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In this paper, we discuss a numerical multiscale approach for solving wave equations
with heterogeneous coefficients. Our interest comes from geophysics applications and we
assume that there is no scale separation with respect to spatial variables. To obtain the
solution of these multiscale problems on a coarse grid, we compute global fields such that
the solution smoothly depends on these fields. We present a Galerkin multiscale finite
element method using the global information and provide a convergence analysis when
applied to solve the wave equations. We investigate the relation between the smoothness
of the global fields and convergence rates of the global Galerkin multiscale finite element
method for the wave equations. Numerical examples demonstrate that the use of global
information renders better accuracy for wave equations with heterogeneous coefficients
than the local multiscale finite element method.

© 2010 IMACS. Published by Elsevier B.V. All rights reserved.

1. Introduction

Over the past few decades, there has been growing interest in wave propagation in heterogeneous media. Many impor-
tant problems such as earthquake motions, oceanography, medical and material sciences, and the morphology of oil and
gas deposits can be understood through some use of mathematical and numerical modeling of wave propagation in het-
erogeneous media [5]. In the field of petroleum prospecting for example, seismic wave propagation and reflection are used
to image the earth’s structure [12] and to estimate the amount of hydrocarbon within certain parts of earth’s crust [11].
It is now widely recognized that recoverable deposits of petroleum are increasingly difficult to locate. Moreover, the cost
of drilling and extraction is becoming more expensive. Consequently, this creates a dire need for more detailed imaging
of underground earth’s structures. The advancement of three-dimensional data acquisition which gives way to inclusion of
larger amount measurement data in the simulation processes would result in the increase of computational effort.

In addition to heterogeneity, wave propagation is also a challenging multiscale problem. Among typical length scales
present in wave propagation are wave length, propagation distance, and correlation length. In some problems such as
in reflection seismology, the wave can propagate over a distance significantly larger than the wave length. Furthermore,
heterogeneity of the medium through which the wave moves gives a characteristic quantified by the correlation length.
Taken all together, even with today’s computing technology, it is virtually impossible to conduct direct simulation for wave
propagation, so techniques are required to enable the solution of the problems in practice. In the case of correlation length
much smaller than the wave length, the homogenization technique can be employed to estimate the effective domain with
size comparable to the wave length. Some recent variation of homogenization (or upscaling) techniques for the acoustic
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wave equations that are not restricted to this requirement can be found, for example in [27,24], and [30]. Furthermore in
many applications strong non-local effects are crucial and thus need to be taken into account in the simulation.

We note that in the context of flow in porous media, progress has been achieved to tackle the multiscale nature of the
problems. Upscaling procedures (see [18] for reviews and discussion), and multiscale finite elements [20,8,3,1,16] have been
commonly applied for this purpose and are effective in many cases. Most of these methods rely on some local calculations
either in the form of effective parameters or basis functions which are then incorporated into a coarse scale formulation.
In addition, the importance of global information in porous media flow has been illustrated within the context of upscaling
procedures [7] and also in multiscale finite (volume) elements [1,16,23,26,27]. These studies have shown that the use of
global information in the calculation of the upscaled parameters (or basis functions) can significantly improve the accuracy
of the resulting coarse model. The global multiscale methods can remove the resonance error that usually exhibit themselves
as the ratio between the coarse mesh size and the characteristic length scale.

We intend to extend the idea already used in porous media flow to the simulation of acoustic wave equations. The goal of
this paper is to explore and analyze multiscale finite element methods for acoustic wave equations in heterogeneous media.
We would like to develop approaches in the presence of strong non-local effects in the media properties. In the approaches,
we assume that the solution of the wave equation smoothly depends on some global fields that can be obtained a priori.
We discuss some distinct cases, where these global fields can be found. The calculation of global fields is an overhead in
the computations. However, these global fields allow us to compute the solution on the coarse grid. Moreover, these basis
functions (constructed on a coarse grid) can be repeatedly used for the computation of the solution for modified coefficients,
different boundary conditions and right-hand sides. The underlying assumption for the global fields used in the paper is
that there exists N (N � 1) global fields/functions p1(x), . . . , pN (x) such that∥∥u(t, x) − G

(
p1(x), . . . , pN(x), t

)∥∥ � δ, (1)

where u(t, x) is the solution of the wave equation, and G is a function that smoothly depends on pi(x) (i = 1, . . . , N). We
note that G does not depend on x directly and just through the x-dependence of each pi(x) (i = 1, . . . , N). We will provide
some examples for the global functions pi(x) (see Remarks 3.1 and 3.2), and discuss the smoothness of G and the norm
‖ · ‖ such that the assumption (1) is satisfied. Here δ is sufficiently small and refers to a physical parameter that shows how
well the solution u(t, x) can be represented using the global functions p1(x), . . . , pN (x). This assumption (1) will be used
for analysis of the Galerkin Multiscale Finite Element Method (MsFEM) in Section 3.

In the paper, we focus the discussion on Galerkin MsFEM using limited global information from solution a global elliptic
equation [16] for the wave equations. As a viable alternative, in Appendix A we also present a mixed MsFEM for the wave
equation employing multiple global fields. We would like to note the differences between the two methods. In the first
method, the basis functions for the solution u(t, x) are constructed by using global fields. These basis functions are further
used in the Galerkin formulation of wave equation. For the second method, basis functions for the velocity σ(t, x) are
constructed and used within mixed finite element framework. The basis functions use Neumann boundary conditions and
the mixed formulation is mass conservative.

A set of numerical experiments presented in this paper reveals the improvement of accuracy of the MsFEM when some
global information is taken into consideration. This is especially more significant when the media properties exhibit strong
non-local features. This global MsFEM is compared to the Galerkin MsFEM that employs local basis functions (local basis
functions are linear along edges of elements). We observe that the global Galerkin MsFEM performs better than those using
local basis functions.

The rest of the paper is organized as follows. In Section 2, we present the problem setting. In Section 3, we discuss
Galerkin MsFEM using global information. In Section 4, we show some numerical results for the Galerkin MsFEM using
global information. Some conclusions are drawn in Section 5. The mixed MsFEM using information from multiple global
fields is described in Appendix A.

2. Preliminaries

First, we introduce some notations which are used in the following sections. The usual Lebesgue and Sobolev spaces
are denoted by L p(D), W k,p(D), with ‖ · ‖0,D and ‖ · ‖0,p,D being the L2-norm and L p-norm for p �= 2, respectively, and
‖ · ‖k,D and ‖ · ‖k,p,D being the Hk-norm and W k,p-norm for p �= 2, respectively. The corresponding semi-norms by | · |k,D
and | · |k,p,D are defined similarly. The time-dependent Sobolev space is equipped with norm

‖u‖W m,p(0,T ;X) :=
( T∫

0

∑
0�k�m

∥∥Dk
t u

∥∥p
X dt

) 1
p

,

where X is a normed space and semi-norm

|u|W m,p(0,T ;X) :=
( T∫ ∑

0�k�m

∣∣Dk
t u

∣∣
X dt

) 1
p
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when X is a semi-norm space. If p = 2, we use Hm(0, T ; X) instead. When no ambiguity occurs, we use W m,p(X) to denote
W m,p(0, T ; X). The semi-norm

‖|u‖|2ΩT
= ‖Dt u‖2

L∞(L2(Ω))
+ |u|2L∞(H1(Ω))

is often used in the stability estimate of wave equations.
An acoustic wave equation reads:⎧⎨

⎩
Dtt u(t, x) − ∇ · (a(x)∇u(t, x)) = f (t, x) in ΩT := (0, T ] × Ω,

u(x,0) = g0(x) in Ω,

Dt u(x,0) = g1(x) in Ω,

(2)

where Dt and Dtt respectively denote the first and second order partial derivative operator with respect to t , and a(x) is
a uniformly positive and bounded function in Ω representing the density of the material. This function exhibits multiscale
and heterogenous features. We assume that (2) is completed with some boundary conditions.

This equation arises for example, in geophysics, electromagnetics, and seismology [29]. It is frequently observed that the
spatial scales inherent in a(x) cannot be clearly separated. Consideration for accuracy suggests that the heterogeneity of
a(x) has to be sufficiently resolved when solving (2) numerically, which can easily result in very expensive computations.
While much more efficient and inexpensive in practice, standard upscaling techniques and multiscale methods employing
some local information often fail to accurately transfer the fine scale information in a(x) to the coarse formulation. Pre-
vious investigations (see e.g., [26,16]) indicate that appropriately taking into account some type of global information can
potentially improve the accuracy of the multiscale methods. In particular, this information is determined by some global
fields that the solution u smoothly depends on. In the context of the weak formulation, this global field is imbedded in the
(multiscale) basis functions which in turn is used to represent the solution. Our objective is to develop multiscale methods
that can capture the solution of (2) using these multiscale basis functions.

We assume that source term f (t, x), initial value g0(x) and g1(x) are smooth enough, e.g., f (t, x) ∈ L2(ΩT ), g0(x) ∈
H1(Ω) and g1(x) ∈ L2(Ω). To simplify presentation, we shall not write the variables t and x for the functions expressed in
(1) and (2) when no ambiguity occurs. Without loss of generality, our discussion is concentrated for problems in Ω ⊂ R

2.
We denote by K a generic coarse element with h = diam(K ), and τh is a quasi-uniform family of coarse elements K .

By imposing u|∂Ω = 0, the weak formulation associated with (2) is to find u ∈ C0(0, T ; H1
0(Ω)) ∩ C1(0, T ; L2(Ω)) such

that ⎧⎪⎨
⎪⎩

(Dtt u, v) + (a∇u,∇v) = ( f , v),(
u(0), v

) = (g0, v),(
Dt u(0), v

) = (g1, v),

(3)

for all v ∈ H1
0(Ω). Here (· , ·) is the standard L2 inner product.

Let Vh be a finite dimensional subspace of H1
0(Ω) associated with τh . We suppose that uh : [0, T ] 
→ Vh is a twice

differentiable map with respect to t satisfying⎧⎪⎨
⎪⎩

(Dtt uh, vh) + (a∇uh,∇vh) = ( f , vh),(
uh(0), vl

h

) = (
g0, vl

h

)
,(

Dt uh(0), vl
h

) = (
g1, vl

h

)
,

(4)

for any vh ∈ Vh and vl
h ∈ Vh . The multiscale method that we describe in the next section relies on this weak formulation.

Furthermore, if gi,h are the L2 projection of gi onto Vh for i = 0,1, i.e., (gi − gi,h, vl
h) = 0 for any vl

h ∈ Vh , the stability
result below can be established by slightly modifying the proof of Lemma 1 in [15].

Lemma 2.1. Let u and uh be the solutions to (3) and (4) respectively. Assume that w : [0, T ] 
→ Vh be any function, then

‖|u − uh‖|ΩT � C
(‖|u − w‖|ΩT + ∥∥Dtt(u − w)

∥∥
L2(L2(Ω))

+ ∣∣g0,h − w(0)
∣∣
1,Ω

+ ∥∥g1,h − Dt w(0)
∥∥∣∣

L2(Ω)

)
. (5)

We would like to note that w is usually taken to be the interpolation of u or elliptic projection of u for convergence analysis
in classic finite element methods.

3. Galerkin MsFEM with limited global information

In this section, we present a framework of Galerkin MsFEM which is based on the weak formulation (4). The key
here is to construct an appropriate finite-dimensional subspace of H1

0(Ω) living in the coarse grid τh that is capable of
representing the fine scale features in terms of limited global information. Seeking the approximate solution within this
finite-dimensional space gives rise to a semi-discretized equations in the form of a system of initial value problems. Then
application of proper discretization in time results in a system of algebraic equations for obtaining the solutions at various
time levels.
Please cite this article in press as: L. Jiang et al., Analysis of global multiscale finite element methods for wave equations with continuum spatial scales,
Applied Numerical Mathematics (2010), doi:10.1016/j.apnum.2010.04.011



ARTICLE IN PRESS APNUM:2380

JID:APNUM AID:2380 /FLA [m3G; v 1.39; Prn:7/05/2010; 13:30] P.4 (1-15)

4 L. Jiang et al. / Applied Numerical Mathematics ••• (••••) •••–•••
3.1. Semi-discretization of the Galerkin MsFEM

We utilize the idea of partition of unity method (PUM) for multiple global fields to capture the fine scale information of
the solution. We recall some results on PUM from [25]. The main idea of PUM is to find an accurate approximation in each
“patch” and then use partition of unity functions to “paste” those patch approximations together. In context of the PUM
using global fields, the span of the global fields is a patch approximation of the solution. The collection of global fields is
denoted by G , i.e.,

G = {pi | j = 1,2, . . . , N; p1 = 1},
where p1 is a constant global field such that the Galerkin basis functions contain constant elements. With i denoting the
index of a node, we set {φ0

i }I
i=1 to be the partition unity functions, i.e., they satisfy

∑I
i=1 φ0

i = 1 and |φ0
i | � C 1

h . Here h is
the diameter of the patches. For example, the finite element linear “pyramid” functions belong to partition unity functions.
In this paper, we use the linear partition of unity functions. More properties and examples for partition of unity functions
can be found in [4,25]. The Galerkin MsFEM basis functions are defined as

φi j = φ0
i p j, i = 1, . . . , I, j = 1, . . . , N. (6)

Setting

V PUM
h = span{φi j: i = 1, . . . , I, j = 1, . . . , N}, (7)

the approximation is to find uh = ∑I
i=1

∑N
j=1 ci j(t)φi j in V PUM

h satisfying the weak formulation (4). We note this gives a sec-

ond order system of ordinary differential equations governing ci j(t)’s. In particular, with U (t) = [c11(t) · · · ci j(t) · · · cI N(t)]� ,
we have⎧⎨

⎩
S Dtt U (t) + AU (t) = F ,

U (0) = G0,

Dt U (0) = G1,

(8)

where S is the mass matrix whose entries are (φi j, φkl), A is the stiffness matrix whose entries are (a∇φi j,∇φkl), F is
the forcing vector whose entries are ( f , φi j), and G1 and G2 are vectors whose entries are coefficients in the projection of
g0 and g1 onto V PUM

h . Once all these in place, the global information has been captured in this system through the basis
functions (6).

Remark 3.1. One example of setting up the global fields is to choose p1 = 1 and p2 := p with p satisfying

−∇ · (a∇p) = f0 in Ω, (9)

subject to the same boundary conditions as the wave equation at initial time. Here f0 is time-independent right-hand side
and can be thought as the heterogeneous spatial part of f , e.g., f (x, t) = f0(x)g(t). If f (x, t) is smooth and has no fine
scale feature, we can simply take f0 to be any smooth function because the smooth source term does not affect the fine
scale feature of p. In simulations, (9) is solved on the fine scale grid by using standard finite element method, e.g., using
piecewise linear basis functions. This computation of the global field is a one time overhead.

Remark 3.2. Another example is to set p1 = 1, and p2, p3 solving the following equations{∇ · (a∇pi) = 0 in Ω,

pi = xi−1 on ∂Ω,
(10)

where x = (x1, x2) ∈ Ω and i = 2,3.

In this paper, we consider a special case with one non-trivial global multiscale field (in addition to a constant field).
This is motivated by various flow-based upscaling studies for practical problems in reservoir simulations (see e.g., [10,16]).
In this case, we would like to span 1 and a non-trivial global field p, for example, the solution of (9). It follows from the
general PUM framework that basis functions in each coarse grid block are {φ0

i , φ0
i p} for node i. These basis functions span

1 and p along each edge of finite element K . They also span linear functions φ0
i and the functions φ0

i p. With only one basis
function for each node and preserving conformity of finite element basis functions, we have fewer basis functions that span
1 and p along each edge. These basis functions will have the least energy among all nodal functions that span 1 and p
along the edges.

The construction of these multiscale basis functions is described as follows. We consider a coarse element K that has d
nodes x j . Without loss of generality, we use a rectangle element K (see Fig. 1). We denote by φK

i , i = 1, . . . ,d, functions
which solve
Please cite this article in press as: L. Jiang et al., Analysis of global multiscale finite element methods for wave equations with continuum spatial scales,
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Fig. 1. Schematic description of basis function.⎧⎪⎨
⎪⎩

−∇ · (a∇φK
i

) = 0 in K ,

φK
i = dK

i on ∂ K ,

φK
i (x j) = δi j,

(11)

where δi j = 1 if i = j and δi j = 0 if i �= j. Here dK
i is the interpolation of p at two edges that have the common node xi .

Denoting these two edges by [xi−1, xi] and [xi, xi+1], we write

dK
i (x)|[xi ,xi+1] = p(x) − p(xi+1)

p(xi) − p(xi+1)
, dK

i (x)|[xi ,xi−1] = p(x) − p(xi−1)

p(xi) − p(xi−1)
.

Here we have assumed p(xi) �= p(xi+1). The case p(xi) = p(xi+1) �= 0 and others can also be treated in similar fashion (see
[16]). We take the boundary condition dK

i to be zero along the rest of edges of the element K . The schematic description
of the multiscale basis function φK

i for 2D rectangular elements is depicted in Fig. 1. The finite-dimensional subspace Vh in
which the solution is sought is defined as

Vh = span
{
φK

i : i = 1, . . . ,d, K ∈ τh
}
, (12)

which is used in the following convergence analysis and the numerical experiments in Section 4.

3.2. Convergence analysis of semi-discretization Galerkin MsFEM

In this subsection, we derive an error estimate for the MsFEM solution using the multiscale basis functions (11) and
finite-dimensional subspace (12). As mentioned earlier, we assume u smoothly depends on p, and thus this is a special case
of (1). To be precise we have

Assumption 3.1. There exists a sufficiently smooth scalar valued function G(η, t) (G ∈ W 1,∞(H2) ∩ H2(H2) ∩ L∞(W 3, 2s
s−4 ),

s > 4), such that for p ∈ W 1,s

∣∣∣∣∣∣u − G(p, t)
∣∣∣∣∣∣

ΩT
+∥∥Dtt

(
u − G(p, t)

)∥∥
L2(L2(Ω))

� δ, (13)

for sufficiently small δ.

This can be derived for a channelized media as it is done in [16]. Note that G is defined on a bounded domain in R
2

because p is a bounded function (by using Sobolev imbedding theorem) and [0, T ] is bounded. Furthermore, we assume
that |φK

i |1,K � C for any K ∈ τh . A weaker condition can also be imposed, for example, |φK
i |1,K � Ch−α for some α > 0, but

the analysis remains the same. The following theorem establishes the convergence of the global MsFEM solution using (12)
independent of small scales.

Theorem 3.1. Under Assumption 3.1 and p ∈ W 1,s(Ω) (s > 4),

‖|u − uh‖|ΩT � α(h) + δ + Ch1− 2
s , (14)

C depends only on |p|1,s,Ω and regularity of G, and α(h) is the approximation errors associated with initial conditions.

Proof. Considering Vh in (12), we take w ∈ Vh , and apply Lemma 2.1 to get

‖|u − uh‖|ΩT � C
(‖|u − w‖|ΩT + ∥∥Dtt(u − w)

∥∥
2 2 + α(h)

)
, (15)
Please cite this article in press as: L. Jiang et al., Analysis of global multiscale finite element methods for wave equations with continuum spatial scales,
Applied Numerical Mathematics (2010), doi:10.1016/j.apnum.2010.04.011

L (L (Ω))



ARTICLE IN PRESS APNUM:2380

JID:APNUM AID:2380 /FLA [m3G; v 1.39; Prn:7/05/2010; 13:30] P.6 (1-15)

6 L. Jiang et al. / Applied Numerical Mathematics ••• (••••) •••–•••
where we assume that∣∣g0,h − w(0)
∣∣
1,Ω

+ ∥∥g1,h − Dt w(0)
∥∥

0,Ω
� α(h). (16)

We note that if the initial functions gi are smooth functions without multiscale features, we take gi,h as projection of gi
onto the standard finite element space (i.e., spanned by the usual polynomial basis functions) on τh . Otherwise, we use the
projection of gi onto Vh .

Next, by triangle inequality and applying Assumption 3.1, we estimate the first and second terms of (15):

‖|u − w‖|ΩT + ∥∥Dtt(u − w)
∥∥

L2(L2(Ω))
�

∣∣∣∣∣∣u − G(p, t)
∣∣∣∣∣∣

ΩT
+∣∣∣∣∣∣G(p, t) − w

∣∣∣∣∣∣
ΩT

+ ∥∥Dtt
(
u − G(p, t)

)∥∥
L2(L2(Ω))

+ ∥∥Dtt
(
G(p, t) − w

)∥∥
L2(L2(Ω))

� δ + ∣∣∣∣∣∣G(p, t) − w
∣∣∣∣∣∣

ΩT
+∥∥Dtt

(
G(p, t) − w

)∥∥
L2(L2(Ω))

. (17)

At this stage we estimate the last two terms in (17). The key idea here is to construct w ∈ Vh that makes these terms small.
In particular, we choose functions bK

i (t) so that

w =
∑
K∈τh

d∑
i=1

bK
i (t)φK

i

minimizes ‖|G(p, t) − w‖|ΩT + ‖Dtt(G(p, t) − w)‖L2(L2(Ω)) . It is natural from the construction of w to look at the estimates
over a coarse finite element K and later sum up all contributions. For this, we choose bK

i (t) = G(p(xi), t) for t > 0, where xi
are nodes of K . To establish the estimate over K , we rely on perturbation of G and regularities of basis functions and the
global field. Denoting p̄K the average of p over K , we write Taylor’s expansion of G around p̄K

G
(

p(x), t
) = G(p̄K , t) + ∂ηG(p̄K , t)

(
p(x) − p̄K

) + R K
2 (x, t),

where

R K
2 (x, t) = (

p(x) − p̄K
)2

1∫
0

s∂2
ηG

(
p(x) + s

(
p̄K − p(x)

)
, t

)
ds,

and ∂1
ηG and ∂2

ηG refer to the first and second derivative with respect to first variable G(η, t). Using this expansion for
x = xi , we get

w|K =
d∑

i=1

bK
i (t)φK

i =
d∑

i=1

G
(

p(xi), t
)
φK

i = I K
1 + I K

2 + I K
3 , (18)

where using the fact that
∑d

i=1 φK
i = 1,

I K
1 (t) =

d∑
i=1

G(p̄K , t)φK
i = G(p̄K , t),

I K
2 (x, t) =

d∑
i=1

(
∂ηG(p̄K , t)

(
p(xi) − p̄K

))
φK

i = ∂ηG(p̄K , t)
d∑

i=1

(
p(xi)φ

K
i − p̄K

)
,

I K
3 (x, t) =

d∑
i=1

((
p(xi) − p̄K

)2
φK

i

1∫
0

s∂2
ηG

(
p(xi) + s

(
p̄K − p(xi)

)
, t

)
ds

)
. (19)

To simplify presentation we set ξ = (G(p(x), t) − w). Using the Taylor expansion, (18) and (19), we get

ξ |K = ∂ηG(p̄K , t)

(
p(x) −

d∑
i=1

p(xi)φ
K
i

)
+ R K

2 (x, t) − I K
3 (x, t), (20)

and thus

Dtξ |K = ∂t∂ηG(p̄K , t)

(
p(x) −

d∑
p(xi)φ

K
i

)
+ ∂t R K

2 (x, t) − ∂t I K
3 (x, t). (21)
Please cite this article in press as: L. Jiang et al., Analysis of global multiscale finite element methods for wave equations with continuum spatial scales,
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Notice that the partial derivative with respect to t for R2(x, t) and I K
3 (x, t) only involve the global field G(η, t). Assuming

sufficient regularity of G(η, t) (i.e., ∂t G(η, t) ∈ L∞(H2)) and standard interpolation estimate, we get∥∥∥∥∥∂t∂ηG(p̄K , t)

(
p(x) −

d∑
i=1

p(xi)φ
K
i

)∥∥∥∥∥
L∞(L2(K ))

� C

∥∥∥∥∥p(x) −
d∑

i=1

p(xi)φ
K
i

∥∥∥∥∥
L2(K )

� Ch2‖ f0‖L2(K ). (22)

Again assuming sufficient regularity of G(η, t) and ‖φK
i ‖1,K � C , and |p(x)− p(y)| � C |x − y|1− 2

s |p|1,s,K , for x, y ∈ K , we get∥∥∂t R K
2 (t)

∥∥
L∞(L2(K ))

+ ∥∥∂t I K
3 (t)

∥∥
L∞(L2(K ))

� Ch|p|21,4,K , (23)

where we have used Sobolev imbedding W 1,s ⊂ W 1,4 (s > 4). Combining (21)–(23) yields

‖Dtξ‖L∞(L2(K )) � C
(
h2‖ f0‖L2(K ) + h|p|21,4,K

)
. (24)

Furthermore, taking the gradient of (20) gives

∇ξ |K = ∂ηG(p̄K , t)

(
∇p(x) −

d∑
i=1

p(xi)∇φK
i

)
+ ∇R K

2 (x, t) − ∇ I K
3 (x, t), (25)

where

∇R K
2 (x, t) = 2

(
p(x) − p̄K

)∇p(x)

1∫
0

s∂2
ηG

(
p(x) + s

(
p̄K − p(x)

)
, t

)
ds

+ (
p(x) − p̄K

)2∇p(x)

1∫
0

(1 − s)s∂3
ηG

(
p(x) + s

(
p̄K − p(x)

)
, t

)
ds,

∇ I K
3 (x, t) =

d∑
i=1

((
p(xi) − p̄K

)2∇φK
i

1∫
0

s∂2
ηG

(
p(xi) + s

(
p̄K − p(xi)

)
, t

)
ds

)
. (26)

Using standard interpolation estimate, we get∥∥∥∥∥∂ηG(p̄K , t)

(
∇p(x) −

d∑
i=1

p(xi)∇φK
i

)∥∥∥∥∥
L∞(L2(K ))

� Ch‖ f0‖L2(K ). (27)

Applying Hölder’s inequality and smoothness assumption G ∈ L∞(W 3, 2s
s−4 ) and p ∈ W 1,s in the first equation of (26) yields∥∥∇R K

2 (x, t)
∥∥

L∞(L2(K ))
� Ch2− 2

s |p|31,s,K |G|
L∞(W

3, 2s
s−4 (K ))

+ Ch1− 2
s |p|1,s,K |p|1,2,K

� Ch2− 2
s |p|31,s,K + Ch1− 2

s |p|1,2,K . (28)

Similarly, using assumption ‖φK
i ‖1,K � C in the second equation of (26) gives∥∥∇ I K

3 (x, t)
∥∥

L∞(L2(K ))
� Ch|p|21,4,K . (29)

Combining (25), (27)–(29), gives

|ξ |L∞(H1(K )) � Ch‖ f0‖0,K + Ch2− 2
s |p|31,s,K + Ch1− 2

s |p|1,2,K + Ch|p|21,4,K . (30)

Moreover, using similar technique as before we get

‖Dttξ‖L2(L2(K )) � Ch2‖ f0‖0,K + Ch|p|21,4,K , (31)

where here we use the regularity ∂tt G ∈ L2(H2). Combining (24), (30), and (31) yields

‖|ξ‖|KT + ‖Dttξ‖L2(L2(K )) � C
(
h‖ f0‖L2(K ) + h|p|21,4,K + h2− 2

s |p|31,s,K + h1− 2
s |p|1,2,K

)
. (32)

Summing (32) over K and taking into account (15) and (17), we have
Please cite this article in press as: L. Jiang et al., Analysis of global multiscale finite element methods for wave equations with continuum spatial scales,
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‖|u − uh‖|ΩT � δ + α(h) + C
(
h‖ f0‖0,Ω + h|p|21,4,Ω + h1− 2

s |p|31,s,Ω + h1− 2
s |p|1,2,Ω

)
� δ + α(h) + C

(
h‖ f0‖0,Ω + h|p|21,s,Ω + h1− 2

s |p|31,s,Ω + h1− 2
s |p|1,s,Ω

)
� α(h) + δ + Ch1− 2

s , (33)

where we have used the estimate
∑

K Ch2− 2
s |p|31,s,K �

∑
K Ch2− 2

s |p|31,s,Ω � Ch1− 2
s |p|31,s,Ω in the first step and Sobolev

imbedding theorem is used in second step. This completes the proof. �
Remark 3.3. If initial conditions in numerical approximation are chosen appropriately, i.e., w(0) = g0,h and Dt w(0) = g1,h
in (16), then α(h) = 0. More explanations about α(h) can be found on p. 219 of [17].

Remark 3.4. If ∇p ∈ L∞(Ω), the regularity of G can be relaxed to G ∈ H2(H2) ∩ L∞(H3) and the convergence rate would
be δ + α(h) + Ch.

As mentioned before, we can follow the idea of Galerkin PUM to construct the basis functions incorporating multiple
global fields. Given a set of global fields G = {pi | i = 1,2, . . . , N; p1 = 1}, the basis functions are defined in (6). We assume
that the solution u of the wave equation (2) smoothly depends on the global fields. More precisely, we assume there exists

a function G(η, t) ∈ W 1,∞(H2) ∩ H2(H2) ∩ L∞(W 3, 2s
s−4 ), s > 4, η ∈ R

N , such that∣∣∣∣∣∣u − G(p1, . . . , pN , t)
∣∣∣∣∣∣

ΩT
+∥∥Dtt

(
u − G(p1, . . . , pN , t)

)∥∥
L2(L2(Ω))

� δ, (34)

where pi ∈ W 1,s(Ω) (s > 4), i = 1,2, . . . , N . We note that for a smooth domain, the multiple fields defined in Remark 3.2
satisfy the assumption (34) [27] where two non-trivial global fields are used. Following the procedure of the proof of
Theorem 3.1, we can get the following proposition.

Proposition 3.2. Under the assumption (34) and if s > 4 and 2s
s−4 > N, we have

‖|u − uh‖|ΩT � α(h) + δ + Ch1− 2
s .

We would like to note that authors of [27] use a different global multiscale method to solve wave equation. Here we
briefly describe their approach. Let u1 = p2 and u2 = p3, where p2 and p3 are the solutions of Eq. (10). Define a map
F : x → (u1(x), u2(x)), then a finite-dimensional space is defined by

M̂ = {
ϕ

(
F (x)

)
: ϕ ∈ Xh

}
,

where Xh is some standard finite element space, e.g., piecewise linear finite element space or weighted extended B-splines
space [19]. If uh ∈ M̂ , then it is shown in [27] that

‖|u − uh‖|ΩT � Ch.

We would like to note that the finite element meshes in [27] are curved and stretched in Euclidean coordinates, and then
map the curved meshes to harmonic coordinates (u1, u2) via F . Moreover, the number global functions in [27] must equal
to dimension of Ω . However, the finite element meshes in the Galerkin MsFEM (or PUM) approach are regular meshes (i.e.,
straight edges) in Euclidean coordinates, and the map F is not used explicitly to construct basis functions, and further, the
number of global functions may not equal to the dimension of Ω .

3.3. Full-discretization of the Galerkin MsFEM

In the previous subsection, we have considered the semi-discretization of the wave equation (4) using the Galerkin
MsFEM. Because the media has only spatial multiscales, we use the MsFEM for the space discretization and use conventional
finite difference schemes to discretize the temporal variables. For the completeness, we present the time discretization of (4).

Let uh = ∑I
i=1 ci(t)φi be the solution of (4), where φi (i = 1, . . . , I) are Galerkin MsFEM basis functions defined in (11).

Let U (t) = [c1(t), . . . , cI (t)]T . Then (4) implies the following system of ordinary differential equations: Find U (t) ∈ R I such
that {

S Dtt U (t) + AU (t) = F ,

U (0) = G0, Dt U (0) = G1,
(35)

where S , A, F , G0 and G1 have the similar definitions to (8). Using different time discretization scheme for (35) will produce
different accuracy with respect to time steps.

In order to analyze the convergence rate and stability of full-discretization, we need come back to variational formulation.
We introduce the following notations. Let uh : {tm} J

0 → Vh ⊂ H1
0(Ω), where J is a positive integer and Vh is the multiscale

finite element space defined in (12). Let �t = T and un be the value of u at t = n�t . We will use the following notations.
Please cite this article in press as: L. Jiang et al., Analysis of global multiscale finite element methods for wave equations with continuum spatial scales,
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un+ 1
2 = un+1 + un

2
,

un, 1
4 = 1

4
un+1 + 1

2
un + 1

4
un−1,

Dt u
1
2 = u1 − u0

�t
,

Dt un = un+1 − un−1

2�t
,

Dtt un = un+1 − 2un + un−1

�t2
.

The similar notations are applied to un
h . The time discretization of (4) is expressed as

(
Dtt um

h , vh
) + (

a∇u
m, 1

4
h ,∇vh

) = (
f m, 1

4 , vh
)
, ∀vh ∈ Vh. (36)

Here we assume that f is sufficiently smooth with respect to temporal variable. The scheme in (36) is unconditionally
stable [15]. To avoid introducing more notations, in this subsections we assume that uh is the solution of (36), unless
otherwise is stated. Suppose w is an arbitrary map from [0, t] into Vh , and ξ = uh − w , η = u − w and define consistency
error

Rm = Dtt um −
(

1

4
Dt u(tm+1) + 1

2
Dt u(tm) + 1

4
Dt u(tm−1)

)
,

then a straightforward calculation gives rise to(
Dttξ

m, vh
) + (

a∇ξm, 1
4 ,∇vh

) = (
Dttη

m + a∇ηm, 1
4 + Rm,∇vh

)
, vh ∈ Vh.

Let us define

‖u‖L∞
� (X) = max

n

∥∥un+ 1
2
∥∥

X

for some normed space X (e.g., L2 and H1) and

‖|u − uh‖|ΩT ,� = ∥∥Dt(u − uh)
∥∥

L∞
� (L2(Ω))

+ |u − uh|L∞
� (H1(Ω)).

By taking vh = Dtξ
m and applying discrete Gronwall’s lemma, the proof of Lemma 6 in [15] implies that

‖Dtξ‖L∞
� (L2(Ω)) + ‖ξ‖L∞

� (H1(Ω)) � C
(∥∥Dtξ

1
2
∥∥

0,Ω
+ ∥∥ξ

1
2
∥∥

1,Ω
+ ‖Dttη‖0,Ω + |η|L∞(H1(Ω)) + ∥∥D4

t u
∥∥

L2(L2(Ω))
�t2).

Furthermore, triangle inequality gives the discrete stability estimate

‖|u − uh‖|ΩT ,� � C
(∥∥Dtξ

1
2
∥∥

0,Ω
+ ∥∥ξ

1
2
∥∥

1,Ω
+ ∥∥Dtt(u − w)

∥∥
0,Ω

+ ‖|u − w‖|ΩT ,� + ∥∥D4
t u

∥∥
L2(L2(Ω))

�t2).
By setting w to be defined in (18) and using this stability estimate with direct analogues of the arguments in the proof of
Theorem 3.1, we obtain the following theorem on a spatio-temporal convergence of the global Galerkin MsFEM.

Theorem 3.3. Let u be sufficiently smooth on t. Under assumptions in Theorem 3.1, we have

‖|u − uh‖|ΩT ,� � α(h) + δ + C
(
h1− 2

s + �t2),
where s > 4.

It is often convenient to rewrite the system (35) as first order ordinary differential equation system⎧⎨
⎩

S DtΘ(t) + AU (t) = F ,

Dt U (t) − Θ(t) = 0,

U (0) = G0, Θ(0) = G1.

(37)

We consider the following class of time discretization methods for (37)⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

S

(
Θn+1 − Θn

�t

)
+ β AUn+1 + (1 − β)AUn = β F n+1 + (1 − β)F n,

Un+1 − Un

�t
− (

γ Θn+1 + (1 − γ )Θn) = 0,

0 0

(38)
Please cite this article in press as: L. Jiang et al., Analysis of global multiscale finite element methods for wave equations with continuum spatial scales,
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Fig. 2. Left: Log of the coefficient a(x) of layer 40 of SPE 10 SPE comparative project [9], right: global field used to compute the basis functions.

where 0 � β,γ � 1 are parameters. The semi-discretization system (37) is related to the following variational formulation
with θh = Dt uh (uh is the semi-discretization solution),

(Dtθh, vh) + (a∇uh,∇vh) = ( f , vh), ∀vh ∈ Vh,

(Dt uh, vh) − (θh, vh) = 0, ∀vh ∈ Vh,

and the full discretization system (38) is related to the following variational formulation(
θn+1

h − θn
h

�t
, vh

)
+ (

βa∇un+1
h + (1 − β)a∇un

h,∇vh
) = (

β f n+1 + (1 − β) f n, vh
)
,

(
un+1

h − un
h

�t
, vh

)
− (

γ θn+1
h + (1 − γ )θn

h , vh
) = 0,

(
u0

h − g0, vh
) = 0,(

θ0
h − g1, vh

) = 0 (39)

for ∀vh ∈ Vh . It is known that the scheme in (39) is unconditionally stable when β � 1
2 and γ � 1

2 . Following the standard
convergence analysis [28] and the proof of Theorem 3.3, the scheme in (39) is second order accurate with respect to the
time step �t if β = 1

2 and γ = 1
2 .

Remark 3.5. We would like to note that a weak implicit discretization is proposed in [27] and it requires less smoothness
of u with respect to time. A symplectic geometric method for solving the system (37) is presented in [14] and this scheme
is suitable for long-time numerical calculation.

4. Numerical results

In this section, we present a few numerical results to demonstrate the importance of incorporating global information.
We will consider multiscale finite element method with limited global information presented in Section 3. All simulations
are done on a domain Ω = [0,1]2. We choose a rough coefficient a(x) which induces strong non-local effects. This type of
heterogeneity is presented in a benchmark test of the SPE comparative project [9] (upper Ness layers). This coefficient is
highly heterogeneous, channelized, and difficult to upscale. Left plot of Fig. 2 shows the logarithmic profile of the coeffi-
cient. As can be observed, the irregular channels introduce strong non-locality across the entire domain. For these types of
heterogeneities, local approaches usually fail to give an accurate results. In this experiment, we take f = 10, initial value
g0 = 0 and g1 = 0. We impose zero Dirichlet boundary conditions in (2).

A natural comparison is between the local MsFEM (boundary conditions of basis equations (11) are linear) and the
global MsFEM which includes some type of global information. In particular, we use the solution of the elliptic part of (2)
to represent the global field. The profile of this solution is shown in the right plot of Fig. 2. We note that this practice is a
one time overhead computational cost.

One drawback from using this heterogenous coefficient is that there is no known closed form true solution of (2). Our
approach then is to use fully resolved numerical solution of (2) as a reference solution. Designating u f r as that fully resolved
solution, triangle inequality yields

‖u − uh‖ � ‖u − u f r‖ + ‖u f r − uh‖,
where u is the true solution of (2), uh is the MsFEM solution, and ‖ · ‖ is any norms used in the previous sections. Since
u f r is a fully resolved approximation, the first term in the triangle inequality is of higher order compared to the second
term. The second term is computable and can be quantified appropriately. The u f r is computed on a mesh of 660 × 660
rectangles using linear finite element. On the other hand, The MsFEM solutions uh are computed on meshes ranging from
Please cite this article in press as: L. Jiang et al., Analysis of global multiscale finite element methods for wave equations with continuum spatial scales,
Applied Numerical Mathematics (2010), doi:10.1016/j.apnum.2010.04.011
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Fig. 3. Fully resolved fine scale solution at various time instances.

Fig. 4. Comparison of H1-norm error of MsFEM solutions computed at several time instances.

15 × 15 rectangles to 165 × 165 rectangles. One can immediately see several magnitude of coarsenings in the computations.
In Figs. 4–7, what we mean by “Error” is the ‖u f r − uh‖.

Computations of both u f r and uh use (39). Each of the equation in (39) is discretized using Crank–Nicholson scheme
(i.e., with β = γ = 1

2 ). In our numerical tests, we compare the solutions at several time instances. The profiles at those time
levels are shown in Fig. 3.

Figs. 4 and 5 respectively give the H1 and L2 errors of the MsFEM solutions which are plotted against the h = 1/N ,
where N is the number of elements in either direction, ranging from 15 to 165. These errors are computed at several
time instances using �t = 0.001, both for u f r and uh . Here we compare the local MsFEM with the global MsFEM. Both
figures indicate that in general the error decreases when number of elements are increased. Furthermore, the results also
confirm that including global information through the multiscale basis functions does improve the accuracy of MsFEM. This
is especially more significant for coarser mesh. Naturally as the mesh is refined toward reaching the fully resolved setting,
Please cite this article in press as: L. Jiang et al., Analysis of global multiscale finite element methods for wave equations with continuum spatial scales,
Applied Numerical Mathematics (2010), doi:10.1016/j.apnum.2010.04.011
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Fig. 5. Comparison of L2-norm error of MsFEM solutions computed at several time instances.

Fig. 6. H1-norm error of the global MsFEM solution as a function of �t .

Fig. 7. L2-norm error of the global MsFEM solution as a function of �t .

then the accuracy of the local and global MsFEMs is comparable. It is worth mentioning that the global MsFEM performs
most accurately for computation at t = 0.5. This can be attributed to the similarity of the profile at this time level (see
upper right plot of Fig. 3) with the global field used for the basis functions (see right plot of Fig. 2). Related to this, an
improvement of accuracy can be achieved by an update of the basis functions to better reflect the dynamics at certain time
Please cite this article in press as: L. Jiang et al., Analysis of global multiscale finite element methods for wave equations with continuum spatial scales,
Applied Numerical Mathematics (2010), doi:10.1016/j.apnum.2010.04.011
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intervals. We do not explore this approach in the current investigation. Nevertheless, the results in these figures illustrate
the importance of taking into consideration global information in the coarse scale computations.

Figs. 6 and 7 show the behavior of H1 error and L2 error of the global MsFEM solution with respect to time step �t .
Here we compute the error at t = 0.1 and t = 0.5. Again, the fully resolved solution u f r is computed on 660 × 660 mesh
and �t = 0.001, while the global MsFEM solution is computed on 66 × 66 mesh with �t ranging from 1/30 to 0.001.
Both figures seem to show that decreasing time step does not significantly improve the accuracy of MsFEM solution as
compared to the fully resolved reference. This may indicate that in fact the dominant error actually stems from the spatial
heterogeneity rather than from time scale.

5. Conclusions

In this paper, we study a global numerical multiscale approach for solving wave equations with continuum spatial multi-
ple scales. The solution is approximated on a coarse grid using multiscale basis functions. For the construction of these basis
functions, we employ global functions. In particular, these global fields are defined such that the solution smoothly depends
on these fields. We provide rigorous analysis for Galerkin MsFEM and present a few numerical examples. The numerical
results demonstrate that the solution can be captured more accurately on a coarse grid when some global information is
used.
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Appendix A. Mixed MsFEM using multiple global fields

We present a mixed MsFEM formulation that uses multiple global fields to construct a space for the velocity. This method
is mass conservative and has been applied to an elliptic equation in [2]. For simplicity, we assume zero Dirichlet boundary
conditions for (2). The weak mixed formulation is to find {u, σ } : [0, T ] → L2(Ω) × H(div,Ω) such that

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(Dtt u, w) − (∇ · σ , w) = ( f , w) ∀w ∈ L2(Ω),(
a−1σ ,χ

) + (u,∇ · χ) = 0∀χ ∈ H(div,Ω),(
u(0), w

) = (g0, w) ∀w ∈ L2(Ω),(
(Dt u)(0), w

) = (g1, w) ∀w ∈ L2(Ω),(
a−1σ(0),χ

) = (∇g0,χ) ∀χ ∈ H(div,Ω).

(40)

Here velocity σ = a∇u. For the mixed formulation, we use the global information from pi (i = 1, . . . , N) described in (1).
Specifically, we use σi = a(x)∇pi (i = 1, . . . , N) to build velocity basis function. We formulate the assumption as follows.

Assumption A.1. There exist functions σ1, . . . , σN and A1(t, x), . . . , AN (t, x) such that σ = ∑N
i=1 Ai(t, x)σi , where Ai(t, x)’s

are sufficiently smooth functions and σi = a∇pi (i = 1, . . . , N) solves a elliptic equation ∇ · (a∇pi) = 0 with appropriate
boundary conditions.

As an example, let global fields u1 and u2 be defined to be the solutions of (10) and set u = u(t, u1, u2), then

σ := a∇u =
2∑

i=1

∂u

∂ui
a∇ui :=

2∑
i=1

Ai(t, x)σi, i = 1,2,

where Ai(t, x) = ∂u
∂ui

and σi = a∇ui . Provided that f ∈ L∞(L p(Ω)) ∩ H1(L p(Ω)), g1 ∈ W 1,p(Ω) and Dtt u(0) ∈ L p(Ω), then

the proof of Theorem 1.1 in [27] implies that Ai(t, x) = ∂u
∂ui

∈ L∞(W 1,p(Ω)). Consequently Ai(t, x) ∈ L2(C1− 2
p (Ω)) if p > 2

by using Sobolev embedding theorem.
To numerically approximate the mixed problem (40), we construct the basis function for σ :
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇ · (a∇φK
i j

) = 1

|K | in K ,

a(x)∇φK
i j · nK

el
= δ jl

σi · nK
el∫

el
σi · nel ds

on ∂ K ,

∫
K

φK
i j dx = 0,

(41)

where i = 1, . . . , N and j = 1, . . . ,d. Here el denotes an edge of the finite element. Note that for each edge, we have N basis
functions and we assume that σ1, . . . , σN are linearly independent in order to guarantee that the basis functions are linearly

independent. If
∫

el
σi · n ds = 0 on some el , we can use the local mixed MsFEM basis function [8], i.e., replace

σi ·nK
el∫

el
σi ·nel ds

with

1
|el | in (41). We define ψ K

i j = a∇φK
i j and

Σh =
⊕

K

{
ψ K

i j

} ⊂ H(div,Ω).

Let Q h = ⊕
K P0(K ) ⊂ L2(Ω), i.e., piecewise constants, be the basis functions approximating u. Let Ph be L2(Ω) orthogonal

projection onto Q h . Denote by R K
j the lowest Raviart–Thomas basis function [6] associating with edge e j of K . For t = 0,

we define

Πh|K σ(0) =
(∫

e j

a(x)∇g0 · n dx

)
R K

j

in each element K . For t > 0, we define

Πh|K σ(t) =
(∫

e j

Ai(t, x)σi · n dx

)
ψ K

i j

in each element K . We assume that Πh are well defined. The numerical mixed formulation is to find {uh, σh} : (0, T ] →
Q h × Σh such that⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(Dtt uh, w) − (∇ · σh, w) = ( f , w) ∀w ∈ Q h,(
a−1σh,χ

) + (uh,∇ · χ) = 0 ∀χ ∈ Σh,(
uh(0), w

) = (g0, w) ∀w ∈ Q h,(
(Dt uh)(0), w

) = (g1, w) ∀w ∈ Q h,(
σh(0),χ

) = (
Πhσ(0),χ

) ∀χ ∈ RT 0
h ,

(42)

where RT 0
h is the lowest Raviart–Thomas space.

As for the fully discrete scheme, we may use the following scheme (see also [21,13]). The fully mixed formulation is to
find {un+1

h , σ n+1
h } ∈ Q h × Σh such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
Dtt un

h, w
) − (∇ · σ n

h , w
) = (

f n, w
) ∀w ∈ Q h,(

a−1σ n+1
h ,χ

) + (
un+1

h ,∇ · χ) = 0 ∀χ ∈ Σh,(
u0

h, w
) = (g0, w) ∀w ∈ Q h,(

2

�t
Dt u

1
2
h , w

)
− (∇ · σ 0

h , w
) =

(
f 0 + 2

�t
g1, w

)
∀w ∈ Q h,(

σ 0
h ,χ

) = (
Πhσ(0),χ

) ∀χ ∈ RT 0
h ,

(43)

where the difference notations are defined in Section 3.3. It is known that the scheme in (43) is conditionally stable and
that the time consistence error is O (�t2) if u(t, x) is sufficiently smooth with respect to t (refer to [21,13]).

Remark A.1. Extensive analysis of the global mixed MsFEM has been done in [22].
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