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Abstract—We establish a relation between Coulomb and oscillator systems on n-dimensional spheres
and hyperboloids for n > 2. We show that, as in Euclidean space, the quasiradial equation for the
(n + 1)-dimensional Coulomb problem coincides with the 2n-dimensional quasiradial oscillator equation
on spheres and hyperboloids. Using the solution of the Schrodinger equation for the oscillator system,
we construct the energy spectrum and wave functions for the Coulomb problem. © 2002 MAIK “Nau-

ka/Interperiodica” .

1. INTRODUCTION

[t has long been known that the Coulomb and
oscillator potentials are two paradigms in quantum
mechanics that possess dynamical or hidden sym-
metries: O(n + 1) for motion in a Coulomb field [1]
and SU(n) for an oscillator. On the other hand, the
connections with these two Lie groups of dynamical
symmetries provide relations between the Coulomb
and oscillator systems. In particular, the (n+1)-
dimensional radial Schrodinger equation for the
Coulomb system is identical to the oscillator equation
for 2n dimensions by the duality transformation [2]. It
is also known that the complete relation (not only for
the radial part) is possible only for special dimensions
of (2, 2),(3,4),and (5, 8). The dual mappings in these
cases are so-called Levi-Civita, Kustaanheimo—
Stiefel, and Hurwitz transformations [3—5].

The generalization of the Coulomb problem to a
three-sphere was performed in the famous article of
Schrédinger [6]; for the n-dimensional hyperboloid,
this problem was solved in [7]. Later, the Coulomb
and the oscillator problem on spheres and pseudo-
spheres were discussed from many points of view in
[8—19].

In [20], we constructed a series of complex map-
piﬂgS SQC — SQ, S4C — Sg and SSC — S5, which
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extend to spherical geometry the Levi-Civita, Kusta-
anheimo—Stiefel, and Hurwitz transformations,
which are well known for Euclidean space. We
showed that these transformations establish a corre-
spondence between Coulomb and oscillator problems
in classical and quantum mechanics for dimensions
of (2, 2), (3, 4), and (5, 8) on the spheres. A
detailed analysis of the real mapping on a curved
space was performed in [21]. It was shown that,
in the stereographic projection (see also [22]), the
relation between Coulomb and oscillator problems
functionally coincide with the flat-space Levi-Civita
and Kustaanheimo—Stiefel relations.

In the present paper, we find the relation between
the quasiradial Schrodinger equations for Coulomb
and oscillator problems on an n-dimensional sphere
and two-sheeted hyperboloids for n > 2.

2. COULOMB—OSCILLATOR RELATION
ON n-SPHERE

The Schrodinger equation describing a nonrela-
tivistic quantum motion on the n-dimensional sphere
s2+ 82+ -+ 52 = R?, where s; are Cartesian co-
ordinates in the ambient (n + 1)-dimensional Eu-
clidean space, has the form (h=pu =1)

HWY — [—%ALB 4 V(s)] =B, (1)

where the Laplace—Beltrami operator in arbitrary
curvilinear coordinates &, is

1 0 0
A = —=+-9"" V95 (2)
/G 0¢, 9€,
g = det ||g/w||a ga,ug/w = 55[
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For any central potential V(x), the Schrodinger
equation admits separation of variables in the hyper-
spherical coordinates that are specified as

sgp = Rcos y,
s1 = Rsin x cos 4,

s9 = Rsin x sin vy cos ¥s,

Sn—1 = Rsin ysind; sin vy . ..sind,_s cos @,

Sp = Rsinysind; sinvs . ..sind,_osin @,

where x,%1,...,Y%,—2 € [0,7] and ¢ € [0,27). We
can separate the angular part of the wave function
using the ansatz

\IJ(X77917"'719TL—2780) (3)
=RX) YL 1 ioiin o1, .., On_2,¢),

where [; are the angular hypermomenta, L is the to-
tal angular momentum, and the hyperspherical func-
tion Y71, 1510 (V1 ..., ¥n—2, ) is a solution of the
Laplace—Beltrami eigenvalue equation on an (n —
1)-dimensional sphere. After the separation of vari-
ables in (1), we obtain the quasiradial equation

1 d . .1 dR(x)
= sin® 4
sin™ 1y dx X dx 4)
L(L -2
+ [2R2E - w — 2RV (y)| R(x) = 0.
sin”
Using the substitution
Z(x) = (sin )" VPR (), (5)
we find
?Z - (2L+n—-1)2L+n-—
dx 4sin“ x
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- 2R2V(X)] Z =0,

where E = 2R*E 4 (n — 1)?/4 and the quasiradial
wave function Z(x) satisfies the normalization con-
dition

/ Z(0Z°() R dy = 1. (7)
0

(i) Let us now consider the n-dimensional oscilla-
tor potential [8, 9]

WR?s2 4834+, +52
Vi) = 5 A (8)
50
w?R?
= tan? X-
Substituting the oscillator potential into Eq. (6), we

obtain the Poschl—Teller-type equation

d*zZ v —1/4
_+[ e
dx? cos? x
(L+ (n—2)/2)? —1/4

— Z =0,
sin? y }

9)

where v = /w?R% + 1/4and e = E 4+ w?R*. The so-
lution of the above equation that is regular for x €
[0, 7/2] and which is expressed in terms of the hyper-
geometric function is [23]

22n, + L+v+n/2)T'(n, + L+v+n/2)T'(n, + L+ n/2)

Z(X) = Zy,1,(x) = \/

RMI'(L 4+ n/2)]?T'(n, + v + 1)(n,)! ’

(10)

(sin x) L =1/2 (cos x ) T2 5y (—nr, n.+L+v+ g; L+ g; sin? X),

and the e is quantized as

ny 2
€:<2TLT+L+V+§) ) (1)
where n, + L =0, 1,2, ... is a “quasiradial” quantum
number. The energy spectrum of the n-dimensional
oscillator is given by

ER(R) = —= (N +1)(N +n)

T oR? (12)
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+ v -1V + 5],

where N =2n, + L =0,1,... is principal quantum
number. In the contraction limit where R — oo, x —
0, and Ry ~ ris fixed and for v ~ wR?, we see that

lim E%(R) :w<N+g) (13)

R—o00
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Imy

- — - — — =

Rex

Domain G = {0 < Re x < m;
complex plane of x.

0 < Im x < oo} in the

and
lim (R)™ V2275, (x)

R—o0

e () ()

x plH(n=1)/2—wr?/2 1F1 (—N 2_ L, L+ g; wr2).

(14)

Formula (14) coincides with the known formula for
n-dimensional flat radial wave functions [24].

(ii) The potential that is the analog of the Coulomb
potential on the n-dimensional sphere has the form [6,
8, 9]

(0% S0
Viv) = —— 15
%) R\/s2+s2+... +52 (15)
-2 cot
The Schrédinger equation (6) for this potential is
d?Z - (2L+n-1)(2L+n-3)
— + |E— 16
dx? * { 4sin? y (16)

+ 2aR cot X] Z =0.

We now go over to the new variable 6 € [0, 7/2] de-
fined as

eX = cos . (17)

This is possible if we continue the variable x in the
complex domain G: Re x =0, 0 < Im x < oo (see
figure). We also complexify the coupling constant «
by setting k = ia with

acot x = k(1 —2sin~24). (18)
As a result, we obtain the equation
W v —1/4
- 19
dn? + [6 cos? 6 (19)
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(2L+n—2)2—-1/4
- W =0
sin® 6 ] ’

where W (0) = (cot 6)'/2Z(6) and

e=FE+2kR, 1?=FE —2kR. (20)

From the above equation, we see that, apart from
the substitution in (20) and the transformation L —
2L, the quasiradial equation (19) for the n®°!! = (d +
1)-dimensional Coulomb problem coincides with the
n®¢ = 2d-dimensional quasiradial oscillator Eq. (9).
This means that relations between these two systems
are possible only for oscillators in even dimensions:
nost =2 4,6,8....

Thus, Eq. (19) describes the 2(n — 1)-dimensional
oscillator quasiradial functions with even angular
momentum 2L. According to (10), the regular (for
0 € [0,7/2] and v < 1/4) solution of this equation
has the form
W(0)

=Z,.5.(0

Veorg — 2ntl®)
=C (v) (sin )21 (cos 0)”

X oF1(—np,n, + 2L + v

+n—1; 2L +n — 1; sin?#@),

2(0) = (21)

where C' ;(v) is the normalization constant. To
compute the constant C}} ; (v) for the corresponding

Coulomb quasiradial function, we require that the
wave function (21) satisfy the normalization condition

™

Rn/anLZTirLdX - 17
0

(22)

where the symbol “¢” means the complex conjugate
together with the inversion xy — —x; i.e., Z°(x) =
Z*(—x). [We choose the scalar product as Z° be-

cause, for x € G and real @ and E, the function Z°(x)
also belongs to the solution space of (16).] By analogy
with what was done in [20], we consider the integral
along the contour G in the complex plane of variable
X (see figure):

meL(X) Zy 1 (x)dx (23)

_ /0 Zn () Z8, 1 (X)dx
T+100

+ / Zn1(X) 22, 1,(x)dx

™

- / Zn,1(X) Zyy, 1.(X)dX

mT+ioco
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0
+ / Zn,1.(X) Zyy, 1, (X)dx.

Considering that the integrand vanishes in proportion
to €?*X and that Z,,1(x) is regular in the domain G
(see figure), we then find, with the aid of the Cauchy
theorem, that

™

/ i1 (%) 22, (X)X
0

(24)

100

= (1—¢€*™) /anL(X) Zy 1 (x)dx.

Q
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Making the change of variable according to (17) in
the integral on the right-hand side of Eq. (24), we
obtain

/ZmL(X) Zn. 1 (x)dx (25)
0
/2
=i(1—e*™) / [Z,, 1] tan 6 d6.
0

Afterintegration with respect to the angle 6, we finally
get [24]

C’I’L

(=2iv)(v+2n,+2L+n—-1)(n)T(2L+n, +v+n—1)

n —

Comparing now Eq. (11) with (20) and setting k& =
V:—(nr+L+ (27)

1o, we get
1> ,
+ 10,
aR

T+ L+ (n-1)/2

and obtain the energy spectrum for the Coulomb
problem,

N(N +n-1) o?
2R? 2(N + (n—1)/2)%
N=n,+L=012,...

E, = (28)

Returning to the variable x, we see that the Coulomb
quasiradial wave function has the form

Zni(x) = Cni(o) (sin )" =172 (29)
x exp[—ix(N — L —io)]
n—1

2

+2‘J;2L+n—1;1—e2ix>,

><2F1<—N+L,L+

where the normalization constant Cn (o) is
C]T\LTL(O_) _ 2L+(n71)/2 emr/Q
|IT(L+ (n—1)/2 —io) |
I'2L+n—-1)

[(N+(n—1)/2)2 4+ 0?](N +L+n—2)!
% 9R"7(N + (n — 1)/2)(N — L)!

(30)
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(26)

Thus, by using the relation between Coulomb and
oscillator systems, we have constructed the quasir-
adial wave functions and the energy spectrum for a
Coulomb system on an n-dimensional sphere.

Finally, we note that, in the contraction limit R —
oo (for details, see [14]), it is easy to recover the well-
known formulas for the flat-space n-dimensional
Coulomb problem both for the discrete and for the
continuous spectrum [1].

3. COULOMB—OSCILLATOR RELATION
ON AN n-DIMENSIONAL TWO-SHEETED
HYPERBOLOID

The pseudospherical coordinates on the n-dimen-

sional two-sheeted hyperboloid s3 — s2 — 8% — ... —

52 = R? 59 > R, are
sg = Rcosh,
$1 = Rsinh 7 cos 1,

S9 = Rsinh 7 sin 1 cos g,

Sn—1 = Rsinh 7sin ¢ sinvy ... sin ¥, _s cos ¢,
Sp = Rsinh7sin¥sinds . ..sinv,_ssin g,
where 7 € [0,00). The variables in the Schrodinger

Eq. (1) may be separated for any central potential
V (7) by the ansatz

\I’(Tﬂ?l, e ,’19n,2, QO)
=R(T) YL 110000 (V1. Un—2,9),

(31)
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where, as in the preceding case, I; are the angular
hypermomenta and L is the total angular momen-
tum; the hyperspherical function Y7, 1,1, »(P1,...,
Un—2,¢) is a solution of the Laplace—Beltrami equa-
tion on the (n — 1)-dimensional sphere. After the sep-
aration of variables, we obtain the quasiradial equa-
tion

ﬁ% sinh™ ! T% (32)
+ [2R2E - L<L+—2_2) —2R?V(r)| R =0,
sinh” 7
Using now the substitution
Z(r) = (sinh )"~ V2R(7), (33)
we arrive at the equation

- QRQV(T)} Z =0,

where E = 2R*E — (n — 1)?/4 and the quasiradial
wave function Z(7) satisfies the normalization con-
dition
/Z(T)Z*(T) R"dr =1.
0

(35)

(i) The oscillator potential on the two-sheeted n-
dimensional hyperboloid is given by

WIR? 2 + 834+ ... + 82
v(r) =R (36)
50
2 P2
= 2Rtanh27'.

From Eq. (34), we obtain
d*Z v? —1/4
e
T cosh*
L —2)/2)2 - 1/4
CARUES o ST PO
sinh” 7
where v = \/w?R* 4+ 1/4 and € = E — Ww2RY. Thus,
the oscillator problem on a hyperboloid is described
by the modified Péschl—Teller equation; in contrast
to the oscillator equation on a sphere which has only
bound states, Eq. (37) possesses both bound and
unbound states.

(37)

The discrete-spectrum wave functions regular on
the line 7 € [0, c0) have the form [16, 19, 25]

1

Z(1) = Zp,p(1) = m

(38)
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" 2(w—L—-2n,—n/2)'(v—n,)['(n,+L+n/2)
R*(n,)I'(v — L —n, —n/2+1)

X (sinh T)L+”T_1 (cosh T)Q”r_”Jr%
X oFy (—=nyp, —np +v; L+ g; tanh? 7),

with n, =0,1,..., n"* =[(v — L —n/2)/2]. The

quantity e is quantized as

e=—(2n, +L—v+n/2)% (39)

and the energy spectrum for a quantum oscillator on
an n-dimensional two-sheeted hyperboloid is

E%(R) [—N(N Yn—1)  (40)

T 2R?
4 (20— 1)(N + g)]

Here, N = 2n, + L is the principal quantum number,
and the bound-state solution is possible only for

ogNg[y—g}. (41)

In the contraction limit where R — oo, 7 ~ /R, and

v ~ wR?, we see that the continuous spectrum van-
ishes while the discrete spectrum is infinite, and it is
easy to reproduce the oscillator energy spectrum (13)
and wave function (14).

(ii) The Coulomb potential on the two-sheeted n-
dimensional hyperboloid has the form [7, 12]

S0

V(ir) = —= —1| (2
R <\/3%+S%+...+s%\, )

= —%(cothT —1).

Substituting the potential (42) into the Schrodinger
Eq. (34), we arrive at the equation

d*Z -
o+ [(E— 2aR) (43)
2L —1)(2L —
—( tn )(2 tn 3)—|—2aRcothT]Z:0,
4sinh” 7

which is known to represent the problem of the
Manning—Rosen potential [26].

Making the transformation from variable 7 (0 <
T < 00) to the new variable p € [0, ),

e’ = cosh p, (44)

and setting Z(p) = W(u)/+/coth u, we arrive at the
modified Poschl—Teller equation

d2 W ~ —E~ +4aR) —1/4
dp?

45
cosh? ;1 (45)

Vol.65 No.6 2002
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2L —2)2-1/4
QLo
sinh” u

As can be seen from Eq. (45) with the substitution
V2= —E+4aR (46)

and the transformation L — 2L, the quasiradial
equation (19) for nC =2(d + 1)-dimensional
Coulomb problem coincides with the n°¢ = 2d-
dimensional quasiradial oscillator Eq, (37).

Thus, the regular {for x € [0, 00)} solution of (43)
or (45) has the form
W (p)

Z(p) = ="
(:U') \/m an(:u')
— A7 1 (v) (sinh )T/ (cosh )2

e=F,

(47)

X o (—nr, —n, +v; L+ g; tanh? u) ,

where A7 ;(v) is the normalization constant. The
constant A7 ;(v) is computed from the requirement

that the wave function (47) satisfy the normalization
condition

1091

Comparing now Eq. (46) with (39) and passing from
the oscillator to the Coulomb angular quantum num-
ber, L — 2L, with the substitution n — 2(n — 1) of
dimensions, we get

n—1
v=Mn,+L+o+—),

2
alR
n.+ L+ (n—1)/2

(50)

Thus, the discrete energy spectrum of the Coulomb
problem on an n-dimensional two-sheeted hyper-
boloid is described by the formula

NN +n-1)
2R?

a? e

ANt m-DRE R’

where N = n, + L is the principal quantum number,

and the bound states occur for

EY(R) = — (51)

ogNg[a—”gl]. (52)

R" / | Zy,1(T) | dr (48)  The discrete-spectrum wave function has the form
0
o0 Z% (1) = A% (0) (sinh )L =D/2 (53)
R [ 1220 tanh e = 1
0 wer(N=L=0), (-N cp o+t
and has the form
1
AP - 49
) = T ) T ]
2v(v—L—2n,—n/2)T' (v—n,)T'(n,+L+n/2) L n .
\/R”(L+2n,«—|—n/2)(n7~)!F(1/—L—n,~—n/2 ) where the normalization constant A%, (o) is
2L+ (n—1)/2 \/[02 ~ W+ (- 1)/DMN A Lin - Yo+ L+ -1)/2)

G P r—

The solution for the Coulomb quasiradial equation,
for both the energy spectrum and the wave functions,
is identical to that obtained in [12] by applying the
path-integral approach. We do not consider here the
contraction limit R — oo to a flat Euclidean space
E,, for the Coulomb problem because this was done
in[12].

It should be noted that, instead of substitution
(44), it is possible to use the trigonometric transfor-
mation

e T =cosp, ¢el0,m/2] (55)
[t is easy to see that, apart from the permutation
e=—E+4aR, 1?=-F (56)

PHYSICS OF ATOMIC NUCLEI Vol.65 No.6 2002

RN+ (n—1/2)(N—L)T(oc—L— (n—1)/2+1)

and the transformation L — 2L, the quasiradial

Eq. (43)forthe n®" = (d 4 1)-dimensional Coulomb
problem goes over to the n°¢ = 2d-dimensional
quasiradial oscillator Eq. (9). Thus, the Coulomb
problem on a two-sheeted hyperboloid is related to
the oscillator problem on a sphere or a two-sheeted
hyperboloid.

4. COULOMB—OSCILLATOR RELATION
ON AN n-DIMENSIONAL ONE-SHEETED
HYPERBOLOID

The pseudospherical coordinates on the n-dimen-

sional one-sheeted hyperboloid s3 —s% —s3 — ...
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2 _ 2
—s; = —R"are
sp = RsinhT,
s$1 = Rcosh 7 cos 4,

$9 = R cosh 7 sin 1 cos 95,

Sp—1 = Rcosh7Tsinvysinds - - - sinv,_5 cos ¢,
S$p = RcoshTsindy sinds - - - sind,_o sin ¢,

where 7 € (—00,00). The variables in the Schrédin-
ger Eq. (1) may be separated by using the ansatz (31)

\I’(Tﬂ?l, e ,19n,2,80)
= R(T) YL,ll,lg,lnfg (191) .. 7197L*25 So)a

where, as in the preceding case I; are the angular hy-
permomenta, L is total angular momentum, and the
hyperspherical function Y74, 1,1, (01, ..., ¥n—2,9)
is a solution of the Laplace—Beltrami equation on the
(n — 1)-dimensional sphere. After the separation of
variables, we obtain the quasiradial equation

— cosh” 7
o dr cos T (57)
L(L 2
+ [2R2E I +n ) _arrvin)|® =0
cosh*
Using now the substitution
Z(1) = (cosh )"~ V2R (1), (58)
we arrive at the equation
d*Z 1~ (2L+n—-1)(2L+n-3)
— + |E+ 59
dr? 4 cosh? (59)

- QRQV(T)} Z =0,

KALNINS et al.

where E = 2R?E — (n —1)?/4 and the quasiradial
wave function Z(7) satisfies the normalization con-
dition

/ Z(T)Z*(t)R"dr = 1.

—00

(60)

(i) The oscillator potential on an n-dimensional
one-sheeted hyperboloid is given by

W?R? $2+ 55+ ... + 82

= n 1
vir) =2 7 (61)
2p2
=Y R coth? 7.
2
For Eq. (59), we then have
d*z L —2)/2)2 —1/4
LA N U Vo) VU
dr cosh” 7
2_-1/4
_ % 7 =0,
sinh® 7

where v = \/w?RY +1/4 and e = E — w?R*. As in
the preceding case, the oscillator system is described
by the modified Poschl—Teller equation and possesses
a discrete and a continuous spectrum. Since, how-
ever, the situation here is different from that in the
case of motion on a two-sheeted hyperboloid, the
number of bound states depends on the total angular
momentum. The discrete-state wave functions regu-
lar on the line 7 € (—o0, 00) are

(L-—v—2n,4+n/2-2)T'(L —n, +n/2 - 1)I'(n, + v + 1)

ZWE%Aﬂ=¢

R*(n)!C(v+ D’I'(L —v —ny +n/2 —1)

(63)

X (sinh T)VJF% (cosh )2 =Lb=n/243/2, py (—nr, —n, + L+ g —1; v + 1; tanh? 7') ,

and

e:—(2nr—L+y—g+2)2, (64)

where the bound states occur for n,=0,1,...,
that the discrete spectrum depends on the quantum
number L, and the energy spectrum of the oscillator

system takes the form
En,L(R) (65)

1
_—W[(2W—L+2)(2W—L—n+3)

nme* = [(L —v+n/2—2)/2]. Thelast formula means

PHYSICS OF ATOMIC NUCLEI

+(2V—1)(2nr—L—g+2)].

(ii) The Coulomb potential on the n-dimensional
hyperboloid has the form [7, 12]

« S0
=—= +1 66
™ R<\/s§+s§+...+sg ) (%0)
:—%(tanhT—i—l).

The Schrédinger equation for this potential is
d*Z

Tt [(E +2aR)

(67)

Vol.65 No.6 2002
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L @Ln-1)EL+n-3)
4cosh? T
which coincides with the Rosen—Morse equation [25].

Making the transformation from the variable 7
(—o0 < T < 00) to the new variable p € [0, 00),

4+ 2aRtanh7|Z =0,

1093

for the Coulomb problem on a n® = (d+1)-
dimensional one-sheeted hyperboloid coincides with
the n%¢ = 2d-dimensional quasiradial oscillator Eq.
(62).

R*(L —ny + (n—3)/2)(n,)'T(L — 0 +1/2)

e’ =sinhp, (68) Comparing now Eq. (69) with (62) and taking into
we arrive at the equation account Eqs. (64) and (70), we see that the discrete-
LW spectrum wave function satisfying the normalization
0 + |(E + 4aR) (69) condition
2L+n-22-1/4 (-E)—1/47 T
cosh? p sinh? p ]W =0, R / | Zyy, £ (T)" dT (71)
where W (1) = (tanh p)*/2Z(1). From this equation, ~ -
h f h ituti
we see that, a~part ~romt e subst1tut10n~ _ / 27 ()P coth pdp = 1
FE — E+4aR, 1?=—F, (70) .
and the simultaneous transformation L — 2L for
total angular momentum, the quasiradial Eq. (69) has the form
. gnr—l=% L—n,+(n—3)/2)?2—c20(2L —n, +n —2)I'(L + (n —1)/2
20 () = _ [( (n—3)/2) JT( L+ (n—-1)/2) (72)
D(L = nr +557)

-3 1
X (cosh T)"T*L*("fl)/2 (e)T("*l) x oIy <—n,«, —n,+L+n—-2;L—n,+ n + o > ,

with the discrete energy spectrum of the Coulomb
problem being described by the formula

(L—n,—1)(L—n,+n—2)

E,=- Ve (73)
_ o @
2(L—n,+(n-3)/2)2 R
Bound states occur for n, = 0,1,...,n"** = [(L +
(n—13)/2+0)].

Finally, we note that, in contrast to a sphere and a
two-sheeted hyperboloid, the contraction limit R —
oo on one-sheeted hyperboloids is meaningless for
the oscillator and Coulomb problems.
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