sn:c +- - +50)—

o o (tn_1$n_1+to)q) =

This is always possible.
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The master equation 4

-

The zeros 6; of these polynomials satisfy relations of the
form

=

(1)

1 I+ ¢ C
010;4+2050%+- - - 1), ,10P°+4 E—
. .9@'—9'+1 2607 pot D lpo+1f, +(9i_€1) (0; — e1)?
JF#1 J
1 r
+(p1 _ 1)01(91)_1 ot ipr T 67(“1) 4 .+(pr _ 1>C](97°)_1 =0
(6; — eq)P1 (0; —er) (0; —ep)? (6; — e )Pr '

This Is easy to see from the original differential equation

evaluated at x = 0,.

o -
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The master equation 5
- o

We relate these finite solutions to the superintegrable sys-
tem in n dimensional Euclidean space from which they are
obtained by separation of variables. The admissible values
of the separation constants for obtaining polynomial solu-
tions in the variables u; can be determined for the n-space
Hamiltonian and the results translated back to the separated

master equations.

o -
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The master equation 6

- .

1. The same procedure works for generically separable
systems for n-dimensional constant curvature spaces.

2. Many of these polynomial solutions are not
normalizable with respect to the standard inner product
that makes the separated Hamiltonian formally

self-adjoint. However, they are often understandable as
CP-invariant Hamiltonians.

o -
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Final Message

=

. 1D QES problems arise by separation of variables in
higher-dimensional Shrédinger equations with
superintegrable (multiseparable) potentials.

. The guantized values of the parameters that permit
explicit solutions are the energy eigenvalues of the
higher-dimensional problem. The “energy” for the 1D
QES problem is an associated separation constant.

. Apparantly distinct 1D QES and ES problems can arise
from the same higher-dimensional problem by
separation in distinct coordinate systems. In this case
the quantized energy is the same.

. Superintegrability theory is a powerful tool for the
analysis and classification of ES and QES systems. J
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