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Modeling Experimental Oscillations in Liquid Membranes with Delay Equations
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The oil/water interface has been of great importance in understanding the dynamics of oscillatory interfacial
mass transfer phenomenon and other bio-oscillations in excitable membranes. The oscillatory mass transfer
across the oil/water interface generates an oscillating interfacial potential, which is measurable with suitable
experimental setup. A detailed and systematic experimental study on the CTAB/picric acid system is done
and a diffusion model is studied using delay-differential equations. It is found that a two-variable model with
delay in one of the variables is able to explain the observed phenomenon satisfactorily.

Introduction Recorder

Bio-oscillation or biorhythm is one of the most important
properties of living organisms. In recent years, there has been D
an increased interest in the study of the electrical phenomena
associated with excitation of membranes and oscillation of D
membrane potentials? Liquid membranes are simpler systems
to study the oscillatory phenomena and understand the dynamicsE C I E
A liquid membrane, which is a surfactant monolayer at an oil/ /
water interface, can exhibit interfacial potential oscillations, J B N /
during which there is a transfer of surfactants from the aqueous | g kel
phase to the oil phase. The phenomenon was first observed by 2d
Dupeyrat and NakacheY oshikawa and co-worketsleveloped
experiments to measure the oscillatory potential and proposed
theoretical modef® to explain the observed phenomena. :& 7 ::f';?:eagun
Miyamura and co-workefgeported a new setup for the same
system, which was easily reproducible. We have carried out A
experiments in a setup based on the one given by Miyamura
and co-workers, but with some modifications. We observe Figure 1. Experimental setup for measuring the oscillating interfacial

; : Hati ; ; ; : ; potential. Key: (A) picric acid in nitrobenzene; (B) glucose; (C) CTAB
gggngrmﬁ?fngzcggé%nrsnl\r} :;lzlmeec;Lfr:iL/piﬁttehnélraér\?gg] =+ n-butanol; (1) interface; (D) salt bridge; (E) AgAgCI electrode.
0.04-0.16 Hz. We also report modeling studies done using
delay differential equations, with appropriate parameters derived
from the experiments and literature.

4. A 2.3 mL aliquot of a mixture of agueous cetyltrimethyl-
ammonium bromide (CTAB) solution (with various concentra-
tions as described later) and 0.5 ivbutanol was added very
slowly using a micropipet, to the inner tube to form another
aqueous phase C as in Figure 1. At this height of immersion of

The oil/water interface was constructed as follows (see Figure the hollow tube (5 mm), the electrical potential generated at
1). the interface started oscillating spontaneously. Oscillations do

1. A 7.5 mL aliquot of nitrobenzene solution containing 1 "0t occur if the height of immersion is greater than 5 mm.
mM picric acid was taken in a beaker of 5 cm i.d. (inner Potential measurement was made using two salt bridges, D
diameter) to form organic phase A. in Figure 1 (tip narrowed to 2 mm), placed very near to the

2. A hollow g|ass tube of 1 cm i.d. was immersed in the interfaces, with the other end in a solutioh3oM KCl, and the
center of the nitrobenzene solution such that 5 mm of the glasspotential measured with two AgAgCl reference electrodes “E”.
tube is inside the organic phase. The lower end of the hollow The signal collected was then sent to a computer through an
glass tube is designed to have a V-shaped deformation of 3A—D converter. The sampling time was maintained as 0.14 s.
mm in height. The water/nitrobenzene/water system constructed by us differed

3. A 15 mL aliquot of 0.1 Mp-glucose solution was then  from the one given by Yoshihisa and co-workens that a
added into the beaker carefully outside the hollow tube, thus Simple glass tube with a V-shaped deformation (3 mm) at the

Experimental Setup

forming the agueous phase B as in Figure 1. basal boundary was used by us instead of a Teflon tube with a
(0.3 mm) notch. This deformation is helpful in sustaining the
* Corresponding author. E-mail address: gopi@iitm.ac.in. F&@1- oscillations for a longer time (over 30 min) and also gives rise
44-22578241. Phone+91-44-22578246. to some complex behavior of the potential, which we have
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Figure 2. Experimental time series for 6 mM CTAB with picric acid: (a) high-frequency oscillations; (b) low-frequency oscillations.

observed for the first time at the later stages of the experiment Fae

before the cessation of the oscillations. 5o (3
3800 T

The measured time series of the interfacial potentt)) 380
for one particular concentration of CTAB and picric acid is M0 e
shown in Figure 2a. Figure 2b shows the low-frequency B P gy w0 %
oscillations observed at the final stages of the experiment. It is
clearly seen that regular oscillations of frequency 6-04.6
Hz with amplitude 76-80 mV is sustained for over 30 min.
This behavior is seen for various concentrations of CTAB and %

=

picric acid. There exists a threshold concentration of CTAB (3 4

mM) below which there is no sustained oscillation. The
concentration of picric acid on the other hand has an upper limit .
of 1.2 mM above which no sustained oscillation takes place. ,_.—fmim :
We observe period-1 oscillations at the concentrations of CTAB 1007 00 150 200

and picric acid used by us, in contrast to ref 9 who have reported Ew

multiple periodicities below 0.8 mM picric acid. The recon- Figure 3. Reconstructed attractor from the measured time series for 5
structed attractors of our time series for picric acid concentra- MM CTAB with (a) 1 mM picric acid (reconstruction lag time = 8
tions of 1 and 0.4 mM are shown in Figure 3. The attractors s) and (b) 0.4 mM picric acid (reconstruction lag time= 18 s).

were reconstructed from the observed time series using the
method in refs 10 and 1&nd the reconstruction lag time was an ion pair complex formation. The complex formation con-

fixed using the method given in _ref 12. The _reconstructed tinues until a threshold concentration of CTAB is reached at
attractors for these two concentrations look similar and clearly 1q interface. Then the complex molecules are abruptly trans-
show that the oscillations are a single period. The finite width torreq into the organic phase. This is then followed by

of the attractor is due to the noise in the measurement. Thereadsorption of CTAB and picric acid and the whole process
difference between our results and those of ref 9 may probably ygpeats.
be attributed to the difference in the experimental conditions
where the authors of ref 9 have carried out the experiments in
a U-tube.

400
200
a

diffuse from the bulk to the interface. At the interface, there is

The mechanism we model is in principle similar to the one
in the ref 5 except that we set the rate of change of CTAB
concentration to be dependent on the concentration of CTAB
at an earlier time (a delayed variable). This delay is introduced
Theoretical Modeling to take into account the finite time required for the diffusion of

the molecules from the bulk to the interface.

In this study we model only the sustained high-frequency  Delay differential equations are used to model the system
oscillations. The model is based on the following mechanism based on diffusion and adsorption kinetics. The following are
proposed by Toko and co-workérsSCTAB and picric acid the equations that we propose to describe the dynamics of the
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system at the interface. Experiment Simulation
350 (a), (a
dX(t) _ DA oo LTIV 2o A
KO D~ xe—on ko vQ+100 @ gme HTTTRRTEETT TN
200
dy(t) DyA 150 200 250 600 850 o0 10 200 250 500
G = g Yo — YOI — kXO) YO @) - -
450 Wt 25011
wheref (X) = k [X. — X O T 111 LA aL)
X andY are the respective interfacial concentrations of CTAB £
and picric acidX, andYj, are the respective bulk concentrations -%zsugm e o
of CTAB and picric acidd is the thickness of the interfacial 3
sublayer in cm perpendicular to the interfageis the area in ““:23 () 2a0 (¢
cn? across which the transfer takes plakés the rate constant 440 o y
of the formation of complex or the ion pair in Ms™1, Dx and o T A Mt
Dy are the diffusion coefficients of CTAB and picric acid, ol | b a0
respectively, in cfis™?, v is a constant equal to 1 érandX, 0 s 10 150 50 oo 10
is the limiting concentration or the threshold concentration of Time (sec)

CTAB at the interface in M above which breakage of monolayer Figure 4. Comparison between simulation and experimental time series
takes placek, is the proportionality constant for the above for 1 mM picric acid with (a, § 6 mM CTAB (b, B) 4 mM CTAB,
process, anthis the Hill's coefficient.d is the delay in seconds.  and (¢, ¢ 1 mM CTAB. The scaled delay used in (8, (b'), and (¢)

The high-frequency oscillations that constitute a major part &€ 3:08, 2.9, and 1.0, respectively.
of the time series (over 30 min) alone is considered in modeling.
The model is based on the following assumptions:

1. The bulk concentrations of CTAB and picric acid are
assumed to be constant.

details of the measurement of the Hill's coefficient are given
in the next section.
We can recast egs 1 and 2 into dimensionless form as

2. Diffusion is always associated with a finite delay in tife. dx
Hence time delayed variab¥(t — o) is used in the diffusion o 1—x{t — 1) —cxy+f(x) (3)
term of the differential equation. Because both CTAB and picric
acid reach the interface by diffusion, the delagan be taken dy
for simplicity as the effective total delay caused due to both a & by — cxy (4)

CTAB and picric acid. In other words, only is treated as a
delayed variable. Delay is taken to be the average time interval Herex = X/X,, y =YX, t' = thy, andz = dlt,, Wheret, =
between the onset of adsorption, as indicated by the beginingd,/D,A, X, = X, andf (x) = g(1 — x).m With d = 550 A, v =
of the oscillatory cycle in th&(t) time series, and the completion 1 ¢, D, =6 x 1076 cnm s L, Dy=5x 10%cn? s 1 and
of adsorption of the monolayer, as indicated by the beginning A = 0.785 cnd, the value of, was found to be 1.1671 s. With
of the decrease in maximum amplitude in the oscillatory cycle. the above scaling factora,= r(Dy/Dy), wherer = Yy/X, andb
3. The thickness of the interfacial sublaydy (s assumedto = (D,/D,) andc = kXoto, g = ki X™ o,
be constant during the high-frequency phase of the experiment. Equations 3 and 4 were solved for various parameter values
Equations 1 and 2 are based on the adsorption kinetics foras determined from the experiment (see following section for
mass transfe¥! The first term in eq 1 refers to the diffusive  details). Mathematica 4.0 was used to solve the delay differential
adsorption of the surfactant molecules) from the aqueous  equationt® The variable X(t) from the solution was then
bulk, C in Figure 1, onto the interface | in Figure 1. converted to potential using the following expression based on
The second terms in egs 1 and 2 refer to the formation of the the Guoy-Chapmann equation for interfacial potential.
ion pair complex.k is the rate constant of formation of the

complex, which is measured from the experiment. The rate of E 2k T = o (5)
complex formation depends on the interfacial concentrations =" S P
of both CTAB and picric acid. With one of the concentrations 26,k X/

kept constant, the reaction was assumed to be pseudo unimo- _ ) . ) . .
lecular. Then by varying the concentration of the other species, ¢ = €X(t)/a. E is the potential at the interface in millivoltsg

the rate constant was determined to be 1100 §rL. The is Boltzmann constant in cal ¥, T is temperature in Kelving
details of the measurement of the rate constant are given in thelS electronic charge in Coulomlig e, is dielectric constant of
next section. water (78 at 25C), anda, is the area occupied by one molecule,

taken as 25¢< 10716 cn?.14 Figures 4 and 5 show the simulated
time series and the experimental time seried)] for various
parameter values.

The third termf (X) in eq 1 is introduced to account for the
suppression of the monolayer formation when the concentration
of surfactant at the interface reaches a limiting va¥ue The
value of the scaled limiting concentration was taken to be 1 in
all the calculations because the limiting concentration is
proportional to the bulk concentration of CTAB. The Hill's Rate Constant.The rate constark appearing in egs 1 and
coefficientm gives the average number of CTAB molecules 2 was determined as follows. The complex formed was assumed
per binding site. The value of is calculated as described in  to be 1:1 and the rate of the complex formation is dependent
ref 15 from the plot of log§/(1 — 0)) vs [CTAB], wheref is on both CTAB and picric concentrations. But for sufficiently
the fraction of surface covered. The slope of the plot gives the large bulk concentrations of picric acid (2 mM), the interfcial
value ofm and was found to be approximately equal to 5. The concentration of picric acid (Y) was found to be a constant by

Measurement of Parameters from Experiment
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. . . ) . ) __Figure 7. Determination of Hill's coefficient. Plot of log{(1 — 0))
Figure 5. Comparison between simulation and experimental time series g 10g([CTABlreq).

for 5 mM CTAB with (a, ) 0.8 mM picric acid, (b, B 0.5 mM picric
acid, and (c, 9 2 mM picric acid. The scaled delayused in (8, (b'),

and (¢) are 5.0, 6.0, and 1.5, respectively. Y. The pH was found to be a constant throughout the experi-

ment.Therk was calculated to be 110.0 Ms™1.

-2 + . . . Hill's Coefficient. The interfacial potential was measured at
25+ — (a) equilibrium for different bulk concentrations of CTAB starting
al HW-. Sope- 12,101 | from 1 to 7 mM, over a plain nitrobenzene interface. The
sl “?ithhh pe=is | corresponding interfacial concentration at equilibrivggwas
e obtained using eq 5. The maximum interfacial concentration
=T *H?"a..__h | Xmax Of CTAB within the interfacial sublayer volume, for the
-451 2 x given interfacial surface area (0.785 Ynwas theoretically
55 Py ” s s : s calculated by knowing the area occupied by one molecule of
= CTAB (25 x 10716 cn) from the literaturé? The ratiof =
g XeqXmax IS the fraction of surface covered. A plot of l@g(1 —
2 o, ' ' ' ' ' 0)) versus log([CTAB}e)'® (see Figure 7) gave a straight line
151 ‘“m{m (b) | with slope 4.710, which is Hill's coefficient. [CTAB}e was
1 E Slope = 12.001 : calculated from the value &€, (=5.04 x 107 see ref 17), which
osh * “‘f“}}\ ] is the equilibrium constant of micellization of CTAB at room
ol e temperature.
*-H--\-H-\"\-\.
el ’ Tras s Construction of Parameter Space
kL s @ ‘2-;”6 (m;a 135 14 145 Linear stability analysis for the above set of eqs 3 and 4 has

been donex" and y’, the steady-state concentrations, are

Figure 6. Determination of rate constant for complex formation. Plot  45t5ined by putting = 0 and equating the rates in egs 3 and
of log(X) with respect to time in seconds for 2 mM picric acid with (a) 4 to zero. The values of the parameters are 0.833r, b =

5 mM CTAB and (b) 6 mM CTAB as bulk trations.
m and (b) 6 m as buli concentrations 0.83,c = 128.4X,, g = 1, andm = 5. It may be noted that the

h f he interf h fsteady states are dependent on the value. ¢for example,
the measurement of pH at the interface. Hence the rate o steady-state values wexé = 0.518 andy’ = 1.09 whenr =

complex formation at this concentration of picric acid can be § 142 ana = 0577 andy’ = 1.176 forr = 0.2.
taken as dependent on CTAB only, i.e., pseudo-first order in  assumingx(t' — 7) = x(t')e " for small values of delay, the
CTAB concentration. For the reaction X Y — complex, we  jacobian for the above set of differential equations (3) and (4)

set K/dt = K'X, wherek" = kY. is as follows.
The interfacial potential was measured with respect to time
for 2 mM picric acid with 5 and 6 mM CTAB and was converted —e M —cyr +f(x) —cxt
into concentration using eq 5. A plot (see Figure 6) of ¥jg( —cy* —b — cx*

versus timé for different bulk concentrations of CTAB gave a

straight line plot withk’ = 12.051 s! as an average. The Heref'(X) is the first derivative of (x) with respect tocin eq
constantY was measured as follows. The hydrogen ion 3 evaluated at steady state. This gives the following
concentration in the aqueous phase very near to the interfacecharacteristic equation for the eigen valuesf the Jacobian:
can be considered to represent the picrate concentration (due . . . .

to dissociation) at the interface, available for the complex 4>+ A[cX +cy +b—f'(X)] + e + [b+cxX]le™™ +
formation. The hydrogen ion concentration was measured with cyb—f'(xX)[cX +b] =0 (6)

a pH meter of 3 mm diameter by placing it very near to the

interface and was found to be 0.9601, which corresponds to aEquation 6 is transcendental in nature and hence solved for
hydrogen ion concentration of 0.1096 M and which is equal to numerically.
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TABLE 1: Comparison between Experimental and Simulated Oscillations
CTAB with 1 mM Picric Acid

nature of oscillations

conc (mM) of CTAB conc ratio measd delay (s) scaled delay experiment simulation
7.0 0.143 3.67 3.14 sustained stable limit cycle
6.0 0.166 3.60 3.08 sustained stable limit cycle
5.0 0.200 3.50 3.0 sustained stable limit cycle
4.0 0.250 3.40 2.9 sustained stable limit cycle
3.0 0.333 1.86 1.6 damped stable focus
2.0 0.500 1.746 15 damped stable focus
1.0 1.000 1.50 1.0 damped stable focus

Picric acid (PA) with 5 mM CTAB

nature of oscillations

conc (mM) of CTAB conc ratio measd delay (s) scaled delay experiment simulation
2.0 0.400 1.75 15 damped stable focus
15 0.300 1.86 1.6 damped stable focus
1.2 0.240 2.33 2.0 sustained stable limit cycle
1.0 0.200 3.50 3.0 sustained stable limit cycle
0.8 0.160 5.83 5.0 sustained stable limit cycle
0.5 0.100 7.00 6.0 sustained stable limit cycle
0.4 0.080 8.17 7.0 sustained stable limit cycle
8 T T T T T T T T Increasing scaled delay values ( T) I
Tk * Experimental Limit Cycle @ /7 15l Ty, N i
* m Experimental Stable Focus ek,
ik
=,
k) L \ 1
a : 0.5
= =
o z
m o [l ——— -
53 =
” E S
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(c) i . *

0.2 0.4 0.6 0.8 1 1.2 1:4 1.6 1.8 2 -2 - ! : :

2 1 0.8 0.6 0.4 0.2 a 0.2
Real (&)
Figure 8. Parameter space diagram for varying values of delay (scaled) g 0 9 variation of eigenvalues of the Jacobian with respect to the
and bulk concentration ratio: (a) limit cycle; (b) damped oscillatory; increase in scaled delay values
(c) nonoscillatory.

Bulk Concentration ratio ( [Picric Acid] | [CTAB] )

For A = o wherea < 0 the system is nonoscillatory, far oscillations and limit cycle ocillations agree very well with the

= o+ i wherea < 0 the system is in stable focus, i.e., stable Observations.

oscillatory, and foil = o + i wherea > 0 the system is in The variation of eigenvalug for increasingr values from 0

a stable limit cycle. Equation 6 is solved for various values of to 5 is shown in Figure 9. We see that there exists a threshold
bulk concentration ratios (Yy/Xp) and delaysr. A parameter  value of the delayr for the system to exhibit limit cycle
space diagram is obtained by plotting the eigenvalues a  (sustained) oscillations. It is to be noted that the delay term
function of the parametersandz. Experiments were carried  introduces sufficient nonlinearity in the system of equations.
out for different concentration values of both CTAB and picric  The frequency of the oscillations plotted against the bulk
acid. Table 1 gives the values of experimental quantities as aconcentration of picric acid, from the simulated time series also

function ofr andz and a comparison of the nature of oscillations - fs|jows the same trend as observed in the experiments (Figure
from experiments and simulations. 10).

The close correlation between the simulation and the experi-
ment shows that the interface mediated transport process can

The parameter space diagram (Figure 8) shows various@lso be viewed as a simple dynamical process and can be
regimes representing nonoscillatory, damped oscillatory, and €xplained in terms of delay differential equations without
limit cycle behaviors. The points on the diagram represent the involving the interface related phenomena like Marangoni
experimental position of the system for the corresponding effect!® surface pressurearea isotherm¥) etc. Our model
concentration ratio and scaled delay valueestimated from seems to give an insight about the mechanism because the
experiment. It can be observed from Table 1 and Figure 8 that parameter values were actually taken from the experiments and
the predicted nature of oscillatory behaviors such as dampedliterature.

Discussion
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Figure 10. Comparison of frequencies from experiment and simulation
for 5 mM CTAB with various concentrations of picric acid.

Conclusion
It is seen that a system of coupled two-variable delay

differential equations reproduce the dynamics of the oscillatory
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