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Abstract

2nd order superintegrable systems with a 2-parameter potentials
and 5 symmetry operators that are functionally linearly dependent
have never been classified. The best known such example is the
Calogero system with 3 bodies on a line. In the paper we have worked
out the structure theory for such systems in conformally flat spaces
and shown that they always admit a 1st order symmetry. We have
given a complete classification for all such systems in 3-dimensional
flat space that are of the class Oy0(4) . In this note we prove the
nonexistence of Calogero-like systems in class O0(4) on the complex
3-sphere.

1 Introduction

In the paper [1] we have derived structure results for all 2nd order superintegrable
FLD systems on conformally flat real or complex spaces that have potentials
that depend on 2 functionally independent variables (the maximum possible)
and have determined all such systems on 3-dimensional complex flat space



that are of class Oyo(4). In this note we carry out the analogous computations
for the complex 3-sphere and show that no such systems exist in class Oy0(4)
. The notation and method of classification are taken from paper [1].

2 The complex 3-sphere

We choose a standardized Cartesian-like coordinate system {z,y, z} on the
3-sphere such that the Hamiltonian is

2
r
H=(+ ) W +p,+)+V, (1)
where 72 = 22 4 y? + 22. These coordinates can be related to the standard
realization of the sphere using complex coordinates s = (sy, Sq, S3, 54) such
that 327 s2 =1 and ds? = 2?21 ds? via

j=1"7

4x 4y 4z 4 —r? ()
= — Sy —— ——— §qg — ——— Sy = ——
T R Y R Qe
with inverse x = 2s1 /(1 + s4), y = 259/(1 4 s4), z = 2s3/(1 + s4). A basis of

Killing vectors for the zero-potential system is Jj,, Ky, j,h = 1,2,3, 7 < h,
where

51

Jog = yp, — ZDys J31 = 2py — xp,, Ji2 = TPy — YPx, (3)
A T xy Tz y? —a? — 22 Ty Yz
K, = (1+T)px+7py+7pz7 Ky = (1+T)py+7pm+7pz;
22— 22 —q? 2 Yz
5= (1+ 1 )p- + 5 Pat Dy
The nonzero commutation relations are
{Joz, Js1} = Jia, {Ki, Ky} = Jio, {Ki,J51} = K3 (4)

and their cyclic permutations. The relation between this basis and the
standard basis of rotation generators on the sphere Iy, = s¢py, —Smpr = — e
is

JQS = 1237 J31 - 1317 J12 - 1127 Kl = I417 K2 - I427 K3 - I43~ (5)

By relabeling, we can express one of the quadratic parts of the constants
of the motion S for a FLD system as a linear combination of the quadratic

parts of the remaining 4 generators 3(1), e ,3(4):

So =Y xS (6)



Again we limit ourselves to the maximal case where the expansion (6) is
unique. The generators 3(0),3(1),3(2),3(3),3(4) are polynomial in z,vy, z of
order at most 4 and are linearly independent. We can solve for the expansion
coefficients in the form ¢\ (z,y,2) = s9(x,y,2)/sO(z,y,2), £ = 1,...,4

where s s 54 are polynomials in z, y, z of order at most 4. It follows
that
4
Z A(ay, ag,a3)ry*?z* = 5(0)5’(0) — Z S(T)S(r) =0, (7)
a1,a2,03 r=1

where each coefficient A(ay, aq, ag) must vanish. In particular, the sum of all
terms homogeneous of degree n must vanish for each n =0,...,4:

B(n) = Z Alay, ag, az)z®y*?z* = 0.

a1 t+az+az=n

Each of the generators S(T) is a linear combination of terms KK, (maximal
order 4), J;K;, (maximal order 3) and J;J;, (order 2).

Since the free part of the Hamiltonian A is not homogeneous, it is not
true that the generators must be homogeneous polynomials. However, once
the highest order terms of a generator S(g) are fixed are fixed, the necessary
and sufficient conditions on the lower order terms for S(g) to be a symmetry
are uniquely determined from the relation {#, Sy} = 0 and the requirement
that the lower order terms cannot by themselves be a first order symmetry.

From Corollary 1 of [1] applied to the 3-sphere we see that, up to conjugacy,
there are just 2 cases to consider: J = Jis and J = Jio + 1.Jo3.

2.1 J=Jp

Here the centralizer of J is the group generated by rotations about the z-
axis, and transformations exp(aK3). We can use this freedom to simplify
the computation. Since .J;5 is a symmetry the potential must be of the form
V(2% + 9%, z). Writing a 2nd order symmetry in the form

S=Fiu(z,y,z) P% + Fy(x, vy, 2) p% + Fy3(x, vy, 2) p§ + Fio(x,y, 2) prpe+

Flg(fﬁ, Y, Z) P1P3 + F23((L'7 Y, Z) D2P3 + F()(l’,y, Z)
and requiring that {S, H} = 0, we can solve for the Fj; to get

1 1

Fll = 5(48620 + 3014 — 03)y4 + 4—8(8021' + 24013 + 404)y3 +
1
@((6@1 + 96c90 — 2¢3)2° + (—8cgz — des + 24c) 2 +



(—6014 -+ 96020 — 603)1’2 —+ (—32015 — 16617)1‘ — 24018 -+ 384020
1
—16¢3)y? + 4—8((80295 + 24c13 + 4eq)2? 4 (=8 * c12? + 96¢i0r — 16¢4

1 1 1
+48611)Z — (24(§CQI + C13 + 604))(ZE2 + 4))y 48 (48020 + 3014 — 63) +

1 1
48( 8cex — des 4 24c9) 2 + — 13 ((—6c14 + 96¢90 + 2¢3)2?

1
+(=16¢15 + 16¢17)2 — 24c19 + 384c0) 2% + E(aﬂ + 4)(2cex + ¢5 — 6cg)z

1 1
(014 + 16020 — 563)(1’2 + 4)27

16
1 1
Fy = Ecﬂ T 12 ((c3 + 3c14)y + 12 + 6ey3 + cq)r® +
1 1 2
12( 6oy + (6csz + 12¢15 + 6¢17)y — 182(cr9 — 667)) +
1
12(( c3 — 3c14)y” + (—3c12z — 18¢13 — 3ca)y® + ((—3cp + 3e3) 2% +
(—12¢9 + 6¢5)z + 12¢18)y + c12° + (3cq — 6¢13)2° — 12¢112 + 24cy3 + deg) v +
14+1(2 4 2c17)y* + 32( 1)1+
12029 1 Ce2 C15 C17)Y Z{C10 607 Yy 5
1 1 1
12( 2c62° 4 6c172 + 12082 — 16¢15 — 8cy7)y — ECQZ + 12( 3¢y — 6cyg) 2°
1
—ep2? + — T (12¢7 + 24¢10)2 — 4025,
1 1
Fis = —Ecﬁx + 12((3014 —¢3)z +yer + 6y — c5)a® +
1 1
3 —(6cgz* + (—6cay + 615 — 6e17)2 — 18y(eqo + 607)):152 +
1
12((03 — 3614)2 + ( 301y + 305 — 1869)22 +

((=3c14 — 3e3)y* + (—12¢13 — 6ca)y + 12¢19)2 + c1y® + (=69 — 3¢5)y?

1 1
—12ycyq + 24¢q — 4es)x — Ecﬁz + — B (2coy — 2¢15 + 2¢17)2° +
,1 1

1
?)y(Cl() + 607)2 5 + — 1 (2y Co + ( 6015 — 6017):1]2 + 12012y — 8615 + 8017)2

clegte L
1206*” 12

1 1 1

+(2¢12 + 24c13 + deg)y + (48¢90 — 2¢3) 2% — dzes + 12¢14 — 12¢15 + 192¢99

1 1
(3¢cr — 6¢10)y® — csy® + —(—12¢7 + 24c10)y + 4(:65,

12
402y 8615 — 4017)1' + —



F33

1
—403)372 + —(—43/302 + (8¢cgz + 8cy5 + 4017)y2 +

24
(4co2® + (—24c19 + 12¢7)2 — 16¢2)y + (—8c1s — deyr) 2 +
1 '

(16¢6 — 24cs)z + 32¢15 + 16¢17)x + ﬂ(24020 )y — YA

1
+ﬂ((48620 + 263)22 + 4205 + 192620 - 863)y2 +
1 1 1
EZ(0122 +deqz — 4ey)y + ﬂ(24020 —c3)2t — 62’305 +
1(12 +192¢90) 2% + 2 L 16 265
—(—12¢ C20) 72 2C5— Cop — 25—
2 16 20 53 20 337

1

1 1
—ﬁclx4 -+ ﬂ(4622 — 4C6y + 24610)1‘3 -+ ﬂ((lQCMZ + 2409)y -+ 240132
1
+24¢11) 2 + ﬂ(_406y3 + (=12¢92 — 12¢7)y” + (12¢62” + 24c452
1
+24¢g)y + 4cp2® + 12¢72% 4 24c192 — 96¢10) T + ﬂclg/‘ +

1 1 1
—(—dczz — des)y® — 12(012 +2¢0)y? + —(des2® + 12¢52° +

24 24
1
24c162 — 16¢5)y + ﬂ(ZQ +4)(c12” + degz — dey),
1 1
1'4020 + —(—2062 — 2615 + 2017)1’3 + —(24020y2 + (clz + 204)3/ +

12 12
(3014 + 24620 - 63)22 + (—265 + 1209)2 + 6014 - 6019 + 96020 - 263)1’2

1
+E((_2CGZ - 2015 + 2017)y2 + (—4622:2 + (—12010 — 607)2

—12612 — 802)y + (2(22 + 4))(C6Z + ci5 — 617))1’ + y4020 +

1 1

E(clz —+ 2C4)y3 + E((24020 — 263)2’2 — 4ZC5 - 6016 + 96020 — 4Cg)y2
1 2 2 2

—E(z +4)(c1z2 + 2¢4)y + (27 +4)7,

where the c; are constants to be determined. In addition we obtain a series of
equations for the first derivatives 0,1y, 0,Fp, 0, Fp, which lead to Bertrand-
Darboux equations for V(2% + y?, z). At the end we have to find 5 linearly
independent solutions for & and verify that they are functionally linearly
dependent.

We can get a basis {L;, j = 1,...,20} for the 20-dimensional space of

symmetries of the zero-potential system by defining the symmetry L; as that
for which ¢; = 1 and ¢, = 0 for all k£ # j. However a more convenient basis
is that of eigenvectors of Ad. The result is:



Order 2 basis:

1. ) .

7 1 .

Sogy = §L19 - §L16 + Lyp, e.v. = 2i,

2. ] ]

7 7

Sog_ = —§L19 + §L16 + Ly, ev.=—2i,

3.

Sy = Lig, ev.=0,
4.

So00 = Lig, e.v. =0,
5.

521+ = —ZLg + L11, e.v. = i,

6.

521, = ZLg —+ LH, e.v. = —i,

Order 3 basis:

1.
2
ng+ = ZLg - 42[/5 + §L10 + L77 e.v. = 22,
2. 5
532_ = —iLg + 4ZL5 + §L10 + L77 e.v. = —22',
3. .
) ) )
S314a = —§L13 —ily+ Ly7, ev. =1,
4. )
2 . .
S31_q = §L13 +ily+ Li7, ev. = —i,
0. )
1
S314p = —§L13 +ily+ Ly, ev. =1,
6.

S31_p = §L13 —ily+ L5, ev.= —i,



530 = —2L10 + L7, e.v. = 07

1
Sa00 = ELQ + Ls, e.v. =0,

Order 4 basis:

1.

S42+ - L14 + ZL2 + L3, ev. = 22,
2.

S42_ = L14 — ZL2 + L3, e.v. = —21’,
3.

Spr =2l + Lg, ev.=1,
4.
S41_ = —2iL1 + Lﬁ, e.v. = —i,
D.
84(] = LQ(), e.v. = 0,

6.

1
Sa00 = §L14 + Ls, e.v. =0,

Thus the possible actions of Ad; on an eigenbasis are described by the
canonical forms

A0 0 00
0 A 0 00
0 0 X3 00 (9)
0 0 0 00
0 0 0 00
A 0 000
0 A 0 00
0 0 000 (10)
0 0 00 0
0 0 00 0



A 0000
0 0000
0 0000 (11)
0 0000
00000
00000
00000
00000 |, (12)
00000
00000

where \; = £1, £2i.

2.1.1 Form 9

Since the eigenvalues for the real 3-sphere must occur in complex-conjugate
pairs, a system of this form is only possible for the hyperboloid. There
are numerous FLD systems with this form, but none admit a 2-parameter
potential.

2.1.2 Form 10

There are several FLD systems with this form, but none admit a 2-parameter
potential.

2.1.3 Form 11

Since the eigenvalues for the real 3-sphere must occur in complex-conjugate
pairs, a system of this form is only possible for the hyperboloid. Checking
over all possibilities for systems with this eigenvalue form we find only one
system that is FLD and, for it, V' depends on only a single function.

2.1.4 Form 12

Checking over all possibilities for systems with this eigenvalue form, we find
that none are FLD.

2.2 J = Jia+1J23

In this case the potential must be of the form, V = V(2 +iz, y* — 2iz(z +ix)).
This suggests the change of variables

z=—ple?+e" (1/4=1)], y=—pre, (13)

8



z=iple ! —e’ (1/4+1%)],

so that in the new coordinates we can write J = %pr and the Hamiltonian is

H= (2 ap (o - T v, ef 14
=(p ; P +Vi(p,e’). (14)

As in section (2.1) we can get a basis {L;, j = 1,...,20} for the 20-
dimensional space of symmetries of the zero-potential system by defining the
symmetry L; as that for which ¢; = 1 and ¢, = 0 for all £ # j. However
a more convenient basis is in terms of generalized eigenvectors of Ad;. The
result is:

Order 2 basis:

1.
1 1
Jy=—=Lig— =L
4 glis = gL,
2. _ )
7
J3 = §L11 + §L127
5 1 2 1
Jy = §L18 - §L19 + §L16>
4.
Ji = 2iLyy — 2Ly,
5.
J() = 2L18 —|— 4ZL8 - 2L16 — 2._72,
6.

Joo = Lis + L1g + L.
The elements of the order 2 basis satisfy
Adj(Jj):Jj_h jzl,...747

and
Adg(Jo) = Adz(Joo) = 0.

The subscript j on the operator J; indicates that this basis function is a
polynomial of order j in the variable r.

Order 3 basis:



) 1 3i
M, = —ng — L5+ §L17 - 5L57
2. .
M, = —§L13 + 3Ly,
3. .
MQ — —%Lg + 2L15 - L17 - SZ'L57
The subscript j on the operator Af; indicates that this basis function
is a polynomial of order j in the variable r.
4. ‘ .
) 7
Ny = — —L —Ly— —L
1= 75 13+48 10+84 357
5. .
i i
Ny=—Lg— -Li; — =L
3= 1670 T gt T gt
6.
7 7
N, ZLlo + 8L7’
k 3i 3 3i
1 7
Ni=——Ly— =L —L
1 31975 17+ 5 45
8. 5 _ Y
7 1
No=—=L —Lijg—3Ly — —L7.
0 5Las + 5110 3Ly T

The subscript j on the operator N; indicates that this basis function is a
polynomial of order j in the variable r. The elements of the order 3 basis
satisfy

AdJ(Mj) = Mjfl, ] = 1, 2, Adj(Mo) = O

and
Adj(N]) :Njfl, j:1,74, Adj(No) :0

Order 4 basis:

1.
K4 :L37

10



1
Kg - 22L1 - §L2,

3.
3 1
Ky = —Lyy+3L3 + ELG + EL%;
4.
. 3
K1 == 32L1 - §L2,
5. ]
K() — —3L14 + 3L3 + ?)ZLG + gLQO,
6.

Koy = Loy = H,o.

The subscript j on the operator K; indicates that this basis function is a
polynomial of order j in the variable r. The elements of the order 4 basis
satisfy

Ads(K;) =K, j=1,...,4,

and
Adg(Ko) = Adg(Ko) = 0.

Each canonical form must correspond to bases that are invariant under
the action of Ad; and contain both the symmetries Jy and Kyy. There are
5 canonical forms to consider:

(16)

(17)

OO OO OO oo o000 oo ocooo
oo oo+, O oo+ OO oo
OO o OO OO OO0 o0 —=O
OO OO OO o000 oo+ OoOO0o
SO DO DD DO oD OoOOo oo o oo

—_
—



(18)

(19)

SO OO oo oo oo o
SO o oo oo oo
OO oo oo oo o
SO OO0 oo o oo
SO DO OO OO o oo

2.3 Form (15)

There is only one case corresponding to this form, and it is FLD. However,
it does not admit a 2-parameter potential depending on 2 variables.

2.4 Form (16)

There are no 2-parameter FLD systems for this form.

2.5 Form (17)

There are no FLD systems for this form.

2.6 Form (18)

There is only 1 FLD system for this form and it admits only a 1-parameter
solution.

2.7 Form (19)

There is only 1 FLD system for this form and it admits only a 1-parameter
solution.

3 Conclusions

This note is part of a program to classify all 2nd order superintegrable
classical and quantum systems on 3-dimensional conformally flat complex
manifolds. In the paper [1] we have worked out the basic structure theory
for Calogero-like superintegrable systems on these manifolds and classified

12



all such systems in class Oyo(4) on flat spaces. Here we have shown that
there are no such systems in class O0(4) on the complex 3-sphere.
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