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ABSTRACT

Our aim is to produce a tessellation of space into small voxels and,
based on only a few tomographic projections of an object, assign
to each voxel a label that indicates one of the components of in-
terest constituting the object. Traditional methods are not reliable
in applications, such as electron microscopy in which (due to the
damage by radiation) only a few projections are available. We pos-
tulate a low level prior knowledge regarding the underlying distri-
bution of label images, and then directly estimate the label image
based on the prior and the projections. We use a relatively efficient
approximation to a global search for the estimation.

1. INTRODUCTION

In computerized tomography (CT) many possible density values
within the object being reconstructed may occur, and for this rea-
son a large number of projections is necessary to ensure an accu-
rate reconstruction of the density distribution. In many situations,
however, the ultimate aim is not the density distribution itself but
rather a distribution of labels that correspond to one of the compo-
nents (such as protein or ice in biological macromolecules) consti-
tuting the object, and there are good reasons (such as damage by
radiation) why only a few projections can be collected. Making
use of the knowledge that the reconstruction should contain only
a few values (labels) to make up for the lack of the availability of
the number of projections typically required in CT is the central
theme of discrete tomography (DT) [1]. In DT a labeling of the
components of the object can be directly produced based on the
projections. To achieve the same in CT, the reconstructed density
distribution needs to be segmented into components by an addi-
tional process.

Our main application is in electron microscopy of macromole-
cules. Electron microscopy is capable of imaging complex biolog-
ical macromolecules in order to further the understanding of their
functions.

Our long-term aim is to produce, based on the micrographs, a
tessellation of space into small voxels, each labeled as containing
ice, protein, or RNA. Traditional approaches using methods of CT
would first assign, based on the projections, to each voxel a gray
value (which is related to the atomic density of that voxel) and
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Fig. 1. Histograms of the densities corresponding to volumes sam-
pled using voxels of edge length equal to 2.5 A (left) and 7.5 A
(right), obtained from volumes composed of only ice, only pro-
tein, or only RNA; from [3].

then would segment this gray value image to obtain the label im-
age. However, since typically the number of projections required
in CT is much larger than that in DT, a reconstructed gray value
image from only a few projections is likely to be very inaccurate,
leading to an incorrect segmentation. A particular difficulty arises
if thresholding [2] is used for segmentation (which is a common
current practice) because at a resolution of 2.5 A or better the den-
sity distributions corresponding to different labels greatly overlap
(see Figure 1).

We postulate a low level Gibbs prior on the underlying distri-
bution of label images, and then directly estimate, using an approx-
imation to the maximum a posteriori probability (MAP) approach,
an optimum label image based on the prior and the measured pro-
jections. Here we report on our early experiments aimed at evalu-
ating this kind of approach.

2. THE PROPOSED MODEL

Let X be a set of label images each one of which is an /-dimensional
vector x = (z1, ..., mf)t, where z; € X (the finite set of labels),
for 1 < ¢ < I. We assume that there is a prior distribution that
assigns to every label image x a probability m(x). Typically this
prior distribution is a Gibbs distribution, which means that

n(x) = Z " exp[—H(x)], (1)

where 7(x) is the probability of occurrence of the image x, Z is
the normalizing factor, and H (x) is referred to as the “energy” of
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X (see, e.g., [4]).

Let Y be a set of gray value images each one of which is a
J-dimensional vector y = (y1,...,4.7)%, where y; € Y (the set
of gray values, Y C R), for 1 < j < J. We assume that there
is a conditional distribution that, given a label image x, assigns
a probability ¢(y|x) to every gray value image y. (Since Y is
not necessarily finite, it would be more precise to say that ¢(y|x)
is the probability density function defining the conditional distri-
bution of the gray value image y given the label image x. For
the sake of brevity, we will continue to refer to a notation such as
¢(y|x) as a “probability” rather than a “probability density func-
tion.”) Initially we work with the special case in which J = [
and, for every label x, there is a distribution that assigns (indepen-
dently) a probability ¢(y|z) to every gray value y. Consequently,

J
p(ylx) = IT5-; o(yjle))-

Let W be a set of measurement vectors each one of which is a
K-dimensional vector w = (w1, ..., wx )’, where wy € W C R,
for 1 < k < K. We assume that there is a conditional distribution
that, given a gray value image y, assigns a probability x (w]|y) to
every measurement vector w. For the preliminary experiments re-
ported below, we consider only the special case in which x(w|y)
has a product form; i.e., given a gray value image y, there is (for
1 < k < K) a conditional probability 95, (w|y) of the k** mea-
surement being w, and x(wly) = Hszl Ui (wi|y).

The likelihood p(w|x) of measuring w given a label image x,
assuming (as reasonable) that w does not depend directly on x, is
the integral (or sum if Y is finite)

p(wx) = /Y X(wly)d(y|x)dy. @

3. THE ESTIMATION APPROACH

According to the MAP criterion, the estimate of the label image is
Xarap, which is the x in X that maximizes the product of 7(x)
and p(w|x); i.e.,

XMAP = arg m’?x[w(x)p(w|x)]. 3)

Due to the non-linearity and the non-convexity of the objective
function (that is inside the brackets in (3)), the MAP estimator(s)
cannot be obtained using local search techniques. Furthermore, the
objective function is defined on labels, rather than on continuous
variables; therefore, we need to use a combinatorial optimization
technique that involves having to evaluate repeatedly the value of
(2) for various x.

Except for Monte Carlo techniques, which are inherently slow,
we are not aware of general approaches for the computation of the
integral on the right hand side of (2). Therefore, we decided to in-
vestigate the existence of alternative approaches that are based on
criteria other MAP, but that can be efficiently implemented, and
that at the same time deliver good reconstructions. In the alterna-
tive approach on which we report in this paper, we aim at finding
the label image X that maximizes the product of (x) and the term
inside the likelihood function of (2); i.e,

& = angmax { (0 max (wly)oobol | @)

Let
G(x,y) = x(w]y)o(y|x). ®)

In [5], we proposed as the solution a local maximizer of F(x,y) =
m(x)G(x,y), which is obtained (starting from a gray value image
y®) by alternately maximizing F(x,y) with respect to x and
with respect to y. The reconstructions were not statistically sig-
nificantly better than those produced by an earlier of our methods
[6]. Here we intend to improve our previous methods by using an
approximation to global search.

If we let y(x) = arg maxy [G(x,y)], then both y(x) and
G(x,y) = maxy [G(x, y)] are functions of x. Therefore, (4) can
be rewritten as

X = arg max {r(x)G[x,y(x)]}. (6)

For the maximization, we apply simulated annealing via the Me-
tropolis algorithm [4]. The Metropolis algorithm is a sampling
algorithm, in which, starting with an arbitrary image, in each iter-
ative step a new image x’ is generated from the current one x. Af-
ter a sufficiently large number of steps, an image produced in this
way can be considered to be a typical sample from a given distri-
bution 7(x). Simulated annealing, often used as a combinatorial
optimization technique, successively applies a sampling algorithm
to the distribution [y(x)]?, where 3 is a positive real number. Ini-
tially, 3 is set to a low value, so that the graph of [y(x)]? is nearly
flat. After the sampling converges to the stationary distribution
at the current 3, (3 is increased to a higher value according to an
annealing schedule. A theorem of [7] gives an annealing sched-
ule that guarantees that the process converges (almost surely) to a
global maximum. In practice, however, the annealing schedule in
[7] is too slow and faster schedules are used instead.

In each step of the Metropolis algorithms in our method, a
pixel of the current image x is randomly selected and its label is
changed, resulting in the image x’. Then x is replaced by x’ with
probability min {1,v(x")/~v(x)}. We define a cycle as I such
steps. Note that only the ratio y(x")/v(x) is needed in each step,
which eliminates the need to compute the normalizing factor, such
as the Z in (1). Because our objective function 7(x)G [x, y(x)] is
positive valued, we can in principle use simulated annealing to find
X by setting y(x) to be the objective function. This implies that in
each step of the Metropolis algorithm, the ratio 7 (x")G [x, ¥ (x')]
over 7(x)G [x, y(x)] must be calculated, which is troublesome,
due to the typically enormous number of steps required in simu-
lated annealing. In our experiments, for the type of Gibbs distribu-
tion we are dealing with, we have an efficient way to compute the
ratio w(x')/m(x) based on a look-up table [8]. However, we are
currently unable to compute directly the ratio G [x', ¥ (x)] over
G [x,y(x)] without computing separately both the numerator and
the denominator. Nonetheless, we note that ¥(x') ~ y(x") when
x' and x'' differ at only a few pixels. Therefore, our proposed
estimation approach is to use the same y in many steps, and only
update it when the current label image and the one that gave rise
to the last update differ at more than a given number of pixels.

4. EXPERIMENTAL DETAILS

In order to test this general approach in the context of tomographic
reconstruction of label images from a few projections, we per-
formed some initial experiments. We picked some computer gen-
erated phantom images (which are the label images) and their cor-
responding gray value images (one gray value image for each phan-
tom). We reconstructed the label images based on the projections
by the method in [5] and our new method. An indicator that tells us
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how good these reconstructions are was used to evaluate the two
approaches. The inputs to the reconstruction process were com-
puter simulated projection data based on the generated gray value
images. In particular we made the following choices.

We considered 2D images of size I = 63 x 63 and the set
of labels X ={black, white}. All the images were typical sam-
ples from the distribution 7(x) used in Experiment 1 of [9], which
assigns higher probability to images that have relatively large uni-
form white regions over a black background. In order to evaluate
our approach, we sampled 50 label images using the Metropolis
algorithm. Next, for each one of these label images, we randomly
picked a gray value image (with J = I = 63 x 63). We assumed
a product structure for ¢(y|x): for a label image, a gray value
image was produced by sampling at each pixel according to the
probability ¢(y|z). The p(y;|z;), for 1 < j < J, were Gaussian
distributed with mean and variance equal to fi, i where pplack = 4
and pwhie = 9, so that

o(ylx) =TI, elyjle;)
-7 {mz +#]} @

= exp
2

where Z; = (27 piz;) > There is no particular reason for choos-
ing these values of mean and variance, except for the fact that they
clearly reflect the idea of overlapping gray values in higher resolu-
tion electron microscopy, as shown by the left histogram in Figure
1.

The projections forming the measurement vector w were sim-
ulated as follows. There were eight projections using parallel lines
that encountered pixel centers, such that the tangent of the angle
between these lines and the “positive horizontal direction” were 0,
infinity, —1, 1, —0.5, 0.5, —2, and 2. We formed a K -dimensional
column vector z = (z1, ..., & )" from the sums of the pixel values
in the gray value image along the K lines in all the projections.
Initially, we chose ¥ (wi|y), for 1 < k < K, to be Gaussian
distributed with mean z;, and variance equal to 0.01 - z; i.e.,

x(wly) =TT, ¥r(wily)

_ Zszl [ln Z, + %] } 7 (8)

= exp

where Z;, = (0. 027rzk)
get that

By substituting (8) and (7) into (5), we

K J P
(wp —z1)° 3 (yi — #zj)z]
— 0.02 - zp = 2;1%.

where C = C(x,y) = Hszl ZL,Q H;’Zl ZL]

We found an efficient algorithm for computing y(x) if a fur-
ther approximation is made: the replacement of the variances 0.02-
zk in (8) and (9) by 0.02 - wy, for k = 1, .., K. As aresult of this
approximation, the G(x,y) of (9) in our original problem state-
ment is now defined by

G(x,y) = Cexp [—

K (wp — 2 J —u
k= 2k) (W) = pay)”
Zl 0.02 - wy, ; 2tz ’
10)
1
where C'is defined as after (9) but with Z;, = (0.02wwy ) 2. Max-

imizing this new G(x,y) with respect to y is the same as maxi-
mizing what is inside the brackets in (10) with respect to y. To

G(x,y) = Cexp

Table 1. Quality of reconstruction

Method % of correct classifications
Thresholding the gray value image 86.2+0.6
Method in [5] 94.542.1
Our method:

Experiment A 97.3£1.0
Experiment B 97.4+£1.0

find the required y(x) = arg maxy [G(x,y)], we need to find the

y that minimizes

K .

(wi — 2¢)*
0.02 - wy

J ( L )2

+y Yi —Hai) (11)
k=1 j=1 2pta;
In this minimization problem, the wy.’s and x;’s are fixed and each
of the z;’s is a linear combination of the y;’s. So (11) is a quadratic
in y, and the minimization task closely resembles that in Equation
(3.1) of Chapter 11 in [10]. Hence, as an estimate of y(x), we can
take the gray value image produced by a row-action iterative re-
construction algorithm with relatively fast convergence properties,
an Algebraic Reconstruction Technique (ART), which is an adap-
tation of the one described in [10], pp. 190-192. The relaxation
parameter was set to 1, and the data were accessed in the order
described in [5].

For the estimation of X, we use simulated annealing, as de-
scribed in the previous section. The 3 of the annealing schedule
was increased from 0.5 to 1.5 in increments of 0.05. For each 3,
we ran 5,000 cycles of the Metropolis algorithm, during which we
updated y(x), using ART with v cycles through the data, when
the current label image and the one that gave rise to the last update
differed at more than p pixels. For the starting value 5 = 0.5,
v and p were set to, respectively, 5 and 100 (about 2.5% of the
total number of pixels). As 3 increases, the label image changes
less rapidly and therefore, with the same computational burden,
we can estimate y(x) with higher accuracy by gradually increas-
ing v and decreasing p. At each increment of 3, v was increased
by 5, while p was decreased by 5 until a minimum of p = 10 was
reached. The values of v and p and their rate of change were not
optimized. We term the experiment just described as Experiment
A. In a separate experiment, called Experiment B, we considered
fewer control parameters and performed the update of y(x) with a
fixed v = 5 at every 100 cycles of the Metropolis algorithm, which
was run 50,000 cycles for each 8. We note that both Experiments
took about the same CPU time.

5. EXPERIMENTAL RESULTS

In Table 1 we duplicate, from [5], the quality of the estimators
based on our previous method and the quality of the label images
obtained by thresholding directly the gray value images at the op-
timum threshold level (which, in our case, is 6.4683). We also
indicate the quality of the estimators based on our new proposed
approach. The reconstruction quality is measured by the average
(over the 50 images of the experiment) percentage of correctly
classified labels in the estimates. Note that in terms of misclas-
sified labels, the average percentage of these given by our new ap-
proach is less than half of that by the method from [5]. The signif-
icance of the difference of the reconstruction qualities between the
new method (either Experiment A or Experiment B) and the earlier
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Fig. 2. One of the 50 label images (top-left) along with its esti-
mators based on the method in [5] (bottom-left) and the estima-
tor based on Experiment B of our method (bottom-right). The
top-right label image is produced by thresholding (at the optimum
threshold level) the gray value image. The number of misclassified
labels are 407 (top-right), 127 (bottom-left) and 42 (bottom-right).

method was measured using the pairwise ¢-test. We found that the
difference is significant at the 1072° level: this means that if the
two methods were equally good, then the probability of observing
differences as large as or larger than what we have observed as a
consequence of nothing but statistical fluctuations is less than 1 in
1029, Regarding the superiority of the method of Experiment B as
compared to that of Experiment A, the significance is only at the
0.25 level, which is usually considered not significant. Figure 2
shows actual reconstructions by the three main methods.

6. CONCLUSIONS AND DISCUSSION

Table 1 demonstrates that our approach (which is based on an
approximation to a global search) to reconstructing label images
from a few projections outperforms that in [5] (which is based on
a local search algorithm).

Except for one of the 50 label images in the two experiments,
the estimator found by our algorithms achieves both a higher value
of the objective function being maximized (see (6)) and a larger
number of correctly classified labels than the estimator propposed
in [5]. This suggests that the criterion stated in (4), as an alternative
one of the original MAP criterion (3), is reasonable. However, we
think that even better quality of reconstructions can be achieved
by the MAP estimators, for which search is hampered by the non-
convexity and non-linearity of the Gibbs distribution, as well as the
complicated nature of the likelihood function of (2) that involves
an integration over all the gray value images. Thus, the discovery
of an efficient algorithm for finding the true MAP estimator is an
important open problem.
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