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Discrete tomography with a very few views,
using Gibbs priors and a Marginal Posterior
Mode approach ?

Hstau Y. Liao 2 and Gabor T. Herman3
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Abstract

We propose a marginal posterior mode (MPM) approach to the reconstruction
of 3D label images from only a few projections, using Gibbs priors. This work is
motivated by electron tomography of biological macromolecules. The strategy is to
produce a tessellation of space into small voxels and label each voxel as containing
ice, protein, or ribosomal nucleic acid (RNA), based on (because of the radiation
damage) only a few electron micrographs.
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1 Introduction ' -

Tt has been experimentally demonstrated that the use of Gibbs priors greatly
improves the recovery of an unknown image from only a few views (4,12].
Previously, the image solution was taken to be the widely-known maximum a
posteriori probability (MAP) estimator [6]. A less frequently used estimator
is the marginal posterior mode (MPM) estimator [20] that, for some image
restoration tasks, has been experimentally proved to outperform the MAP
estimator [5]. In this work we show that this is also the case in discrete to-
mography problems, and the results are experimentally demonstrated in an
electron tomography application. We show that the MPM estimator outper-
forms the MAP estimator, which has been the standard not only for this type
of application but also for many computer vision problems.

Our aim is to utilize only a few electron micrographs of biclogical macro-
molecules to produce a tessellation of space into small voxels and label each
voxel as containing ice, protein, or ribosomal nucleic acid (RNA). Traditional
methods would first assign to each voxel a gray value (which is related to the
atomic density of that voxel) and then would segment this gray value image to
obtain the label image. This reconstruction-segmentation type of approach is
not reliable in electron microscopy in which, due to the damage by radiation,
only a few tomographic projections (micrographs) are available. A particular
difficulty arises if thresholding [15] is used for segmentation (which is a com-
mon current practice) because at a resolution of 2.5 A or better the density
distributions corresponding to different labels greatly overlap [3] (see Figure
1). We postulate a low level Gibbs prior [20] regarding the underlying dis-
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Fig. 1. Histograms of the densities corresponding to volumes sampled using voxels of
edge length equal to 2.5 A(left) and 7.5 A(right), obtained from volumes composed
only of ice, only protein, or only RNA; from (3].
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tribution of label images (with limited number of labels, quite typically two
or three), and then directly estimate (under the MAP and the MPM criteria)
the label image based on the prior and the projections. Knowing a priori that
there is only a limited number of labels makes possible reconstructions from
a very few (usually less than ten) projections. Another powerful prior is the
knowledge regarding the general shapes and sizes of characteristic structures,
which can be expressed quantitatively in the form of a Gibbs distribution
" (GD). Such prior knowledge needs to be learned from a training set of typical
correctly labeled images. In this paper we show examples with 3D images.

For the label image solution, the MAP estimator has been the standard, at
least in the literature of Bayesian-approach-based discrete tomography [10].
However, it has been reported in [5] in the context of image restoration that
the MAP solution tends to be over-smoothed. In the same report it has been
also experimentally shown that this undesirable property is not present in
a less used estimator referred to as the MPM estimator. In this paper we
report on the application of the MPM estimator to the label reconstruction of
biological macromolecules and on its superiority over the MAP estimator for
that application.

In Section 2 we explain the models (for the underlying label image, as
well as the projection data) we use to describe the reconstruction problem.
In Section 3 we convert the reconstruction task into an optimization task and
propose two criteria under which the image solution is estimated. Section 4
describes the details of our experiment settings aiming at testing our proposed
approaches. In Section 5 we report on the results of the experiments, and in
the last section we give the conclusion and a discussion.

2 Proposed Model

2.1 8D Image model

2.1.1 Face-centered cubic grid
Let F be the face-centered cubic (FCC) grid defined by

3
(1) F= {v = (vy,1,v3) |v € Z°, va = 1(mod2)} ,

p=1
where Z denotes the set of integers. Let D be a fixed non-empty finite subset
of F (that, for reasons that will become clear, we call the domain) defined by

‘(2) D = {v = (v,v3,v3) |v € Fand0 < v, <V, forp=1,2,3},
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where the V,, are positive integers.

Among the regular grids, the FCC grid presents several advantages over the
cubic grid in terms of computer graphic display and of defining and simulating
Gibbs distributions. Unlike the cubic grid, whose associated voxels (i.e., the
Voronoi neighborhoods of its grid points) are cubes, the associated voxels
of a FCC grid are rhombic-dodecahedra. In a cube, faces that meet at an
edge are perpendicular to each other, which makes the graphic display of a
surface appear blocky [8]. Also, in a FCC grid there are fewer (12) face-or-
edge neighbors (i.e., neighboring grid points with their corresponding voxels
sharing a face or an edge) than in the cubic grid with 18 neighbors. This
results in less computational burden in the sampling of Gibbs distributions,
to be defined shortly. Furthermore, these neighbors of a FCC grid point are
more “evenly” distributed than those of a cubic grid point.

2.1.2 Gibbs distributions

Let A = {\1, Xo,- -, Ar} be the set of labels. Let x be a label image that is
defined over the domain D (i.e., x : D — A), and let X = A? be the set of all
possible label images. For convenience, x also denotes a vector (o, -+ -, 2r-1)
of dimension I = |D|, such that X|(03ViVa + vaVi + ) /2] = x (v, Vg, v3), for
(v1,v2,v3) € D (where for a real number «, [o] denotes the largest integer
smaller than or equal to ).

We assume that there is a prior distribution that assigns to every label
image x a probability 7(x). Typically this prior distribution is a Gibbs distri-
bution, which means that
3) n(x) = Z~" exp[-H(x)],
where 7(x) is the probability of occurrence of the image x, Z is the normalizing
factor, and H(x) is referred to as the energy of x (see, e.g., [20]). The energy
is the negative of the sum of local potentials, each of which is a real number
assigned to the configuration on a cligue. As a result, 7(x) is a product of
terms, each of which depends on only one clique. Typically the local potential
depends on the labels in the cliques in a way that is invariant under various
transformations (such as translations, rotations, and reflections); this results
in having only a few possible values for the local potentials, these are the
parameters of the Gibbs distribution.

2.1.83 A particular class of Gibbs distributions
In this paper we consider binary images; the set of labels A = {black, white}.
For applications in electron tomography, we consider that black and white
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(or 0 and 1) represent ice and protein, respectively. We use cliques that are
formed by a point and its twelve neiglibors, for all the points in D; i.e., the
set of cliques is

(4) Q = {Q(m,vz,v:x) | (?)1,’1)2,?)3) € D} )
where '
© 3
(5) Q(v1,v2,03) = {(1)1 @1 01, v2 B2 02, v3 B3 03) | Z‘Si = O(mod2)} ,
i=1

6, € {—1,0,1}, and &, denote the addition in Z,, for p = 1,2, 3,; i.e., addition
modulo V..

Consider all the configurations on, for example, the clique q(; 1 1); see Figure
2. We are particularly interested in the following eight types of configurations
(local features) on gq 1,1

* black region: All the points in g(;,1,1) are labeled 0.
» white region: All the points in ¢(,1,1) are labeled 1.

(See Figure 3.)

A configuration is a wall if for both labels there are at least three points
with that label, and there are three points in g(;;,) with the following prop-
erties: all the points on the plane (called II) that is determined by the three
points have the same label, all the points in one open half-space determined
by II are labeled 1, and all the points in the dther open half-space are labeled
0. Among walls, we distinguish the following two types.

0,1,2)
1.02) (1,2,2)
0N
212 Q02
(1,1,
(2,0,1)
©,1,0) @2
100 (1,2,0)
(2,100

Fig. 2. Clique g(;,1,;) in our Gibbs Distribution model, composed of the grid point
(1,1,1) and its twelve neighboring grid points in the face-centered cubic grid.
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Fig. 3. Local feature named black region (left) and white region (right).

* Cartesian wall: The normal to IT has direction parallel to one of (1,0,0),
(0,1,0), or (0,0,1).

» regular wall: All walls that are not a Cartesian wall.
(See Figure 4.)

O L 4

Fig. 4. Example of a Cartesian wall (left) and of a regular wall (right).

We also introduce conver corners and concave corner. A concave corner
is an “opposite feature” of a convex corner; i.e., the former can be obtained
from the latter by switching the label (from 1 to 0 and from 0 to 1) at each
point, and vice-versa. For example, the white region and the black region are
opposite features; whereas the opposite feature of a wall is still a wall. There
are two types of convex corners and concave corners.

o small convex corner: All the points in g 1,1y are labeled 0, except for one
or two points (different from the center (1,1, 1)) that are labeled 1. In the
latter case the two points must have two coordinates in common.

» small concave corner: is the opposite feature of a small convex corner

e large convex corner: Not a wall, and all the points in g(,1,1) are labeled.
0, except for the center (1,1,1) and at least three (but at most five) other
points that are labeled 1. Consider all the half-lines, each one of which with
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origin at (1,1,1) and passes through a point labeled 1. Then all the (grid)
points inside the convex hull formed by the half-lines (which is a cone with
vertex (1,1, 1)) must be labeled 1.

+ large concave corner; is the opposite feature of a large convex corner.

(See Figure 5.)

& L

[ J
~— —
—@ C‘C

Fig. 5. Examples of a small convex corner (top) and of a large convex corner
(bottom).

We will refer to GDs defined by these eight local features as our GD mod-
els. The complete specification of one of our GD models requires the eight
potentials (parameters) U, (1 < ¢ < 8) in the format (U, ..., Us), where Uy
corresponds to the black regions, U, the white regions, Us the Cartesian walls,
U, the regular walls, Us the small convex corners, Ug the small concave corners,
Uy the large convex corners, and Uy the large concave corners.

2.1.4 Examples of our GD models

Here we show sample images from Gibbs distributions defined by some of our
GD models. Specifically, we consider various choices for the eight potentials
(parameters) corresponding to the eight types of configurations. A particular
combination of the parameters determines the general shapes and sizes of
the characteristic structures. In real applications these parameters can be
estimated from a training set of typical correctly labeled images.
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- We use the Metropolis algorithm [7,13] for the sampling. The algorithm is
an iterative algorithm that, given a distribution 7(x) satisfying, for all x € X:
7(x) # 0, produces label images that can be considered to be typical samples
from 7(x), after a sufficiently large number (called burn-in) of iterative steps.
The algorithm proceeds as follows. In each step a component of the current
image (vector) x is randomly selected and its label is changed, resulting in the
image x'. Then x is replaced by x’ with probability min {1, 7(x")/7(x)} (see
(18] for more details). We define a cycle as | D| such steps. . ‘

To sample a Gibbs distribution we set 7(+) = n(-). Later, for reconstruction

" purposes, we adopt as solution an optimizer of a multidimensional function,
which can be obtained by sampling this function via the Metropolis algorithm.
To improve efficiency, we used look-up tables for speeding up the sampling
process, very similar to what is done in [19].

Figure 6 shows cross-sections of typical 3D sample images from ten dif-
ferent GDs, whose parameters are reported in Table 1. All the images have

- the domain defined by Vi = V, = 64 and V3 = 42. It is possible to select
the parameters in such a way that the typical images of the distribution have

" relatively large uniform regions over a background, as occur in images of bi--
ological macromolecules. It turns out that the incorporation of such a prior
model into the reconstruction algorithm improves enormously the resulting
reconstructions. Furthermore, small variations of the parameter values do not
affect significantly the reconstruction quality.  Surface rendering of four of
the ten samples are depicted in Figure 7.

Fig. 6. Typical images corresponding to our 3D GD models with the parameters
reported in Table 1. :
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sample | Uy | Upy | Us | Uy | Us | Ug | Ur | Us
1 1.211.2(12(12[052(05]|052] 0.5
2 - - - 1.0} - - - -
3 - - j11y - - - 1 05048
4 - - - - 06 | - 0.6 -
5 - - (14 - - - - -
6 - - - |14 - - - -
7 S I - I
8 S N -2 T
9 S N e N R R A
10 -1 - 120 - - - - -

Table 1

Parameters of the Gibbs distributions based on our GD models. Sample images are
depicted in Figure 6 (from left to right, top to bottom). The “” symbol indicates
that the parameter value equals to the one in the same column for sample 1.

2.2 Projection Model

Given a label image x, let Y be a set of gray value images each one of which is a
J-dimensional vector y = (yo, - - -, ¥s_1)t, where y; € Y (the set of gray values,
Y CR), for 0 < j < J—1. We assume that there is a conditional distribution
that, given x, assigns a probability ¢(y|x) to every gray value image y. (Since
Y is not necessarily finite, it would be more precise to say that ¢(y|x) is
" the probability density function defining the conditional distribution of the
gray value image y given the label image x. For the sake of brevity, we will
continue to refer to a notation such as ¢(y|x) as a “probability” rather than
a. “probability density function.”) In this report, we work with the special
case in which J = I and, for every label z, there is a distribution that assigns
(independently) a probability ¢(y|z) to every gray value y. Consequently,
d(ylx) = T1j=o o (uils)-

In electron microscopy applications, a gray value y, is the average density
of the voxel 7, for 0 < j < J—1 = I —1, and the probabilities ©(y;|z;) intend
to capture the histograms in Figure 1; i.e., the uncertainty of the density (gray
value) of a voxel around the mean density, denoted by p.,, corresponding to







