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Abstract. The goal of this paper is to develop region based image sdgtien
algorithms. Two new variational PDE image segmentationetwdre proposed.
The first model is obtained by minimizing an energy functidmickh depends on
a modified Mumford-Shah algorithm. The second model is aequby utilizing
prior shape information and region intensity values. Thmewical experiments
of the proposed models are tested against synthetic dataismtated normal
human-brain MR images. The preliminary experimental tesstow the effec-
tiveness and robustness of presented models against & adifact, and loss of
information.

1 Introduction

Segmentation techniques have been developed to captuwisjet boundary by several
different approaches; edge-based methods mainly usiivg@cntour models, region-
based methods, or the combination of the two by using Geodesive Region models.

The most celebrating region based image segmentation nwdiefroduced by
Mumford and Shah in 1989 [15]. In this model, an image is dguosed into a set
of regions within the bounded open getand these regions are separated by smooth
edgesl”. Ambrosio and Tortorelli approximated the measurement afdge!” length
term in the Mumford-Shah model by a quadratic integral of dgeesignature function
in 1990 [1]. Chan and Vese proposed a piecewise constant bhdr¥hah model in
[4,5] by using a level set formulation [16]. Developmentsvafiational level set im-
plementation techniques based Mumford-Shah model arewfetl by [8,9, 13]. The
segmentation is represented by characteristics functisimg) phase fields in [8, 13].
The details of phase field theory can be found in [2, 14, 18-20]

Recently, a soft (fuzzy) Mumford-Shah segmentation of omtimage patterns is
introduced by [19]. This technique is defined by using thed3ign rationale and the
MAP estimator. It has been shown that hard segmentatiomige# is the special case
of soft segmentation in [19]. The first proposed model in gaper is motivated by [8,
18,19]. The region based variational partial differergigiation (PDE) image segmen-
tation model is suggested. The model is obtained by minirgizin energy function
which depends on a modified Mumford-Shah algorithm. A fuzzynsentation in our
model is similar to Shen [18, 19], but our model is variatiomhich differs from Ese-
doglu [8].

Yet these algorithms have a limit to obtain an efficient segat#on result, if images
have strong noise, occlusion, or loss of information. ThHerghape information has



been incorporated into the segmentation process to overtoese problems [3,6,7,
10-12,17]. The second suggested model in this paper israckhjoy using prior shape
information and region intensity values. The prior shaperination is attained by using
a modified Mumford-Shah model.

Two new region based variational partial differential etipra(PDE) models for an
image segmentation are presented with an application tihetia data and simulated
human brain MR images. This paper is organized as followsebtion 2, a modified
Mumford-Shah model is described. Euler-Lagrange equsitidrihe suggested model
are presented in this section as well. Experimental restitfse model which were ap-
plied to synthetic data and simulated human brain MR imagestkaown. In section 3,
the prior shape information based image segmentation igadis presented. Numeri-
cal results to the noisy synthetic data is also shown in #gsien. Finally, in section 4,
the conclusion follows and future work is stated.

2 A Modified Mumford-Shah Model Based Image Segmentation

In this section, a region based image segmentation is intedl The segmentation
is attained by using a modified Mumford-Shah segmentatiohnigue. Two phases
are assumed for the simplicity of the problem in our modek Pphesented model is
followed in a similar way from [18] with:(z) = Zarctan(Z). The model is aimed to
find 6, ¢1, ande, by minimizing the energy functional:
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where[ is a given image? is domain,c ande; are positive parameters, ang >
0, 7 = 1,2 are parameters balancing the influences from the two terrieimodel.
Here,c;(0)=averag€l) in {§ > 0} andcq(f)=averag€l) in {§ < 0}. Ase — 0,
the approximatiorl. () = %(1 + 2 arctan(£)) converges to the heaviside function
H@) =1, if6 >0andH(#) =0, if 6 < 0asin[4]. The square ol is used in
our model for the computational stability. In the secondtef Equation (2.1)¢; < 1
controls the transition bandwidth. As — 0, the first term is to penalize unnecessary
interfaces and the second term forces the stable solutie(foto take one of the two
phase field values 1 or -1 in a similar way from [18]. The praubmsodel is similar to
[4], but is different by using thé" approximation to the piecewise-constant Mumford-
Shah model.

The first term forceg 1 (1 + 2 arctan(£))}2, towards0 if 1(z) is different from
c1 and towardsl if I(z) is close toc, for everyz € (2. In a similar way,{1(1 —
2 arctan(?))}2, towards0 if 1(z) is different frome, and towardd if I(z) is close to

co, for everyz € (2.



Inthe theory off"-convergence, the measuring an edigength term in the Mumford-
Shah model can be approximated by a quadratic integral ofilge signature function

p(zx) such that
/dS / €|Vp|? + ) )dz, e < 1

by Ambrosio and Tortorelli in 1990 [1]. This model is combihe&ith double-well po-
tential functionV (p) = p?(1—p)? which is quadratic around its minima and is growing
faster than linearly at infinity, whepee H'(£2). In [18], the following is suggested for

two phase model:
» (- p2)2 -
/9(96|Vp| + et )dz,

where the range b is restricted within[—1,1]. Heree < 1 controls the transition
bandwidth. Ax — 0, the first term is to penalize unnecessary interfaces anskttend

term forces the stable solution to take one of the two phakkvadues 1 or -1. The
second term in our model is followed from [18]. For the detai phase field models
and double-well potential functions, please refer [18-20]

2.1 Euler-Lagrange Equations of the Model

The evolution equations associated with the Euler-Lagg@ogiations in Equation (2.1)
are
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where the optimal means andc, are attained by
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2.2 Numerical Results

In this part, the numerical results with applications tothgtic data and simulated
normal human brain MR images. The Equation (2.1) was solyefinbing a steady
state solution of the evolution equations. The evolutionagipns are associated with
the Euler-Lagrange equations of the Equation (2.1). A fiditierence scheme and the
gradient descent method is applied to discretize the evpleguations.

The Figure 1 showed the proposed model segmentation reésudimthetic data.
Figure 2 showed the segmentation results by [4]. The firstdiguFigure 1 and Figure
2 is the given synthetic imagkwith an initial contour as a solid line. In Figure 1 and
Figure 2, the second image is the segmented image and theotieris the segmented
contour as a solid line witth. Our model performs better than [4] to capture the bound-
ary of the region which has similar intensity. The numerieslults with an application
to the simulated human brain MR image are shown from FiguoeR3gure 6. The data
is obtained fromhttp: //mww.bic.mni.mcgill.ca/brainweb. The simulated normal human
brain image with the ground truth white matter image is shaowhigure 3. In Figure
3, the first figure is the simulated brain imafehe second one is an imagjevith an
initial contour as a solid line, and the third one is the gitnuth brain white matter.
From Figure 4 to Figure 5, the first image is the given imagedth an initial contour
as a solid line, the second image is the segmented imagésrbgudur proposed model
and [4] each, and the third figure is the segmented contoflr Tthe numerical results
of segmented image by the proposed model and [4] comparkd gground truth white
matter brain image which is in the first figure are in Figure 6r @roposed model cap-
tures the boundary of the brain image better than [4]. Thers®anage in Figure 1,
Figure2, Figure 4, and Figure 5 is obtainedddyn(6), wheresign(6) = 1,if 6 >0
andsign(f) = —1,if 6 <O0.

Fig. 1.Left : A Given Imagel with an Initial Contour, Middle : Segmented Synthetic Imageg
the Proposed Model, Right : Segmented Synthetic Image wabgmented Contour as a Solid
Line
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Fig. 2.Left : A Given Imagel with an Initial Contour, Middle : Segmented Synthetic Imageg
Active Contour Without Edges Model, Right : Segmented Sgtithimage with a Contour as a
Solid Line
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Fig. 3. Left : A Given Imagel, Middle : Brain Image with an Initial Contour, Right : Ground
Truth Brain White Matter
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Fig. 4. Left : Brain Image with an Initial Contour, Middle : Segmedt8imulated White Matter
Brain Image using the Proposed Model, Right : Segmented IStediBrain Image with a Solid
Line
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Fig. 5. Left : Brain Image with an Initial Contour, Middle : Segmegt8imulated White Matter
Brain Image using a Active Contour Without Edges Model, Righegmented Simulated Brain
Image with a Solid Line

Fig. 6.Left : Ground Truth Brain White Matter Segmented Image, NéddSegmented Simulated
White Matter Brain Image by our Proposed Model, Right : Seged Simulated White Matter
Brain Image using an Active Contour without Edges Model



3 Image Segmentation using a Prior Shape Information

A new variational image segmentation model based on themegtensity informa-
tion utilizing prior shape knowledge is suggested. The gb#the model is to develop
the prior shape information based image segmentationigebnThe shape prior is ob-
tained by using a modified Mumford-Shah segmentation teglafrom section 2. Then
the heaviside function was appliedd®o get binary image, whe® () =1, if 6 >0
andH () =0, if 6 <0.Inasimilar way from Section 2, two phases are assumed for
the simplicity of the problem in our model.

Let S be a given binary image, called shape prior informatibia a given image
and? is a registration mapping either a rigid transformation onnigid deformation.
The model is aimed to findf, d;, anddy by minimizing the energy functional:

E(Ta d17d2) =

/Q S(z)(I(Y(z)) — dy)?dz + )\/ (1 —S(@)(I(Y(z)) — dy)*dz. (3.1)
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A shape prior images, a given imagd, andf2 as a domain are given andis a
positive parameter balancing the influences from two temtlsé modeld; andd; are
average intensity values d{7") in {S} and {1 — S} respectively. In our numerical
experiments, only rigid transformation is considered,thetmodel can be generalized
to non-rigid deformation as well. Therefore the rigid trimmation vectorY'(z) =
wRZ + T, wherey is a scaling R is a rotation matrix with respect to an angleandT
is a translation.

For eachr € 2, the first term is forcing (Y'(z)) to be close tal; using prior shape
information.S(z). In a similar way, the second term is compellih@"(z)) to be close
to ds utilizing prior shape informatiofil — S(z)}. After minimizing these three terms,
the bestl’, d;, andd, are obtained. The Equation (3.1) is similar to [4], but igatiént
by using the prior shape informatigdhand the rigid transformatichi. During the image
segmentation process, the shape knowledge informatigrosigthe robustness to loss
of information and image noise and the rigid transformatiomelps to find the correct
correspondence to the transformed image.

3.1 Euler-Lagrange Equations of the Proposed Model

The evolution equations associated with the Euler-Lagg@ogiations in Equation (3.1)
are
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whereR is the rotation matrix in terms of the angle

3.2 Numerical Results

The Equation (3.1) was solved by finding a steady state soluti the evolution equa-
tions. The evolution equations are associated with therfwdgrange equations of the
Equation (3.1). A finite difference scheme and the gradiestdnt method is applied
to discretize the evolving equations. Initial valuedyf andds, are 0.95 and 0.01 re-
spectively. Here\ = 1 is used in the numerical experiments. Figure 7 showed aigin
image, the binary imag# as a prior shape information, and synthetic imdgeith
noise, rotation, and loss of information. The numericalltssof the proposed model
using the prior shape information are shown in Figure 8. ukeé 8, the first one is
the binary image as prior shape information and the secoredsotihe given imagé.
The segmented image and segmented contour result by usifgjtration (3.1) are the
third and fourth figure in Figure 8. The first figure in Figurerfldigure 10 is the given
image!. The second and the third figure in Figure 9 showed the nualegsults of
segmented contour by [4] and the Equation (2.1) to a givergndaDue to the noise,
rotation, and loss of information, only using the model blyddthe Equation (2.1) was
not sufficient to get desired segmentation results. Heregttior shape information is
necessary in the segmentation process. The fourth imaggume is the segmented
contour result using the Equation (3.1). In Figure 10, theord and the third figure
showed the numerical results of segmented image by [4] amdEtjuation (2.1) to a
given Imagel. The fourth image in Figure 10 is the segmented image resifguhe
Equation (3.1) with a contour as a solid line. The optimaliioh 1, R associated with
0, andT from the Equation (3.1) is applied to the Prior Shape InfdiomS to get the
segmented image and segmented contour as a solid line figumeR8 to Figure 10.

4 Conclusions and Future Work

Two new region based variational partial differential etipra(PDE) models for an im-
age segmentation are proposed with an application to syotred simulated human
brain MR images. The first model utilizes a modified piecevwdsastant Mumford-
Shah model. Even though this model performs better thanimgimodel with fuzzy



Fig. 7. Left: Original Image, Middle : A Binary Imagé as a Prior Shape Information, Right :
Given Synthetic Imagé with Noise, Loss of Information, and Rotation

Fig. 8. First : A Binary ImageS as a Prior Shape Information, Second: Given Synthetic Infage
Third : Segmented Image with a contour as a Solid Line, Faugiven Imagel with Segmented
Contour as a Solid Line

Fig. 9. First : A Given Imagel, Second : Segmented Image using an Active Contour without
Edges with Dotted Line as Initial Contour and Solid Line agi8ented Contour, Third : Seg-
mented Image using our Proposed Model in Section 2 with Bdttee as Initial Contour and
Solid Line as Segmented Contour, Fourth : Segmented Image the Prior Shape Information

S with Solid Line Contour
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Fig. 10. First : A Given Imagel, Second : Segmented Synthetic Image by an Active Contour
without Edges, Third : Segmented Synthetic Image by our &3eg Model in Section 2, Fourth
: Segmented Synthetic Image with a Solid Line Contour udieghtrior Shape Information

images, this algorithm has some limits with strong noisétion, and loss of infor-
mation. Therefore, the second model is obtained using a phiape information and
region intensity value. Numerical Results show the effectess and robustness of the
presented model against to noise, rotation, loss of infionaand artifact. In the fu-
ture work, the research will be focused on the improvemefrttssofirst model with the
robustness to the choice of the initial contour. In additibe generalization of the sec-
ond model to non-rigid deformation will be developed andrhenerical experiments
on simulated human brain MR images of the second proposedimilthbe performed.
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