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1 Introduction

Mapping the grain structure is a vital part of most materials
studies of polycrystals or powders. Until recently, for
monophase materials, maps could be provided only by op-
tical or electron microscopy on surfaces. The generation of
three-dimensional �3D� maps required serial sectioning.
Sectioning is a tedious procedure, which furthermore, and
very importantly, also is incompatible with dynamic studies
because of its destructive nature.

Recently, two synchrotron-based x-ray diffraction meth-
ods have been introduced as tools for 3D structural charac-
terization of polycrystals. The first is a scanning approach
where the sample is translated with respect to a polychro-
matic microbeam.1 Submicron resolution can be obtained
in this way, but the method is inherently slow due to the
scanning procedure. The second method is Three-
Dimensional X-Ray Diffraction �3DXRD� microscopy,2–5

where a monochromatic beam is used. With 3DXRD, the
aim is to characterize a whole layer in the sample simulta-
neously, thereby increasing the data acquisition rate and
enabling dynamic studies.

3DXRD is based on diffraction with very penetrating
high-energetic �E�50 keV� x-rays6 such that the proper-
ties of the individual grains can be characterized within
30091-3286/2006/$22.00 © 2006 SPIE
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illimeter-to-centimeter thick specimens. Diffraction spots
re acquired with a virtual 3D detector, while rotating the
ample around one axis. The spots are sorted with respect
o grain of origin by an indexing algorithm, GRAINDEX.3

imultaneously, the position, volume, elastic strain tensor,
nd crystallographic orientation are determined.4 Under fa-
orable conditions, the dynamics of several hundred em-
edded grains can be followed during in situ deformation7,8

r annealing experiments.9,10 The method has been imple-
ented for a dedicated instrument—the 3DXRD
icroscope—at beamline ID11 at the European Synchro-

ron Radiation Facility �ESRF�.5

Notably, 3DXRD can also be used to generate 3D maps
f the grain boundaries2,4,5 and even to produce movies of
he morphology changes of embedded grains during an-
ealing events such as recrystallization.11 To generate the
rain maps, our group at Risø has suggested a number of
umerical approaches, ranging from a simple back projec-
ion of diffraction spots4 to transform methods12 and alge-
raic methods.2,13 In the latter methods, the problem is cast
n terms of an “inverse problem.” Solutions to such
roblems—reconstructions—have been investigated in
reat detail, driven by applications in imaging such as com-
uted tomography �CT�.14–16 More specifically, the

DXRD-based transform and algebraic methods are deriva-
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Fu et al.: Optimized algebraic reconstruction technique…
tives of the well-known filtered back projection �FBP�15–17

and algebraic reconstruction technique �ART�14,15,18 rou-
tines, respectively.

Three conclusions emerge from the work on 3DXRD
reconstructions. First, one can impose conditions that vastly
simplify the geometry. Examples of such conditions are
nonoverlapping diffraction spots—in which case, the grains
can be reconstructed independently—and grains with a
negligible mosaic spread. Second, CT and 3DXRD, recon-
structions are inherently different. For instance, with
3DXRD, an additional symmetry is introduced by the crys-
tallography of the material. This implies that the number of
projections cannot be determined at will, as it can in CT.
Third, in general, algebraic methods are superior.19 Full use
can be made of simplification in geometry or additional
constraints. Furthermore, such algorithms can be extended
to handle combined diffraction and absorption contrast to-
mography data.

In this paper, we concentrate on the simplest geometry:
that of “perfect” grains �negligible mosaic spread� being
illuminated by a line-focused beam while giving rise to
mainly nonoverlapping diffraction spots. For a large frac-
tion of materials, experiments can be tailored to fulfill this
condition. We start by summarizing from our previous
work2 the ART variant relevant to this geometry—2D-ART.
Next, four details of the analysis are discussed, and the
algorithm is optimized by means of simulations. The sug-
gested improvements are in part inspired by work on alge-
braic reconstruction methods in other fields.20,21 Last, the
first reconstructed layer based on experimental data is pre-
sented.

2 Summary of 2D-ART
The geometry underlying the 3DXRD method is described
in detail in our previous works.2,5 A sketch is provided in
Fig. 1. A beam of monochromatic hard x rays is focused in
one direction to illuminate a layer in the sample. The
sample is mounted on an � rotation stage, with the rotation
axis perpendicular to the beam. Some of the grains will
give rise to diffracted beams, which are transmitted through
the sample to be observed as spots by a flat two-
dimensional �2D� detector. The detector exhibits a high

Fig. 1 Sketch of the experimental geometry. Spots arising from the
same reflection �and the same grain� at different sample-detector
distances are identified. The angles 2�, �, and � as well as the axes
�x, y, z� of the laboratory coordinate system are defined.
spatial resolution and is positioned at a small sample- 0
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etector distance L1. It is aligned perpendicular to the
onochromatic beam. Acquisitions are made at a set of

quiangular �-settings in steps of ��. During each expo-
ure, the sample is oscillated by ±�� /2 in order to sample
he diffracted intensity uniformly. As an option, the whole
rocedure may be repeated one or more times at larger
ample-detector distances, L2 , . . . ,Ln. The data obtained at
he larger distances are used only for GRAINDEX, not for
he reconstruction part.

We proceed to derive an algebraic approach to the re-
onstruction of the in-plane shape of a single grain. Based
n the output from GRAINDEX, grains can be recon-
tructed separately, and layer by layer. Hence, it suffices to
erive a formalism for the generation of the in-plane shape
f one grain.

In the version of 2D-ART presented earlier,2 the illumi-
ated plane in the sample is tessellated into a set of squares
pixels� on a regular 2D grid. The aim of the reconstruction
s to determine the density xj of these pixels. For pixels
ully outside the grain, the density should be zero, and for
ixels fully inside, it should be equal to a materials’ con-
tant �0. Pixels at the boundary may be partly inside the
rain and should therefore have intermediate values.

For each of the diffraction spots associated with the
rain of interest, an area-of-interest �AOI� on the detector is
dentified. The AOI is centered on the projected center of
ass �CMS� of the grain. The background-corrected pixel

ntensities within the AOI are normalized by the structure
actor and the Lorentz factor22 for the reflection. For each
eflection r, the normalized intensities are saved in an array
r. It is essential that the complete integrated intensity of
ach diffraction spot is included in the analysis. Any over-
apping spots or diffraction spots that are split over several
-settings �due to a minor mosaic spread� therefore have to
e excluded from the analysis.

Central to the method is the assumption of kinematical
cattering.22 This enables a formulation in terms of a set of
inear equations. For each reflection r,

rx� = b� r. �1�

ere the unknown x comprises the pixel densities, and the
nformation on the experimental setup and diffraction ge-
metry is stored in Ar.

Next the Ars for the reflections are piled into a block
atrix A, and the compound array b is defined:

= �A1

A2

]

� ; b� = �b�1

b�2

]

� . �2�

ith these definitions, the basic equation for the recon-
truction of the shape of the grain is

j=1

N

Aijxj = bi; i = 1, . . . ,M . �3�

he solution is constrained by the requirement stated
ere—namely, for all j,
� xj � �0. �4�
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A full grain map can be obtained by superposing the
solutions—the shapes—of the individual grains. However,
such a map will not be space filling, as boundaries from
neighboring grains may overlap or leave “voids” in the
map. These so-called ambiguous areas are located as rims
in the proximity of the grain boundaries. To avoid this
problem and produce space-filling maps, there are two op-
tions. The straightforward approach is to allocate each pixel
in the ambiguous area to a neighboring grain according to
which single-grain reconstruction resulted in the largest
density at that pixel. The better, but more time-demanding,
method is to extend the ART method to simultaneous re-
construction of neighboring grains.2 Let us start by two
such grains, symbolized by 1 and 2. Let A1x1=b1 and
A2x2=b2 be the one-grain equations as defined earlier, with
x1 and x2 referring to the same pixels. Then we define the
compound system

A = �A1 0

0 A2
� ; b = �b1

b2
� ; x = �x1

x2
� . �5�

With these definitions, Eq. �3� applies again. In the vicinity
of the boundary between the two grains, the constraint of
Eq. �4� becomes

0 � x1i � �0; 0 � x2i � �0; x1i + x2i = �0; ∀ i . �6�

Generalization to more neighbors is straightforward. Four
is sufficient, as a maximum of four grains can be adjacent
to each other in one layer, cf. the four-color problem in
mathematics. �This generalization of the algorithm to sev-
eral grains is outside the scope of this paper.�

2.1 The ART Algorithm
ART is a simple iterative routine, an adaptation of the Kac-
zmarz algorithm.23 Solutions xk+1 are found by progres-
sively projecting the previous solutions xk on the hyper-
plane represented by the i�k�’th equation �mathematically,
i�k�=k�mod M�+1	:

x�k+1 = x�k + �� bi�k� − �
j=1

N

Ai�k�jxj
k

�
j=1

N

Ai�k�j
2 �a� i�k�, �7�

with ai�k�= �Ai�k�1 , . . . ,Ai�k�N�T. The bracketed term is a sca-
lar, representing a normalized difference between the mea-
sured intensity in the pixel with index i�k�, bi�k�, and the
simulated intensity in that pixel given the estimate xk. This
algorithm is known to converge to the minimum-norm so-
lution for a consistent system of equations.23,24 In the case
of an inconsistent system, the sequence of xk will oscillate
around the least-squares solution.

As an important practical consideration, we note that for
each iterative step in ART, only a single row, Ai�k�j; j
=1, . . . ,N, is needed. Thus, instead of evaluating the entire
matrix prior to the iterative procedure, we can calculate
each row as ART needs it. The memory requirement with
respect to A in such an implementation of ART does not

scale with the number of reflections, enabling the use of i
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any, if available, reflections to ensure reconstruction qual-
ty. On the other hand, this saving is bought with processing
ime, since each row is now evaluated anew for k	M.
mpirically, we find the cost of multiple evaluations of
ach row in A to be moderate, as the number of cycles
hrough the data that are necessary to obtain good recon-
tructions is usually less than fifteen.

To improve the rate of convergence, the order of the
ows i in Eq. �7� are permuted randomly so that consecutive
yperplanes are likely to be nearly orthogonal to each
ther.2 The so-called relaxation parameter, 0
�
1, is in-
roduced because it improves initial convergence. The start-
ng estimate x0 is set to an array of zeros.

For the single-grain reconstruction, two restrictions are
pplied after each step:

1. Fully constrained: xk is set to min ��0, max�0,xk�	.
2. Compact support: xj

k=0 if the projection of the j’th
pixel is outside any of the AOIs.

he application of restriction 1 reduces the “salt-and-
epper” noise substantially.2 It is crucial when dealing with
nly a few reflections.13

The ART step of Eq. �7� is repeated until convergence is
btained. To characterize convergence, the normalized
-norm is used as a figure-of-merit function, FOM1:

OM1 =

Ax� − b� 
1


b� 
1
. �8�

vidently, FOM1=1 for x0 and FOM1→0 for ideal solu-
ions.

Once a solution is found, it is “binarized” by using a
hreshold: a pixel with index j is defined as belonging to the
rain if and only if xj 	�0 /2. For the simultaneous recon-
truction of neighboring grains, the constraint on density
nd the binarization are implemented in similar ways.

Optimization

s noted, the number of projections with 3DXRD cannot
e chosen arbitrarily, and therefore the resolution of recon-
tructions cannot be improved by simply decreasing ��.
lso, to take full advantage of 3DXRD’s potential for dy-
amic and/or in situ measurements, it is vital to shorten
ata acquisition times as well as computing times. Hence, it
s important to optimize the 3DXRD ART algorithms, with-
ut sacrificing reconstruction quality. We show results
long several lines of optimization, which presently have
et to be combined. First, two measures of reconstruction
uality, figure-of-merit functions, are introduced, and there-
fter, some optimization steps are discussed in more detail.

To measure the deviation between the original and the
econstructed images, the relative number of incorrectly as-
igned voxels is used. The resulting figure-of-merit func-
ions are defined as

OM2 =

x�orig,bin − x�sol,bin
1


x�orig,bin
1
, �9�
n terms of the binarized grain map, and

November 2006/Vol. 45�11�
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Fu et al.: Optimized algebraic reconstruction technique…
FOM3 =

x�orig − x�sol
1


x�orig
1
, �10�

in terms of the “true” density map.

3.1 Choice of Reflections
As noted, diffraction spots are assumed to be distinct, fa-
cilitating independent reconstruction of each grain. Keep-
ing this in mind, overlapping spots should be excluded
from the reconstruction. GRAINDEX excludes overlapping
spots to an extent, yet reconstruction attempts indicate that
a further screening of diffraction spots is needed to achieve
high-quality reconstructions by ART. Given the relatively
small number �that is, when compared14 to CT� of projec-
tions available to the algorithm, a single diffraction spot
with a high degree of experimental error may substantially
lower the reconstruction quality.

Several schemes for weeding out diffraction spots have
been identified and implemented:

• Sort spots according to an intensity measure defined as
the integrated intensity normalized by the Lorentz and
structure factors.22 Exclude those above an upper
threshold �indicating a probable double spot� or below
a lower threshold �indicating a not fully illuminated
spot�. Similar types of filtering are used routinely in
single-crystal crystallography.

• Simulate spots and exclude spots deviating signifi-
cantly from their simulated CMS coordinates.

• Evaluate the shape of the spots, removing spots that
do not, after transform, conform to the mean shape.
Notice that a scheme of this type has the drawback
that it scales badly with the number of reflections.

None of these schemes have proven sufficiently reliable on
their own. Therefore, two or more should be used in con-
junction. If after weeding a sufficient number of reflections
remain ��5�, reconstructions of reasonable quality are at-
tainable.

We mention that weeding out erroneous reflections fur-
ther reduces the already limited number of usable reflec-
tions, rendering all the information contained in the bad
spots unusable. It may be better to assign instead a relative
 b

t
a
s
r
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eight to each reflection spot and, correspondingly, let the
elaxation parameter in Eq. �7� be a function of the reflec-
ion number r. This procedure still requires a quantitative
easure of spot quality, but it also requires an additional

tep to correlate the quality measure with the relaxation
arameter.

.2 Blobs
he choice of basis functions has been discussed in depth

n the literature on inverse problems. Lewitt20 lists the fol-
owing set of desirable properties:

• The basis functions should be localized in space.
• The Fourier transforms �FT� of the basis functions

should be effectively localized around the origin.
• The basis functions �and their FT� should have rota-

tional symmetry in n dimensions.
• Convenient formulas should be available for the cal-

culation in n dimensions of the FT, the k-plane Radon
transform, and the gradient of the basis functions.

• The basis functions should be differentiable a desired
number of times.

The full argumentation behind this set is beyond the
cope of this article. However, two points should be em-
hasized. First, the rotational symmetry is important be-
ause it facilitates the use of a lookup table. Second, the
act that the basis functions are nearly band-limited auto-
atically removes “salt-and-pepper” noise, which is other-
ise typically removed in an ad hoc manner by smoothing

with a loss of resolution as result�.
It is clear that the conventional square pixels �in 2D�, or

he cube-shaped voxels �in 3D�, do not fulfill any of the
equirements listed except the first one. As an alternative
onforming to the list of requirements, Lewitt suggests the
se of generalized �or modified� Kaiser-Bessel window
unctions,20 generally known as “blobs.” In this case, the
mage is represented by the superposition of overlapping
lobs whose centers are arranged on a regular grid in the
mage space. Unlike a voxel, a blob has a bell-shaped pro-
le that gives a smooth transition in the radial direction
rom a high value at the center of its supporting sphere to
alue zero at the surface of that sphere.25 Blobs are defined

y:
bm,�,a�r� = � Im��
1 − � r

a
�2�1/2��
1 − � r

a
�2�1/2�m

Im���
,

if 0 � r � a ,

0, otherwise.
� �11�
Here r is the radial distance from the blob center. The blob
is defined by three parameters: the order m of the modified
Bessel function Im, the radius a that determines the blob
size, and the so-called taper-parameter �, which controls
the blob shape.
Blobs have been demonstrated to be more efficacious
han voxels in applications in electron microscopy �EM�26

nd positron emission tomography �PET�.27 Inspired by this
uccess, the concept of blobs is introduced into 3DXRD
econstructions by 2D-ART.
November 2006/Vol. 45�11�
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First we discuss the selection of the three parameters: m
�a non-negative integer� and a and � �non-negative real
numbers�. The parameter m may in principle be chosen
arbitrarily, but in practice, m must be at least 2 to get a
“smooth” blob and is further limited by the undesirable
consequences28 of the extra smoothness provided by larger
values of m. Therefore, in this paper, m is set to 2. As to the
other parameters, researchers in PET selected the body-
centered cubic �BCC� grid, and � was then optimized
accordingly.25 Since a different algorithm is developed
based on the 3DXRD geometry, these parameters have
been reevaluated in this paper. To compare the result with
ART-pixel, in this paper, the grid type and grid size are
fixed as that in ART-pixel. A few blob shapes as a function
of the parameters discussed here are shown in Fig. 2.

For the 3DXRD implementation of 2D-ART, blobs were
placed on a square grid according to the estimated size of
the grain, and each grid was subdivided into q�q subpix-
els for varying q. The values of the Kaiser-Bessel functions
were precalculated and were tabulated to avoid unnecessary
computations. Each subpixel within each single blob was
given a value by accessing the table. The contribution from
this subpixel to a pixel on the detector was simulated in the
same way as for a pixel-based implementation. Due to the
specific geometry of 3DXRD, unlike the blob-based algo-
rithm used in PET or EM reconstruction,26,27 no line inte-
grals were calculated in the 3DXRD reconstruction. Once
the weights assigned to each of the blobs have been ob-
tained, a “blob-driven” approach performs the conversion
from the blob domain to the pixel domain. In this approach,
for every blob, a value for each pixel that intersects it is
computed, and these values are accumulated in the pixel
domain.

For comparison, 2D-ART simulations were performed
with both pixels and blobs. Parameters were identical to
those in our previous work2 except for a grid size of 1.15
�1.15 
m. In the following, we report on our initial re-
sults for a single grain section. For this grain, five reflec-
tions were available.

FOM2 is plotted in Fig. 3�a� as a function of number of
iterations for pixels and three different types of blobs. In all
cases, a subdivision of each grid into 7�7 subpixels was

Fig. 2 Examples of the modified Kaiser-Bessel window functions as
a function of parameters m and �.
used. As can be seen in the figure, FOM2 initially drops r
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hen blobs are introduced, but there is no discernible dif-
erence between the three types of blob. Above five itera-
ions, both the blob and the pixel version saturate, the pixel
ersion at a slightly higher value. We add that the differ-
nces between pixel- and blob-based simulations are sub-
tantially bigger when the number of reflections is reduced.
imilar results are obtained using FOM3 as the measure of
onvergence.

In terms of the density maps, it can be seen clearly in
igs. 4�a�–4�d� that the reconstructed grain maps obtained
y ART-blobs are more homogeneous than those obtained
y ART-pixels.

As the degree of subdivision may have a significant im-
act on the efficiency of the procedure, it is an important
arameter to evaluate. In Fig. 3�b�, FOM3 is plotted for
lobs with subdivisions of 1�1, 3�3, 5�5, and 7�7.
vidently, a subdivision of 3�3 is sufficient. Similar re-
ults were obtained using FOM2.

In summary, results from both Figs. 3 and 4 demonstrate
hat reconstruction using blobs is superior to that using pix-
ls. Even if each grid is subdivided into only 3�3, a rea-
onably good resolution can still be achieved without losing
econstruction speed. The results are seemingly robust with

ig. 3 The influence of blob-shape parameters on the figure-of-
erit functions FOM2 and FOM3, as defined in Eqs. �9� and �10�,

espectively. �a� FOM2 as a function of number of iterations, pixels
ersus various blobs. �b� FOM3 as a function of number of itera-
ions, showing the effects of varying the number of subdivisions of
he same blob, where blob�subq denotes a q�q subdivision.
espect to the choice of the parameters characterizing the

November 2006/Vol. 45�11�
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Fu et al.: Optimized algebraic reconstruction technique…
blob. Varying parameters of blob shape does not influence
the resolution �FOM2 and FOM3� dramatically. This is in
contrast to findings elsewhere that the optimization of blob
parameters is very important.28

3.3 Block-Iteration and Point-Spread Function
An important alternative approach to ART as described in
Sec. 2.1 is to use a block-iterative version of it.21 In such a
version, instead of considering the individual rows of Eq.
�3� one by one, we consider each partial problem, Arx� =b� r,
in turn, for each reflection r. Such an approach is some-
times preferable, mainly for instrumental, but also for nu-
merical, reasons.21 This concept enables us to correct for
the point-spread function �psf� of the detector in use in
experiments �Sec. 4� and for nonideal x-ray beam profiles,
while keeping the problem numerically practical.

In practice, the x-ray beam has finite thickness and an
anisotropic beam profile. This may be modeled by extend-

Fig. 4 Reconstructed density maps for simulated data representing
one grain. Parameters related to blob shape and number of subdi-
visions are varied. The �x, y� coordinate system is shown in units of

m. In all cases: radius of blob=2, number of reflections=5, number
of iterations=30. �a� Pixels, subdivision=7; �b� blobs, m=2, �
=10.444, subdivision=1; �c� blobs, m=1, �=0, subdivision=7; �d�
blobs, m=2, �=0, subdivision=7.
ing sample plane pixels to voxels mimicking the beam pro-

Optical Engineering 116501-6
le and projecting these voxels onto the detector plane. In
ombination with the psf, this associates a “footprint” with
ach sample plane pixel.

We incorporate these effects into ART as a correction
atrix G, which is multiplied with the weight matrix before

econstruction. The elements in G are given by the psf con-
oluted with the projection of the voxel.

It may be noted that these corrections were included in
ur reconstructions on experimental data �Sec. 4�, where
econstruction quality was found to be poor without correc-
ion.

.4 Discretization
s noted, the construction of the Ar matrices should reflect

he geometry of the experimental setup as well as the dif-
raction geometry. This may be done by the following pro-
edure. First, check whether the center of a given voxel,
rojected in the direction associated with reflection r, falls
nside the associated detector AOI. If so, the voxel is sub-
ivided into subvoxels, and then the element in Ar is the
atio between the number of subvoxel centers that project
nto the AOI and the total number of subvoxels within the
oxel.

A less expansive algorithm has been devised, weighing
he voxel projection with the length of a line segment
hrough the voxel in the diffraction direction. To investigate
his further, we have reconstructed a grain from simulated
ata using the two weighing schemes. With all other param-
ters equal, the faster line approximation yields somewhat
oisier reconstructions �Fig. 5�b�	. After binarization, how-
ver, no significant difference in reconstruction quality is
pparent �Fig. 5�a�	, in which case, the faster algorithm
ay be used, for instance, for mapping purposes.

Experimental Data
he experimental verification was performed on a well-
nnealed aluminum polycrystal with an average 3D grain
ize of 150 
m. A cylindrical specimen was used with a
eight of 3 mm and a radius of 0.4 mm. The experiment
as performed at the 3DXRD microscope at ESRF. A
onochromatic beam of 50 keV was focused to an elon-

ated spot of 2�1,000 
m2. This spot illuminated a layer
ear the center of the specimen, which was mounted with
he cylindrical axis parallel to the � axis. Images were ac-
uired over an � range of 90 deg, in steps of ��=1 deg.
he 2D detector was a 1,536-by-1,024-pixel CCD camera
ith a resolution of 2.3�2.3 
m2. Three detector positions
ere used with distances of 4.2, 5.7, and 7.2 mm to the

ample, respectively. Thirty-six layers in the sample with
n interval of 5 
m were measured. In total, �10,000 im-
ges were recorded. Results for some layers near the center
f the sample will be reported later.

Before inputting information regarding the spots into
RT, a sequence of preprocessing steps were performed:

1. Correcting for the spatial distortion and flat-field ef-
fects of the data recorded on the detector for each
sample layer of interest by FIT2D software.29 The
image background was also subtracted.

2. Sorting of all the reflections and finding grains as
well as their orientations �Euler angles� by the

GRAINDEX program.

November 2006/Vol. 45�11�
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3. Deleting both overlapped and faint spots from the
database.

4. Nonlinear least-squares fitting of experimental and
geometric parameters to minimize system errors, fol-
lowed by estimating position and orientation param-
eters by a global fit.

The result for the independent reconstruction of 27
grains based on five reflections and normally four diffrac-
tion families: ��111�, �200�, �220�, and �311�� are shown in
Fig. 6. The standard deviation between simulated and ob-
served spot positions varied between 0.9 and 2.4 
m for
these grains. With a reconstructed pixel size of 2.3 
m, the
matrix A was typically nearly square with a size around
2,500�2,500. The relaxation parameter � was set to 0.1.

The FOM1s were in the range 0.15 to 0.24, with the
scatter mainly reflecting the size of the AOI used. From the
overlap between grains and voids in Fig. 6, we estimated
the spatial resolution to be �5 
m. The main limitation is
identified to be the instrumental psf. A few grains are ob-
viously missing from the map—for the particular geometry
used, the number of independent reflections were too few to

Fig. 5 Figure-of-merit functions FOM2 and FOM3 as defined by
Eqs. �9� and �10�, for reconstructions using two different weighting
schemes. The subvoxel scheme, denoted by triangles, exhibits bet-
ter convergence than the line-segment approximation scheme, den-
sted by circles, for true density maps �b�, but after binarization, the
quality of reconstruction is almost equal in both cases �a�. Eight
simulated reflections were used for reconstruction.
enable reconstruction. d
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Three-dimensional maps of selected grains are generated
y stacking the layers serially with the interval of 5 
m
Fig. 6�. Interpolations such as nearest-neighbor interpola-
ion are used to fill in the spacing between. The crystallo-
raphic axes of two neighboring grains are also shown in
he Fig. 6�b�. The grain seen to the left in Fig. 6�b� is very
arge, and only the bottom section shares a grain boundary
ith the grain seen to the right. Therefore, only this bottom

ection of the big grain is shown in Fig. 6�b� �and one gets
he impression of looking inside the big grain�.

In the present work, the resolution in the vertical direc-
ion �z axis� is in the range of 1 to 5 
m. This resolution is

ig. 6 Partial grain map of one embedded layer within an Al poly-
rystal in units of 
m. The grain sections were reconstructed inde-
endently. The colors represent the orientations of the grains. The
olid yellow circle indicates the surface of the polycrystal. Regions of
verlap between the grain sections are marked in red. This data set
as acquired in 10 min. By stacking layers, 3D maps are obtained;
n example is shown in the insert �Color online only�.
etermined by the height of the x-ray beam in the z direc-
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tion �here, 2 
m was chosen�, the intervals of the measure,
and the algorithm for interpolation. Some algorithms based
on the so-called shape-based interpolation30 between the
slices that is used in CT reconstruction are being investi-
gated. The precise contour of both the top and bottom sec-
tions of the selected grains could not be fully reconstructed
due to the lack of information. Measuring more layers
could easily solve this problem.31

5 Discussion
Several computational “tricks” may be employed to in-
crease the efficiency of the ART procedure. First, by iden-
tifying AOIs of minimal size and by restraining the recon-
struction to include a minimum of zero elements
surrounding the local representation of each grain, a signifi-
cant reduction in running time may be achieved. Second,
reorganizing matrix rows and/or reflections in a more
elaborate but more efficient scheme is of comparatively low
cost, which may reduce the number of iterations—yielding
a net reduction in running time. Third, further optimization
in evaluating the matrices Ar is feasible, for example, by
limiting the use of trigonometric functions to a minimum.
Finally, one can take advantage of parallel computing, in
conjunction with the block-iterative version21 of Eq. �7�;
this will yield faster performance, particularly for large re-
constructions.

6 Conclusions
The 2D-ART method is shown to be able to provide high-
quality maps of grain boundaries within polycrystals. The
algorithm-related parameters have been optimized and the
method automated, enabling a fast and robust data analysis.

It is believed that data acquired here by 3DXRD and
ART image reconstruction may be of significant importance
for research in materials science. The data contain full in-
formation about the crystallographic orientation and the
morphology of each individual grain; they are 3D and non-
destructive. Moreover, direct information is thus obtained
about the crystallographic misorientation across grain
boundaries, and the boundary plane is known for each point
on the grain boundary, which could not be obtained by
other techniques. These parameters are essential in under-
standing the motion of the grain boundary and many mate-
rials properties and phenomena in materials science.
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