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The oil/water interface has been of great importance in understanding the dynamics of oscillatory interfacial
mass transfer phenomenon and other bio-oscillations in excitable membranes. The oscillatory mass transfer
across the oil/water interface generates an oscillating interfacial potential, which is measurable with suitable
experimental setup. A detailed and systematic experimental study on the CTAB/picric acid system is done
and a diffusion model is studied using delay-differential equations. It is found that a two-variable model with
delay in one of the variables is able to explain the observed phenomenon satisfactorily.

Introduction

Bio-oscillation or biorhythm is one of the most important
properties of living organisms. In recent years, there has been
an increased interest in the study of the electrical phenomena
associated with excitation of membranes and oscillation of
membrane potentials.1,2 Liquid membranes are simpler systems
to study the oscillatory phenomena and understand the dynamics.
A liquid membrane, which is a surfactant monolayer at an oil/
water interface, can exhibit interfacial potential oscillations,
during which there is a transfer of surfactants from the aqueous
phase to the oil phase. The phenomenon was first observed by
Dupeyrat and Nakache.3 Yoshikawa and co-workers4 developed
experiments to measure the oscillatory potential and proposed
theoretical models5,6 to explain the observed phenomena.
Miyamura and co-workers7 reported a new setup for the same
system, which was easily reproducible. We have carried out
experiments in a setup based on the one given by Miyamura
and co-workers, but with some modifications. We observe
highly reproducible oscillations in the interfacial potential with
amplitude in the range 50-100 mV and frequency in the range
0.04-0.16 Hz. We also report modeling studies done using
delay differential equations, with appropriate parameters derived
from the experiments and literature.

Experimental Setup

The oil/water interface was constructed as follows (see Figure
1).

1. A 7.5 mL aliquot of nitrobenzene solution containing 1
mM picric acid was taken in a beaker of 5 cm i.d. (inner
diameter) to form organic phase A.

2. A hollow glass tube of 1 cm i.d. was immersed in the
center of the nitrobenzene solution such that 5 mm of the glass
tube is inside the organic phase. The lower end of the hollow
glass tube is designed to have a V-shaped deformation of 3
mm in height.

3. A 15 mL aliquot of 0.1 MD-glucose solution was then
added into the beaker carefully outside the hollow tube, thus
forming the aqueous phase B as in Figure 1.

4. A 2.3 mL aliquot of a mixture of aqueous cetyltrimethyl-
ammonium bromide (CTAB) solution (with various concentra-
tions as described later) and 0.5 Mn-butanol was added very
slowly using a micropipet, to the inner tube to form another
aqueous phase C as in Figure 1. At this height of immersion of
the hollow tube (5 mm), the electrical potential generated at
the interface started oscillating spontaneously. Oscillations do
not occur if the height of immersion is greater than 5 mm.

Potential measurement was made using two salt bridges, D
in Figure 1 (tip narrowed to 2 mm), placed very near to the
interfaces, with the other end in a solution of 3 M KCl, and the
potential measured with two Ag-AgCl reference electrodes “E”.
The signal collected was then sent to a computer through an
A-D converter. The sampling time was maintained as 0.14 s.
The water/nitrobenzene/water system constructed by us differed
from the one given by Yoshihisa and co-workers8 in that a
simple glass tube with a V-shaped deformation (3 mm) at the
basal boundary was used by us instead of a Teflon tube with a
(0.3 mm) notch. This deformation is helpful in sustaining the
oscillations for a longer time (over 30 min) and also gives rise
to some complex behavior of the potential, which we have
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Figure 1. Experimental setup for measuring the oscillating interfacial
potential. Key: (A) picric acid in nitrobenzene; (B) glucose; (C) CTAB
+ n-butanol; (I) interface; (D) salt bridge; (E) Ag-AgCl electrode.
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observed for the first time at the later stages of the experiment
before the cessation of the oscillations.

The measured time series of the interfacial potential (E(t))
for one particular concentration of CTAB and picric acid is
shown in Figure 2a. Figure 2b shows the low-frequency
oscillations observed at the final stages of the experiment. It is
clearly seen that regular oscillations of frequency 0.04-0.16
Hz with amplitude 70-80 mV is sustained for over 30 min.
This behavior is seen for various concentrations of CTAB and
picric acid. There exists a threshold concentration of CTAB (3
mM) below which there is no sustained oscillation. The
concentration of picric acid on the other hand has an upper limit
of 1.2 mM above which no sustained oscillation takes place.
We observe period-1 oscillations at the concentrations of CTAB
and picric acid used by us, in contrast to ref 9 who have reported
multiple periodicities below 0.8 mM picric acid. The recon-
structed attractors of our time series for picric acid concentra-
tions of 1 and 0.4 mM are shown in Figure 3. The attractors
were reconstructed from the observed time series using the
method in refs 10 and 11, and the reconstruction lag time was
fixed using the method given in ref 12. The reconstructed
attractors for these two concentrations look similar and clearly
show that the oscillations are a single period. The finite width
of the attractor is due to the noise in the measurement. The
difference between our results and those of ref 9 may probably
be attributed to the difference in the experimental conditions
where the authors of ref 9 have carried out the experiments in
a U-tube.

Theoretical Modeling

In this study we model only the sustained high-frequency
oscillations. The model is based on the following mechanism
proposed by Toko and co-workers.5 CTAB and picric acid

diffuse from the bulk to the interface. At the interface, there is
an ion pair complex formation. The complex formation con-
tinues until a threshold concentration of CTAB is reached at
the interface. Then the complex molecules are abruptly trans-
ferred into the organic phase. This is then followed by
readsorption of CTAB and picric acid and the whole process
repeats.

The mechanism we model is in principle similar to the one
in the ref 5 except that we set the rate of change of CTAB
concentration to be dependent on the concentration of CTAB
at an earlier time (a delayed variable). This delay is introduced
to take into account the finite time required for the diffusion of
the molecules from the bulk to the interface.

Delay differential equations are used to model the system
based on diffusion and adsorption kinetics. The following are
the equations that we propose to describe the dynamics of the

Figure 2. Experimental time series for 6 mM CTAB with picric acid: (a) high-frequency oscillations; (b) low-frequency oscillations.

Figure 3. Reconstructed attractor from the measured time series for 5
mM CTAB with (a) 1 mM picric acid (reconstruction lag timeω ) 8
s) and (b) 0.4 mM picric acid (reconstruction lag timeω ) 18 s).
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system at the interface.

wheref (X) ) kL[XL - X(t)]m.
X andYare the respective interfacial concentrations of CTAB

and picric acid.Xb andYb are the respective bulk concentrations
of CTAB and picric acid,d is the thickness of the interfacial
sublayer in cm perpendicular to the interface,A is the area in
cm2 across which the transfer takes place,k is the rate constant
of the formation of complex or the ion pair in M-1 s-1, Dx and
Dy are the diffusion coefficients of CTAB and picric acid,
respectively, in cm2 s-1, V is a constant equal to 1 cm3, andXL

is the limiting concentration or the threshold concentration of
CTAB at the interface in M above which breakage of monolayer
takes place.kL is the proportionality constant for the above
process, andm is the Hill’s coefficient.δ is the delay in seconds.

The high-frequency oscillations that constitute a major part
of the time series (over 30 min) alone is considered in modeling.
The model is based on the following assumptions:

1. The bulk concentrations of CTAB and picric acid are
assumed to be constant.

2. Diffusion is always associated with a finite delay in time.13

Hence time delayed variableX(t - δ) is used in the diffusion
term of the differential equation. Because both CTAB and picric
acid reach the interface by diffusion, the delayδ can be taken
for simplicity as the effective total delay caused due to both
CTAB and picric acid. In other words, onlyX is treated as a
delayed variable. Delayδ is taken to be the average time interval
between the onset of adsorption, as indicated by the begining
of the oscillatory cycle in theE(t) time series, and the completion
of adsorption of the monolayer, as indicated by the beginning
of the decrease in maximum amplitude in the oscillatory cycle.

3. The thickness of the interfacial sublayer (d) is assumed to
be constant during the high-frequency phase of the experiment.

Equations 1 and 2 are based on the adsorption kinetics for
mass transfer.14 The first term in eq 1 refers to the diffusive
adsorption of the surfactant molecules (X) from the aqueous
bulk, C in Figure 1, onto the interface I in Figure 1.

The second terms in eqs 1 and 2 refer to the formation of the
ion pair complex.k is the rate constant of formation of the
complex, which is measured from the experiment. The rate of
complex formation depends on the interfacial concentrations
of both CTAB and picric acid. With one of the concentrations
kept constant, the reaction was assumed to be pseudo unimo-
lecular. Then by varying the concentration of the other species,
the rate constant was determined to be 110.0 M-1 s-1. The
details of the measurement of the rate constant are given in the
next section.

The third termf (X) in eq 1 is introduced to account for the
suppression of the monolayer formation when the concentration
of surfactant at the interface reaches a limiting valueXL. The
value of the scaled limiting concentration was taken to be 1 in
all the calculations because the limiting concentration is
proportional to the bulk concentration of CTAB. The Hill’s
coefficient m gives the average number of CTAB molecules
per binding site. The value ofm is calculated as described in
ref 15 from the plot of log(θ/(1 - θ)) vs [CTAB], whereθ is
the fraction of surface covered. The slope of the plot gives the
value ofm and was found to be approximately equal to 5. The

details of the measurement of the Hill’s coefficient are given
in the next section.

We can recast eqs 1 and 2 into dimensionless form as

Herex ) X/Xo, y ) Y/Xo, t′ ) t/to, andτ ) δ/to, whereto )
dV/DxA, Xo ) Xb andf (x) ) g(1 - x).m With d ) 550 Å, V )
1 cm3, Dx ) 6 × 10-6 cm2 s-1, Dy ) 5 × 10-6 cm2 s-1,14 and
A ) 0.785 cm2, the value ofto was found to be 1.1671 s. With
the above scaling factors,a ) r(Dy/Dx), wherer ) Yb/Xb andb
) (Dy/Dx) andc ) kXoto, g ) kLXo

m-1to.
Equations 3 and 4 were solved for various parameter values

as determined from the experiment (see following section for
details). Mathematica 4.0 was used to solve the delay differential
equation.16 The variable X(t) from the solution was then
converted to potential using the following expression based on
the Guoy-Chapmann equation for interfacial potential.14

σ ) eX(t)/ao. E is the potential at the interface in millivolts,kB

is Boltzmann constant in cal K-1, T is temperature in Kelvin,e
is electronic charge in CoulombsC, εw is dielectric constant of
water (78 at 25°C), andao is the area occupied by one molecule,
taken as 25× 10-16 cm2.14 Figures 4 and 5 show the simulated
time series and the experimental time series (E(t)) for various
parameter values.

Measurement of Parameters from Experiment

Rate Constant.The rate constantk appearing in eqs 1 and
2 was determined as follows. The complex formed was assumed
to be 1:1 and the rate of the complex formation is dependent
on both CTAB and picric concentrations. But for sufficiently
large bulk concentrations of picric acid (2 mM), the interfcial
concentration of picric acid (Y) was found to be a constant by

dX(t)
dt

)
DxA

Vd
[Xb - X(t - δ)] - kX(t) Y(t) + f (X) (1)

dY(t)
dt

)
DyA

Vd
[Yb - Y(t)] - kX(t) Y(t) (2)

Figure 4. Comparison between simulation and experimental time series
for 1 mM picric acid with (a, a′) 6 mM CTAB (b, b′) 4 mM CTAB,
and (c, c′) 1 mM CTAB. The scaled delayτ used in (a′), (b′), and (c′)
are 3.08, 2.9, and 1.0, respectively.

dx
dt′ ) 1 - x(t′ - τ) - cxy+ f (x) (3)

dy
dt′ ) a - by - cxy (4)

E )
2kBT

e
sinh-1 σ

x2εwkBTxb/π
(5)
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the measurement of pH at the interface. Hence the rate of
complex formation at this concentration of picric acid can be
taken as dependent on CTAB only, i.e., pseudo-first order in
CTAB concentration. For the reaction X+ Y f complex, we
set dX/dt ) k′′X, wherek′′ ) kY.

The interfacial potential was measured with respect to time
for 2 mM picric acid with 5 and 6 mM CTAB and was converted
into concentration using eq 5. A plot (see Figure 6) of log(X)
versus timet for different bulk concentrations of CTAB gave a
straight line plot withk′′ ) 12.051 s-1 as an average. The
constant Y was measured as follows. The hydrogen ion
concentration in the aqueous phase very near to the interface
can be considered to represent the picrate concentration (due
to dissociation) at the interface, available for the complex
formation. The hydrogen ion concentration was measured with
a pH meter of 3 mm diameter by placing it very near to the
interface and was found to be 0.9601, which corresponds to a
hydrogen ion concentration of 0.1096 M and which is equal to

Y. The pH was found to be a constant throughout the experi-
ment.Thenk was calculated to be 110.0 M-1 s-1.

Hill’s Coefficient. The interfacial potential was measured at
equilibrium for different bulk concentrations of CTAB starting
from 1 to 7 mM, over a plain nitrobenzene interface. The
corresponding interfacial concentration at equilibriumxeq was
obtained using eq 5. The maximum interfacial concentration
xmax of CTAB within the interfacial sublayer volume, for the
given interfacial surface area (0.785 cm2) was theoretically
calculated by knowing the area occupied by one molecule of
CTAB (25 × 10-16 cm2) from the literature.14 The ratioθ )
xeq/xmax is the fraction of surface covered. A plot of log(θ/(1 -
θ)) versus log([CTAB]free)15 (see Figure 7) gave a straight line
with slope 4.710, which is Hill’s coefficient. [CTAB]free was
calculated from the value ofKm ()5.04× 107 see ref 17), which
is the equilibrium constant of micellization of CTAB at room
temperature.

Construction of Parameter Space

Linear stability analysis for the above set of eqs 3 and 4 has
been done.x* and y*, the steady-state concentrations, are
obtained by puttingτ ) 0 and equating the rates in eqs 3 and
4 to zero. The values of the parameters area ) 0.833r, b )
0.83,c ) 128.4Xo, g ) 1, andm ) 5. It may be noted that the
steady states are dependent on the value ofr. For example,
steady-state values werex* ) 0.518 andy* ) 1.09 whenr )
0.142 andx* ) 0.577 andy* ) 1.176 forr ) 0.2.

Assumingx(t′ - τ) ) x(t′)e-λτ for small values of delay, the
Jacobian for the above set of differential equations (3) and (4)
is as follows.

Heref ′(x*) is the first derivative off (x) with respect tox in eq
3 evaluated at steady statex*. This gives the following
characteristic equation for the eigen valuesλ of the Jacobian:

Equation 6 is transcendental in nature and hence solved forλ
numerically.

Figure 5. Comparison between simulation and experimental time series
for 5 mM CTAB with (a, a′) 0.8 mM picric acid, (b, b′) 0.5 mM picric
acid, and (c, c′) 2 mM picric acid. The scaled delayτ used in (a′), (b′),
and (c′) are 5.0, 6.0, and 1.5, respectively.

Figure 6. Determination of rate constant for complex formation. Plot
of log(X) with respect to time in seconds for 2 mM picric acid with (a)
5 mM CTAB and (b) 6 mM CTAB as bulk concentrations.

Figure 7. Determination of Hill’s coefficient. Plot of log(θ/(1 - θ))
vs log([CTAB]free).

[-e-λτ - cy* + f ′(x*) -cx*
-cy* -b - cx* ]

λ2 + λ[cx* + cy* + b - f ′(x*)] + λe-λτ + [b + cx*]e-λτ +
cy*b - f ′(x*)[cx* + b] ) 0 (6)
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For λ ) R whereR < 0 the system is nonoscillatory, forλ
) R + iâ whereR < 0 the system is in stable focus, i.e., stable
oscillatory, and forλ ) R + iâ whereR > 0 the system is in
a stable limit cycle. Equation 6 is solved for various values of
bulk concentration ratiosr (Yb/Xb) and delaysτ. A parameter
space diagram is obtained by plotting the eigenvalueλ as a
function of the parametersr andτ. Experiments were carried
out for different concentration values of both CTAB and picric
acid. Table 1 gives the values of experimental quantities as a
function ofr andτ and a comparison of the nature of oscillations
from experiments and simulations.

Discussion

The parameter space diagram (Figure 8) shows various
regimes representing nonoscillatory, damped oscillatory, and
limit cycle behaviors. The points on the diagram represent the
experimental position of the system for the corresponding
concentration ratior and scaled delay valueτ estimated from
experiment. It can be observed from Table 1 and Figure 8 that
the predicted nature of oscillatory behaviors such as damped

oscillations and limit cycle ocillations agree very well with the
observations.

The variation of eigenvalueλ for increasingτ values from 0
to 5 is shown in Figure 9. We see that there exists a threshold
value of the delayτ for the system to exhibit limit cycle
(sustained) oscillations. It is to be noted that the delay term
introduces sufficient nonlinearity in the system of equations.
The frequency of the oscillations plotted against the bulk
concentration of picric acid, from the simulated time series also
follows the same trend as observed in the experiments (Figure
10).

The close correlation between the simulation and the experi-
ment shows that the interface mediated transport process can
also be viewed as a simple dynamical process and can be
explained in terms of delay differential equations without
involving the interface related phenomena like Marangoni
effect,18 surface pressure-area isotherms,19 etc. Our model
seems to give an insight about the mechanism because the
parameter values were actually taken from the experiments and
literature.

TABLE 1: Comparison between Experimental and Simulated Oscillations

CTAB with 1 mM Picric Acid

nature of oscillations

conc (mM) of CTAB conc ratior measd delay (s) scaled delayτ experiment simulation

7.0 0.143 3.67 3.14 sustained stable limit cycle
6.0 0.166 3.60 3.08 sustained stable limit cycle
5.0 0.200 3.50 3.0 sustained stable limit cycle
4.0 0.250 3.40 2.9 sustained stable limit cycle
3.0 0.333 1.86 1.6 damped stable focus
2.0 0.500 1.746 1.5 damped stable focus
1.0 1.000 1.50 1.0 damped stable focus

Picric acid (PA) with 5 mM CTAB

nature of oscillations

conc (mM) of CTAB conc ratior measd delay (s) scaled delayτ experiment simulation

2.0 0.400 1.75 1.5 damped stable focus
1.5 0.300 1.86 1.6 damped stable focus
1.2 0.240 2.33 2.0 sustained stable limit cycle
1.0 0.200 3.50 3.0 sustained stable limit cycle
0.8 0.160 5.83 5.0 sustained stable limit cycle
0.5 0.100 7.00 6.0 sustained stable limit cycle
0.4 0.080 8.17 7.0 sustained stable limit cycle

Figure 8. Parameter space diagram for varying values of delay (scaled)
and bulk concentration ratio: (a) limit cycle; (b) damped oscillatory;
(c) nonoscillatory.

Figure 9. Variation of eigenvalues of the Jacobian with respect to the
increase in scaled delay valuesτ.
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Conclusion

It is seen that a system of coupled two-variable delay
differential equations reproduce the dynamics of the oscillatory
mass transfer of the surfactant across the oil/water interface.
Modeling such oscillatory systems can give an insight into the
dynamics of mass transport across biological membranes. The
presence of delay, which is very significant in physiological
and other biological processes,13 seems to be important even in
simpler systems like the oil/water interface studied here.
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