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Abstract Our aim is to produce a tessellation of space into small voxels and, based on only
a few tomographic projections of an object, assign to each voxel a label that indicates one
of the components of interest constituting the object. Traditional methods are not reliable in
applications, such as electron microscopy in which (due to the damage by radiation) only
a few projections are available. We postulate a low level prior knowledge regarding the

underlying distribution of label images, and then directly estimate the label image based on
the prior and the projections. We use a relatively efbcient approximation to a global search
for the optimal estimate.

Keywords Electron tomographyElectron microscopy Gibbs distribution Few
projections Global optimization Simulated annealing

Introduction

Three-dimensional electron microscopy (3D EM) is a powerful technique for imaging com-
plex biological macromolecules in order to further the understanding of their functions (Frank,
1996). It is achieving high goals and exceeding expectations unthinkable only a few years
ago. However, there are still some open questions regarding which either not enough work
has been invested or the work has not as yet been fruitful. One of these questions is: how to
obtain more accurate structural information by the incorporation of knowledge regarding the
chemical nature of the specimen? Here we propose an approach to answering this question.
Our belief is that such methodologies for obtaining more accurate structural information by
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3D EM than what can be achieved by current techniques will contribute to our understanding
of the detailed molecular mechanisms of some of the key cell functions and, consequently,
impact on Pelds such as drug discovery.

In computerized tomography (CT) many possible density values within the object being
reconstructed may occur, and for this reason a large number of projections is necessary to
ensure an accurate reconstruction of the density distribution (Herman, 1980). In many situa-
tions, however, the ultimate aim is not the density distribution itself but rather a distribution of
labels that correspond to one of the components (such as protein or ice in the reconstruction
of biological macromolecules) constituting the object, and there are good reasons (such as
damage by radiation) why only a few projections can be collected. Making use of the knowl-
edge that the reconstruction should contain only a few values (labels) to make up for the lack
of the availability of the number of projections typically required in CT is the central theme of
discrete tomography (DT) (Herman and Kuba, 1999). In DT a labeling of the components of
the object can be directly produced based on the projections. To achieve the same in CT, the
reconstructed density distribution needs to be segmented into components by an additional
process.

Our aim in the Peld of 3D EM of macromolecules is to produce, based on the electron
micrographs, a tessellation of space into small voxels, each labeled as containing ice or
protein (or, sometimes also, ribosomal nucleic acid (RNA)). Traditional approaches using
methods of CT would brst assign (reconstruct), based on the projections, to eachg/axel a
value (which is related to the electron density of that voxel) and then would segment this
gray value image to obtain the label image. However, in those situations in 3D EM where
only a few projections are available, a reconstructed gray value image is likely to be very
inaccurate, leading to an incorrect segmentation. A particular difbculty arises if thresholding
(Sahoo et al., 1996) is used for segmentation (which is a common current practice) because
at a resolution of 2.3 or better the density distributions corresponding to different labels
greatly overlap (see Fig. 1).

We postulate a low level Gibbs prior on the underlying distribution of label im-
ages, and then directly estimate, using an approximation tonthémum a posteriori
probability (MAP) approach, an optimum label image based on the prior and the mea-
sured projections. We choose Gibbs priors as it has been experimentally demonstrated
(Carvalho et al., 1999; Liao and Herman, 2004) that for certain types (all of those that were
tested) of Gibbs distributions there are algorithms that recover an unknown image (that is
a typical sample from the distribution) when provided with only a few projections of the
image and with the values of the parameters of the Gibbs distribution. Some of those Gibbs
distributions are such that the typical samples correspond to images that have relatively large
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uniform regions over a background, as occur in almost all the applications that use the meth-
ods of tomography. For example, in images of biological macromolecules, the background
would correspond to ice and the foreground would be either just protein or protein and RNA

(Carazo et al., 1999).

In Liao and Herman (2003) we investigated an algorithm that Pnds a local maximizer of
the function to be optimized. In this paper we propose instead an improvement that consists
of a relatively efbcient approximation to a global search for the optimization.

In Section 1 we explain the model we use to describe the reconstruction problem. In Section
2 we convert the reconstruction task into an optimization task and propose two algorithms that
search for the optimum. Section 3 describes in detail our preliminary experiments aiming at
evaluating our proposed approaches. In Section 4 we report on the results of the experiments,
and in the last section we give the conclusions and a discussion.

1. The proposed model

LetX be a set ofabel images each one of which is ahdimensional vectax = (xy, ..., x;)’,
wherex; € X (the bnite set ofabels), for L < i < I. We assume that there is a prior distri-
bution that assigns to every label imaga probabilitys (x). Typically this prior distribution

is aGibbs distribution, which means that

7 (x) = Z~texpl-H (x)], 1)

wherer (x) is the probability of occurrence of the imaggZ is the normalizing factor, and
H(x) is referred to as thenergy of x (see, e.g., Winkler, 2003). The energy is the negative
of sum oflocal potentials, each of which is a real number assigned to the conpguration on a
cligue (in the experiments reported below the cliques are the33subregions of the image).
As a resultyr (x) is a product of terms, each of which depends on only one clique. Typically
the local potentials depend on the labels in the cliques in a way that is invariant under various
transformations (such as translations, rotations, and ref3ections); this results in having only a
few possible values for the local potentials, these arpdh@enerers of the Gibbs distribution.

In electron microscopy applications, the set of lab&lsis, e.g., {ice, protein or
{ice, protein, RNA. It is possible to select the parameters in such a way that the typical
images of the distribution have relatively large uniform regions over a background, as oc-
cur in images of biological macromolecules. In Section 3 we explain the particular Gibbs
distribution we use to achieve this effect.

Let Y be a set ofgray value images each one of which is @dimensional vectoy =
(y1, ..., ys), wherey; € Y (the set ofgray values, Y C R), for 1 < j < J. We assume that
there is a conditional distribution that, given a label imagassigns a probability(y | x) to
every gray value image. (SinceY is not necessarily Pnite, it would be more precise to say
that¢(y | x) is the probability density function debning the conditional distribution of the
gray value imagg given the label image. For the sake of brevity, we will continue to refer
to a notation such a(y | x) as a OprobabilityO rather than a Oprobability density function.O)
In this initial report, we work with the special case in whi¢h= I and, for every labet,
there is a distribution that assigns (independently) a probabi(ity| x) to every gray value
y. Consequentlyp(y | x) = 7_; ¢(y; | x;).

In electron microscopy applications a gray valyeis the average density of the voxel
j,for 1< j <J =1, and the probabilitieg(y; | x;) intend to capture the histograms in
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Fig. 1; i.e., the uncertainty of the density (gray value) of a voxel around the mean density,
denoted bys,;, corresponding to the labe} of that voxel.

Let W be a set ofneasurement vectors each one of which is &-dimensional vector
w = (wy, ..., wg)’, wherew, € W C R, for 1 < k < K. We assume that there is a condi-
tional distribution that, given a gray value imaggeassigns a probability (w | y) to every
measurement vectev, which is usually a noisy version of a linear transformataof the
gray value image

Z = Ry, 2)

whereR isof sizeK x J and none ofthe rows @t is a null vector. Intomography applications
the measurement vector is a sepafjections, each one of which is in turn a set of measured
integrals of the density of the object being reconstructed along lines that either are parallel
to each other or share a point. In our framewndontains those line integrals and the entry
ri;j of R is the length of intersection between the linand the voxelj, for 1 < j < J and
1<k<K.

For the preliminary experiments reported below, we consider only the special case in
which x(w | y) has a product form; i.e., given a gray value imgg¢here is (for 1< k <
K) a conditional probabilityy; (w | y) of the kth measurement being, and x (w | y) =

1{(:1 Yi(wi | y).

Thelikelihood p(w | x) of measuringw given a label image, assuming (as reasonable)
that, giveny, w does not depend ax is the integral (or sum iY is bnite)

p(W|x)= y x(W [ y)o(y | x)dy. ©)

2. The estimation approach

According to the MAP criterion, the estimate of the label image.ig-, which is thex in X
that maximizes the product af(x) in (1) andp(w | x) in (3); i.e.,

Xmap = arg maxr (x)o(w | x)]. (4)

Due to the non-linearity and the non-convexity of the objective function inside the brackets in
(4), the MAP estimator(s) cannot be obtained using local search techniques. (We found that a
local method, such as the well-knowerated conditional mode (Besag, 1986), does not give
encouraging results.) Furthermore, the objective function is debPned on labels, rather than on
continuous variables; therefore, we need to use a combinatorial optimization technique that
involves repeated evaluations the value of (3) for vareesquired in (4).

Except for Monte Carlo techniques, which are inherently slow, we are not aware of general
approaches for the computation of the integral on the right hand side of (3). Therefore,
we decided to investigate the existence of alternative approaches that are based on criteria
other MAP, but that can be efpciently implemented, and that at the same time deliver good
reconstructions. In the alternative approach on which we report in this paper, we aim at
Pnding the label image that maximizes the product ef(x) and the maximum value of the
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term inside the integral that debnes the likelihood function of (3); i.e,
x = argmax z(x) mya>{x(w | y)e(y | x)] . (5)

In other words, the likelihood in (3), which can be viewed as an averagdvof| y) with
respect tap(y | x), is replaced by, if exists, the maximum value

maxx (w | )y | x)]- (6)

In Appendix A we provide a partial justibcation of it by giving a relationship between (6) and
the likelihood under the assumption that bgtfw | y)and¢(y | x) are normally distributed
and discuss when this approximation is reasonable. We are now concerned with the estimation
of x.

Let

G(x.y) = x(W|¥)o(y | x). ()

In Liao and Herman (2003) we investigated an algorithm that, starting from a gray value
imagey®, bnds a local maximizer of the functiafi(x, y) = 7 (x)G(x, y) by alternately
maximizing F (x, y) with respect tax and with respect tg. In this paper we propose instead
to use a relatively efbcient approximation to a global search fox.the

If we let

y(x) = argmax{G(x. y)]. (8)

then bothy(x) and G (x, y(x)) = max, [G(x, y)] are functions ok. Therefore, (5) can be
rewritten as

x = argmax(z ()G (x, y(x))} . 9)

If we could evaluatey(x) for every visited x during the (global) optimization of

7 (x)G (x, y(x)) with respect tox, then this scheme would become global. However, be-
cause our (combinatorial) optimization is Monte Carlo based, such repeated evaluations are
prohibitive due to the typically enormous number of samglewolved. Nonetheless, since

in our settings a small perturbationtncauses only a small variation im, a small change

in x will not result in a signibcant change yfx). Therefore we can Oreusg®) during

the optimization. In Subsection 3.2 we show how to bPnd such gray value image based on
a quadratic optimization, and in Subsections 2.2 and 3.3 we discuss the procedure of this
Ore-usage.O To bPrave use thesimulated annealing (Subsection 2.2), which can be im-
plemented via théetropolis algorithm (Subsection 2.1). The method proposed in Liao and
Herman (2003) starts from a gray value imad®8, bnds an optimum label imagé® for

that bxedy©@, computeg™® = y(x©), and so on. Here we show that the Ofrequent updatesO
of y(x) provides better reconstructions.
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2.1. The Metropolis algorithm

The Metropolis algorithm (Hastings, 1970; Metropolis et al., 1953) is an iterative algorithm
that, given a distributio (x) satisfyingy (x) # 0, x € X, produces images that can be con-
sidered to be a typical sample fronfx), after a sufbciently large number (calledn-in) of

iterative steps. The algorithm proceeds as follows. In each step a component of the current
image (vector) is randomly selected and its label is changed, resulting in the ikage
Thenx is replaced by’ with probabilitymin{1, y (x')/y(x)} (see (Winkler, 2003) for more
details). We debPne@rcle asl such steps. There are other Metropolis algorithms (Higdon,
1998; Morris, 1997; Swendsen and Wang, 1987) in which the candidate khdifer from

x at several components, which are more efpcient than single-component updates. However,
they are designed specibcally for very simple Gibbs priors, such as the Ising model (Winkler,
2003). For more complex models, such as the ones we use here wighcliques, they are

not that efbcient (Morris, 1997). To improve efbciency, we used instead look-up tables for
speeding up the sampling process (Vardi, Herman and Kong, 2001), as described in the next
subsection.

2.2. Optimization by simulated annealing

For the maximization, we apply @mulated annealing (Winkler, 2003) via the Metropolis
algorithm. Simulated annealing, often used as a combinatorial optimization technique, applies
a sampling algorithm to the functiony (x)]?, wherey (x) is proportional to the (positive-
valued) objective function to be maximized, successively for some increasing values of
B > 0. Initially, 8 is set to a low value, so that the graph e{§)]? is nearly Rat. After the
sampling converges to the stationary distribution at the cugeftis increased to a higher
value according to annnealing schedule. A theorem of Geman and Geman (1984) gives
an annealing schedule that guarantees that the process converges (almost surely) to a global
maximum. In practice, however, the annealing schedule in Geman and Geman (1984) is too
slow and faster schedules are used instead.

Our objective functiomr (x) G (x, y(x)) is positive valued, therefore we can in principle use
simulated annealing to Pnd tkef (9) by settingy (x) o« 7 (x)G (x, y(x)). Note that only the
ratioy (x')/y (x) is needed in each step, which eliminates the need to compute the normalizing
factor, such as th& in (1). However, the ratior (x')G(X', y(x'))/7 (x)G(x, y(x)) must be
calculated, which is troublesome, especially in view of the typically enormous number of
steps required in simulated annealing. In our experiments, for the type of Gibbs distribution
we are dealing with, we have an efbcient way to compute the #d%6 /7 (x) based on a
look-up table (Vardi, Herman and Kong, 2001) (e.g., in our experiments we have 2D binary
images with 3x 3 cliques, therefore the size of theighborhood system (Winkler, 2003)
is 5x 5, and so the size of the look-up table &2 = 224). However, we are currently
unable to compute directly the rat@(x’, y(x'))/ G(x, y(x)) without computing separately
both the numerator and the denominator. To achieve efpciency, we notxhat y(x")
whenx andx” differ at only a few pixels (see the introductory part of Section 2). Therefore,
our proposed estimation approach is to use the sg&1@ in many steps, and only update
it when the current label imageand thex” that gave rise to the last update differ at more
than a given number of places. Alternatively, we can perform the update after a bPxed number
of cycles. In either case, under the product structure assumption for the probagilitx),
the possible values of the ratieo(x’, y(x''))/G(x, y(x”)) = ¢(y(x”) | X')/¢(y(x") | x) can be
precalculated for a Pxext’ and used untix” is changed again.
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3. Experimental details

In order to test this general approach in the context of tomographic reconstruction of label
images from a few projections, we performed some initial experiments. We picked some
computer generated phantom images (which are the label images) and their corresponding
gray value images (one gray value image for each phantom). We reconstructed, using the
method in Liao and Herman (2003) and our new method, the label images from computer
simulated projection data based on the generated gray value images. We also estimated the
best reconstruction one can expect from a traditional approach (in which a gray value image
is brst reconstructed and then segmented to result in a label image) by thresholding the gray
value images themselves. In Subsection 3.1 we give our particularly chosen experimental
variables. In Subsection 3.2 we show how to i), givenx, for the chosen variables,
based on a quadratic optimization. In Subsection 3.3 we give a more detailed description of
the procedure of Subsection 2.2. We performed two sets of experiments, Erpeetlnent

I andExperiment I1, which are explained shortly.

3.1. Choice of the experimental variables

For the preliminary experiments, we considered 2D two-label images of sizé63 x 63

and the set of label§ ={ice, proteir}. We used black to represent ice and white to represent
protein. InExperiment I there were 50 label images that were sampled (using the Metropolis
algorithm) from a Gibbs distribution distribution debned as follows (see Section 1). The
conbgurations on the3 3 cliques that we were interested in are those that may be considered
to be a particular local feature of one of the following six typeduak region, awhite region,

aconvex corner, aconcave corner, Or anedge (see Fig. 2); and the conbgurations, together
with their reRections and 9Qotations, that do not appear in the bgure are calléers.

The local potential assigned to a type is one parameter of the Gibbs distribution. Since
one of the parameters can be always set to zero (Winkler, 2003), there are bve parameters
in this model. In Experiment | the parameters were, respectively in the order the types
were introduced, 1.2, 1.2, 1.2, 0.52, 0.2, and 0. This set of parameters gives rise to typical
sample images that have relatively large uniform white regions over black background (as
we desired; see Introduction), but it is not the only one; other combinations also generate
such images. I&xperiment II we wanted to test the applicability of our general approach to
more realistic situations. We used binary images representing the cross-section of a biological
macromolecule in four conformational phases. We assumed that they were samples from a
Gibbs distribution like the one just described, except that the bve parameters were estimated
separately using the method in Besag (1977) (for each one of the four images, the estimation
is based on the other three images).

i ol Bl oo o =

black region convex comer convex comer convex comer edge edge concave comer  concave comer  concave comer

white region concave comer  concave comer concave corner edge edge convex corner convex comer convex comer

Fig. 2 Conbgurations, and their reBections anél @lations, of a 3« 3 clique that specify the local features
referred to as: a black region, a convex corner, a concave corner, an edge, and a white region
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T-

Fig. 3 lllustration on a 5x 5 image of the chosen projection lines, so that the length of intersection of a line
with a pixel is the same in the direction with tangent equal to (respectively from left to right) inPnity, 1, 0.5,
and—0.5. A 90 rotation of these directions gives the directions with tangent equal to, respectively, 0,
—2,and 2

For each label image in each experiment, we randomly picked a gray value image (with
J = I).We assumed a product structuregdy | x): for alabelimage, a gray value image was
produced by sampling pixel by pixel according to the probability | x). Thep(y; | x;), for
1 < j < J, were normally distributed with mean and variance equ,’ad,‘gowheremCe =4
and wprotein = 9, SO that

o1 = e — - m) B - ) (10

X

wherex, = diag,_;_, () is positive depnite andy = (27)"/?|x4|"/2. There is no par-
ticular reason for choosing these values of mean and variance, except for the fact that they
clearly ref3ect the idea of overlapping gray values in higher resolution electron microscopy,
as shown by the left histogram in Fig. 1.

The projections forming the measurement veetavere simulated as follows; see Fig. 3.
There were eight projections using parallel lines in each projection, such that the tangent
of the angle, denoted hy, between these lines and the Opositive horizontal directionO were
0, inPnity,—1, 1, —-0.5, 0.5, —2, and 2 and the distance between two consecutive parallel
lines wasl - max(cosew, sina), wherel is the length of a side of a pixel. The locations of
the lines in one projection were chosen so that the non-zero length of intersection of one of
the lines with a pixel is always the same. This is not a necessary condition for the validity
of the discussed approach, but it simpliPes the implementation of the our proposed method.
For each experiment we formedkadimensional column vectar= (z1, ..., zx)' from the
sums of the pixel values in the gray value image along all the lines, wkiegethe total
number of lines. We chosg, (wy | y), for 1 < k < K, to be normally distributed with mean
zx and variance equal t8 - z; (we call S thenoise level, whose possible values are chosen
to be 0.01, 0.25, or 1); i.e.,

XV I = exp — w25, w7 1)

wherex, = diag_, - (S - z) is non-singular and;, = (2r)"/?|,|*/? (our way of handling
the casey, = 0 is discussed in the next subsection). By substituting (2), (11) and (10) into
(7), we get that

G(x,y) =

1 1
exp —=(w— RyYZ Yw — Ry) — =(y — iy)' Z2Hy — ) -
c.C. Xp 2(w y)'E, (w— Ry) 2(y Hx) T (Y — )

(12)
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The normality is a common and useful (at least in preliminary studies) assumption in many
applications.

3.2. Finding the optimum gray value image given a label image

We found an efbcient algorithm for estimating the optimum gray value ipédé (see (8))

given a label image”, provided that we replace the varian€ez, inside thex, in (11) and

(12) by S - wy = S - max(uice, wi), fork =1, ..., K. (This assumption was also present in
our earlier work in Liao and Herman (2003).) The justibcation for this approximation is the
following. The original variance - z; is proportional to the meaf;, for 1 < £ < K, which
implies that (i) higher measurements suffer from higher noise, but (ii) the ratio between
the latter and the former is lower for higher measurement. This is in agreement with real
applications, at least as a brst order approximation. Since a real noise process is not exactly
normally distributed anyway, we expect that the replacement by its observed valuey,

will not signibcantly violate the properties (i) and (ii), specially for smallemwhich can

be seen as a condition for the validity of the approximation. Next, since by depPnition the
variance must be non-negative, we usg, which is the minimum value attainable by, as

the lower bound fomw,; i.e., we have bPnally that, ~ w; = max(uice, wi). As a result of

this approximation, th& (x”, y) in our original problem statement is now debned by

1 . 1 _
G, y) = = &P —5(W = Ry) T, (W — RY) =5y — i) T My — 1)
wlx”

(13)

where 2, = diagy_;_x (S - wi) and Cy = (27)¥/?|2,,|/2. Since neitheixy, w, nor Xy
depends oly, maximizing this newG (x”, y) with respect tg is the same as minimizing the
quadratic (iny)

ax(y) = (W= Ry) Z.HW = Ry) + (v — x) Y — ) (14)

Thus, from (8),y(x") = argmax[G(x”", y)] = arg min, [gx(y)]. The minimization task
closely resembles that in Eqg. (3.1) of Chapter 11 in Herman (1980). (Note that if we re-
place the variance$ - z; by any other bxed quantities, instead of the chasemy, gy (y)

is still a quadratic iny.) Hence, as an estimate pfx”), we can take the gray value image
produced by a row-action iterative reconstruction algorithm with relatively fast convergence
properties, such as aigebraic Reconstruction Technique (ART), which is an adaptation of

the one described in Herman (1980, pp. 190D192) (see Appendix B and Liao and Herman
(2003) for details).

3.3. Estimating the optimum label image

Once we know how to Pnd thgx) in (8), we proceed with the optimization required in

(9) with respect tax. Following the discussions of Subsection 2.2, thef our annealing
schedule was increased from 0.5 to 1.5 in increments of 0.05. (We found that no OrebnementO
of this annealing schedule, by increasing the range and/or decreasing the increment, yields
a signibcant improvement on the results.) For e&alve ran 5,000 cycles of the Metropolis
algorithm, during which we updateg(x”) when the current label image and the one that
gave rise to the last update differed at more thaoixels. (We started with 5,000 cycles and
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did not observe signibcant improvements by adding more cycles. The nynibersed to
measure the OdistanceO between two label images, which determines when t(xif)date

An update ofy(x") is produced by ART with cycles through the data. (It is known from
practice that, due to the fast convergence of ART, only a few iterations are needed to get
a reasonable answer. In our case we found that a minimal number of iterations is required,
but that the optimization algorithm would not be sensitive to any number higher than that.)
For the starting valug = 0.5, v and p were set to, respectively, 5 and 50 (which is about
1.26% of the total number of pixels). Asincreases, the label image changes less rapidly and
therefore, with the same computational burden, we can estiyftewith higher accuracy

by gradually increasing and decreasing. At each increment o8, v was increased by 5,
while p was decreased by 10 until a minimumgo#= 10 was reached. We term the algorithm
just described asligorithm A. We found that Algorithm A is quite robust with respect to the
choices of the parametersand po. The reconstruction quality was not signibcantly affected
by the increment ob: similar qualities were obtained if we kept= 5 constant, and also

the effect ofp was minimal if we kept the starting value pfbetween 50 and 100 and set

its decrement to 5 or 10. We also considered a variant of the Algorithm A, chliedirim

B, in which we considered fewer control parameters and performed the updd& olvith

a bxedv = 5 at everyr cycles of the Metropolis algorithm, which was run 50,000 cycles
for eachg. The effect oft was more noticeable in the case of higher noise, which required
smallerz to achieve better quality. The values of the paramettirat we tested were 50,
100, and 1,000, but we report only on the case with 50 (which gives much better results
than the case with =1,000 but only slightly better than the case with= 100). We found

that both algorithms took about the same order of magnitude of CPU time.

4. Experimental results
4.1. Experiment |

In Table 1 we report, for the three noise levels, on the quality of the estimator based on the
following methods: directly thresholding the gray value images at the optimal threshold level
(which, in our case with the two normal distributions with both mean and variance equal to

4 and 9, is 6.4683), our previous method (Liao and Herman, 2003), and our new proposed
approach using Algorithm A and Algorithm B. The quality is indicated by the average
(over the the phantom images generated for the experiment) percentage of misclassibed
labels in the estimates. The value next tis the corresponding estimated standard deviation

(in the usual way). Note that the given by our new approach is less than half of that by

the method from Liao and Herman (2003) for the lowest noise level, and far less than the

Table 1 Quality of the reconstructionss (is the noise level)

% of misclassibcation;

Method §=001 §=025 §=10
Thresholding the gray value image 138.6

Method in Liao and Herman (2003) 5#42.1 6.4+23 8.2+2.1
Algorithm A 28+11 39+16 7.4+20
Algorithm B 26+11 37+14 6.7+19
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Fig. 4 One of the 50 phantom
label images (top row, left) along
with the label image (top row,
right) produced by thresholding
the gray value image (top row,
center) generated from the
phantom image. The number of
misclassibed labels is 537. In the
second, third, and fourth rows are
the estimators based on,
respectively, the method in Liao
and Herman (2003), Algorithm

A, and Algorithm B. Among
these nine reconstructed images,
those that are in the same column
are produced using the same
noise level, which ar§ = 0.01
(left), S = 0.25 (center), and

S = 1.0 (right). The number of
misclassibed labels are for the
second row: 280, 271, 364; for
the third row: 89, 135, 292; and
for the fourth row: 79, 109, 248

value corresponding to thresholding. We conducted hypothesis testing (pattesds) and
calculated the statistical signibPcance by which the null hypothesis that the quality of two
estimators (as measured byare the same can be rejected. Specibcally, given two different
methods, les be the difference of their respectiw®sN = 50 be the number of phantom
images, and be the estimated standard deviatiors ofVe formed the random variab%

that, according to the null hypothesis, hagigstribution withV — 1 degrees of freedom and
obtained the following. Between our new method (either Algorithm A or Algorithm B) and
the method from (Liao and Herman, 2003), we found, in the cas&s-00.01 andS = 0.25,
P-values equal to 10° or less: this means that if the two methods were equally good, then
the probability of observing differences as large as or larger than what we have observed
as a consequence of nothing but statistical Ructuations is less than *ilR&garding the
superiority of Algorithm B to Algorithm A, the-values are 0.01 and 0.1, respectively for the
two lower noise levels, which are not considered very signibcant. However, in the noisiest
case § = 1.0) we noticed the following. Between Algorithm B and either one of the other
two (method of Liao and Herman (2003) or Algorithm A) thevalue is still less than 1G°,

but between Algorithm A and the method from Liao and Herman (2003 thedue is about

0.01. This suggests that our OtunningO of the free parameters in the Algorithm B is better
than that in Algorithm A. Figure 4 shows actual reconstructions.

4.2. Experimentll

Here we have images representing the cross-section of a biological macromolecule, which
are assumed to be samples from a Gibbs distribution (see Section 3.1). Similarly as we did
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Table 2 Quality of the reconstructionss (is the noise level)

% of misclassiPcation

Method §=001 S§=025 S§=10
Thresholding the gray value image 12:0.2

Method in Liao and Herman (2003) 3#£€0.2 4.0+£0.1 45+0.1
Algorithm B 3.1+03 34+03 4.2+04

Fig. 5 One of the four phantom
images representing the
cross-section of a biological
macromolecule (top row, left)
along with the label image (top
row, right) produced by
thresholding the gray value image
(top row, center) generated from
the phantom image. The number
of misclassibed labels is 468. In
the second and third rows are the
estimators based on, respectively,
the method in Liao and Herman
(2003) and Algorithm B. Among
these six reconstructed images,
those that are in the same column
are produced using the same
noise level, which ar§ = 0.01
(left), S = 0.25 (center), and

S = 1.0 (right). The number of
misclassibed labels are for the
second row: 158, 158, 181; and
for the last row: 129, 144, 175

in Experiment I, in Table 2 we report, for the three noise levels, on the quality (measured by
«) of the estimator based on: thresholding the gray value images, our previous method (Liao
and Herman, 2003), and Algorithm B. We performed pairwigests between the last two
methods and the-values for the three noise levels were all above 0.05, such differences are
not considered signibcant. (This lack of signibcance is to be expected in the outcome of an
experiment with only four images.) However, as shown in Fig. 5, our new method is able to
recover some small features in the images that are missed by the method in Liao and Herman
(2003).

5. Conclusions and discussion

The statistical test of the Experiment | and the reconstructions of the Experiment Il demon-
strate that our approach (Algorithm B, which is based on an approximation to a global search)
to reconstructing label images from a few projections outperforms that in Liao and Herman
(2003) (which is based on a local search algorithm).

We justify in Appendix A the replacement of the likelihood function (3) by the maximum
(6) by giving a relationship between the two under the normality assumption. When the noise
in the measurement s relatively low, we have shown that the two are likely to be proportional.
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However, we believe that an even better reconstruction quality can be achieved by the true
MAP estimator. The search for it is hampered by the non-convexity and non-linearity of the
Gibbs distribution, as well as the complicated nature of the likelihood function of (3) that
involves an integration over all the gray value images. Thus, the discovery of an efpcient
algorithm for bnding the true MAP estimator is an important open problem.

We also point out that the theory formulated here can be easily adjusted to the 3D case,
and that the positive results from these preliminary experiments with 2D images are likely
to be reproduced for 3D volumes to be reconstructed from 3D EM data. This is because
a 3D volume can be in principle reconstructed slice by slice, each one of which would be
reconstructed as a 2D image in the way described in this paper. Furthermore, we expect that
a reconstruction using directly a 3D model will be even better than doing it slice by slice,
due to the smoothness prior imposed not only within one slice, but also among nearby slices.

Appendices

A. Likelihood approximation

We establish a relationship between (3) and (6) under the normality assumption with positive
dePnite covariance matrices. Specibcallyglgt | x) and x (w | y) be debned as in, respec-

tively, (10) and (11), except that in (11) we repla&gby X, andC, by Cy,. (The matrices
¥x and Xy, here can be arbitrary, but must be positive debnite and independghfltius,

XV 1900 1%) = o exp — S(w — Ry) Sy w — Ry)

CwCx

S ) (15)

where C,, = (27)"?|2,|¥? and the term g(y) = (W — Ry)'S;(w — Ry) + (y —
ux) 71y — 1x) inside the exponent in (15) is clearly a quadratigirt is convenient to
write ¢(y) in the form

9) = 50— WY Ty — ) 45, (16)

for some matriXY” and vectorg: ands$ that are independent gf After some algebra, we get
that

Y
no o=—5Ta 17)
5

Il
~
I
|
QN
=

N}

whereP = pl Xty + w2 tw, a' = —2W 1R + 1! 21), and Y is positive debnite
(because so arE, andx,,). This suggests that the prodydiw | y)¢(y | x) has the OshapeO

of a normal distribution with mean and (non-singular) covariance matfix Using (15),

(16) and the fact that the mean coincides with the mode in a normal distribution, (6) can be
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written as

8

explg(w)] = (18)

e
max(x (w1 ey [ X)] = = CuCy

Meanwhile, for the likelihood in (3), we use (15), (16), and the normalization condition:

1 -1
y W exp — E(y —u) Ty —p) dy=1, (19)

to express the likelihood as

_ B 1 _ (27T)1/2|T|1/2€8
p(w|x) = YX(W [ V)o(y | x)dy = Nrowe explq(y)] dy = T aC
(20)
By comparing (18) with (20), we conclude that
max{x (w | )¢(y | ¥)] = (27)~"2 10172 p(w | x). (21)

From the relations in (17), we can see that if the noise in the measurements is very high,
thenY ! ~ £_1; whereas if the noise is relatively low, thair! ~ R’ £ 1R, which does

not depends on the labels and therefore can be ignored during the optimization with respect
tox.

B. Algebraic reconstruction technique (ART)

We present an ART approach (see Chapter 11 of Herman (1980)) for bnding the minimizer
y* of the quadratic (14). Consider a consistent system of linear equations

with § unknowns and. equations. For k [ < L, let A, be the transpose of & row of A

andb, be thelth component ob. The following algorithm is a relaxation method for solving
the system (22) of equalities (Section 12.2 of Herman (1980)).

2@ is the S-dimensional column vector of zeros (23)
g(m+1) — g(m) + C(m)Ak,,,a (24)
with
b, — Al (m)
) — o~ P (25)
Ay, Ak

wherek,, = m (modK) + 1. The sequence of thg”) converges to the (unique) minimum
(Euclidean) norm solution of the system (22).
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Using now the notation in (14), consider the system

»¥2 Ryl? ‘V‘ = (W— Ruy)., (26)

in which the system matrixI[;vlv/2 RZ,%Z] is of size K x (K + J), the unknown [} is a

column vector of siz& + J, and the right hand sidgv — Ruy) is a column vector of size
K. The following result is easy to prove.

Lemma. For any K -dimensional vector u and J-dimensional vector v, [l‘}] is a solution of

(26) if, and only if, there exists a J-dimensional vector'y such that
—1/2
u=u(y) = X,”*(w— Ry) 27)

and

v=vy) = 3" (y - 1) (28)

This lemma implies in particular that (26) is a consistent system of linear equations. The
squared norm of any of its solutions can be written, in view of (27) and (28), as

(W= Ry) =, 4w — Ry) + (y — iw) ToHy — i), (29)

which is precisely the quadratig(y) of (14). It follows that ifu® andv) are sequences
of K-dimensional, respectively-dimensional, vectors such thaggfllj] converges to the
minimum norm solution of (26) and if, for ath, we dePne

y(m) — E;{Zv(m) + s (30)
theny®™ converges to the minimizer of thg.(y) in (14).
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