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Abstract. The object of our investigations are isotropic convex bodies

R™, centred at the origin and normed to volume one, in arbitrary dimensions.
We show that a certain subset of these bodies — specified by bounds on the
second and fourth moments — is invariant under forming ‘expanded joins’.
Considering a body as above as a probability space and taking S™ 1,

we define random variable¥x , = = - u on K. It is known that for
subclasses of isotropic convex bodies satisfying a ‘concentration of mass
property’, the distributions of these random variables are close to Gaussian
distributions, for high dimensions and ‘most’ directions: € S”~ 1. We

show that this ‘central limit property’, which is known to hold with respect

to convergence in law, is also true with respectieconvergence anfl.-
convergence of the corresponding densities.

Mathematics Subject Classification (20062A20, 60F25, 26B25

1 Introduction

Let K C R™ be a convex body, i.e. a convex compact set with nonempty
interior. We say thafs is isotropicif its ellipsoid of inertia is a Euclidean
ball, i.e.,

L2 = /K(:L‘-u)2d;1:

is independent of the unit vectare S™~!. The number x is called the
radius of inertiaof the bodyK . We say that is normedif its centroid is
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at the origin and ite-dimensional volume,,, (K) equalsl. Note that every
convex body with nonempty interior has an affine image that is normed and
isotropic.

For more information on isotropic convex bodies, related notions, and
further properties and applications we refer to [2], [7], [8].

The set of all normed isotropic convex bodiesRn is denoted byC,,,

and we define o
K= U K.
n=1

We regard a bodyx € IC,,, with the measure,, restricted toK, as
a probability space. For each unit vectore S"~! we define a random
variableXx ,: K — R by

Xku(z) =2 u.
The density of the distribution of this random variable is given by
oru(t) =-1({z €Kz -u=t}) (teR).

In [4] it was shown that for Euclidean balls and for cubes these densities
are close to Gaussian densities for large dimensions and most diregtions
the sense made precise below. Further, it was shown in [1] that an analogous
property holds for the distribution functions of the random variables,
for classes of symmetric convex bodies satisfying the ‘concentration of mass
property’ described in Theorem 4.1(i). Also, in[10]itwas observed that this
concentration of mass property is a consequence of inequality (1.3) below,
and the application of [11] was shown to yield a ‘central limit property’.

In order to make this more precise, we recall the following definition
from [4]. Let M C K be a set of normed isotropic convex bodies. We say
that M has thecentral limit propertyif

sup  pin—1({u € S ok — 912 1 > €}) = 0
Kek,nM
asn — oo, foralle > 0.

(1.1)

Here,

0) 1 t
= exp | ———=
9o 2mo? P\ 202
denotes the Gaussian density, am¢l ; the surface measure off"*,

normed to a probability measure. (In fact, the central limit property was
expressed in [4] slightly differently — but equivalently — by requiring

sup  E |lor . — ng(H1 — 0 asn — oo,
KeK,nM
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whereE denotes expectation with respect to the probability measuire.)

On the one hand, for the examples in [4] the central limit property (1.1),
which involves thel;-distance of densities, was shown. On the other hand,
in the more general results [11], [1] only weaker forms of closeness were
obtained. This observation was one of the starting points of this paper. As
our main result we show that the central limit property (1.1) can be derived
from a seemingly weaker form of this property. This is mainly due to the
logarithmic concavity of the densitigsy ,,.

We use the following notation. Fdt € I, let

ma(K) ::/Kx|2dx (= nL2),

my(K) ::/Ka:|4d:t

denote the second and fourth moment of the béfyrespectively. Let
T. C K, be the set of all normed isotropic bodi&sthat satisfy

ma(K) < ma(4,), (1.2)
7TI4(K) m4(An)
ma(K)? < ma(An)? (2.3)

whereA,, denotes the normed regularsimplex inR™. Let
T:=J T (1.4)
n=1

Inequalities (1.2), (1.3) appear in [10] and [3], with the right hand sides
written as explicit expressions dependingrornThe set/ is invariant under
certain operations such as forming cones, cartesian products, joins (cf. [10]),
andp-products (cf. [3]). As a consequen@econtains all;-balls (normed
to volume1l). Particularp-products are the joinp(= 1) and the cartesian
product p = o).

It has been shown in [9] that, for = 2, inequality (1.2) holds for alll
K € Ks. It appears that one does not know a bodyimot satisfying
inequalities (1.2) and (1.3).

In Sect. 2we introduce the expanded join of two bodigSand show that
T is invariant under forming normed isotropic expanded joins. Sections 3
and 4 are independent of Sect. 2.

Section 3 is devoted to showing properties of logarithmically concave
functions. The main result, Theorem 3.3, states that closeness of logarith-
mically concave densities to Gaussian densities can be expressed in several
equivalent ways: il..-norm orL-norm of the difference of the densities,
or in Lo.-norm of the difference of the corresponding distribution functions.
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In Sect. 4 we show that a sétt C X satisfying a concentration of mass
property (see property (i) of Theorem 4.1) will also satisfy the central limit
property defined in (1.1). Our main contribution is showing that in the case
treated here a result of von Wegzker [11] can be reinforced using the
results of Sect. 3. The general result fot is then applied to the class
defined above.

2 The expanded join

Continuing the investigations in [10], [3], we introduce yet another operation
on convex bodies, the expanded join.
Let ng,n1 € Ny, Kj C R™ (] =0, 1), andn = ng +n1 + 1. We
define the (unnormedxpanded joirof Ky and K1 by
KooKy = conv ((Ko x {0} x {0}) U ({0} x K7 x {1}))
={((1 =Na', 2", \); 2/ € Koy, 2" € K1, A € [0,1]}
= U KA - Rn)
A€0,1]
whereK ) = (1 — M) K x (AK7) x {A}.
The set of extreme points is
ext(KoeK1) = (ext(Ko) x {0} x {0}) U ({0} x ext(K7) x {1}),
thus in particular the expanded join of two simplices is a simplex (merely
count the vertices). In the special case = 0, K; = Ay = RY, the
expanded joinkpe K is a cone with bas& x {0}. Finally note that the
orthogonal projectiorP,: R* — R”~! (omit the last component) maps

Kpe K1 onto the join of Ky and K as treated in [10]. This motivates the
notion ‘expanded join’.

In the following we only consideng, n; > 1. Our first aim is to find
an affine image of{ye K that is normed and isotropic. For the volume of
Kye K| we have

1 1
)\n(KOGKl):/ )\n_l(KA)d)\:/ (1= \)™0A™ dA
0 0

I'ing+1)I'(ng +1 nolng!
:B(n0+1,n1+1): (O ) (1 ): 0 .

I'(ng +mn1 +2) n!
The centroid ofpe K is atr := (0,...,0, \.) where
n! 1 o \n1+1
Ae = KO‘Kl //Ig)\d oz no!m!/o (I—=X)"0N dA

n! ollni +1)!  np+1
nolnl. (n+1). N n+1"
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SinceK, and K are isotropic, the function

u (z - u)?dz
Koo K1—7
is constant or$™ ! x {0} x {0} and{0} x S™~! x {0}. Thus we obtain
an isotropic image of{peK; — r by applying a linear mapping@' of the
form
T = diag(ao, e, 0p, 0, ..., (0, 042).

no—times n;—times
This means that we have to determing o1, a3 > 0 such that

1 1
- ’x/‘z d(fEl,fL’”, /\) - ’x//’2 d(x/,ac",)\)
o JT(KoeK1—r) N1 JT(KoeK1—r)

= / Nd(' 2", \).
T(KoeK1—7)
(2.1)

As the second moment in thé-direction we obtain
1

1 1
— /|2 d(2, 2", \) = / / 12/|? d(2, 2") dX
no JKgeK1—r no Jo JK,

1 1
- no/o /K 1#/[2da/ (1 — A" F20™ 4\ = agms (Ko),
0

_ (1’L0+2)!TL1!
whereag = = Analogously we have
1
o ’;L‘”Pd(;p/’;l;”’)\) = a1m2(K1)
N1 JKyeK1—r
and

1
/ Nd(z' 2" \) = / / d(z, ") (A = Ae)2 d) = ao,
K()‘KlfT‘ 0 R)\

whereai,as > 0 depend only omg,n;. From (2.1) we now obtain the
condition

a61°+20/f1042a0m2(K0) = agoa?lwagalmg(Kl) = ozgooz?la%ag
for ayg, a1, andas, which simplifies to

agaoma(Ko) = afarma (K1) = a3as. (2.2)
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From the requirement,, (T'(KoeK; — r)) = 1 we obtain the condition

n!

(2.3)

no N1 —
Qg o g = T
ng:mi:

Solving (2.2) foray anda; and inserting this into (2.3) yields

n! a 2 (a 2 ;
Qg = <n0!n1! <a2m2(K0)) <a;m2(K1)) ) : (2.4)

For our further considerations we need not compujen; andas more
explicitly. We define thenormed isotropic expanded joby

KO OKl
= conv ((apKo x {0} x {—agAc}) U ({0} x a1 K1 x {aa(l — Ac)}))
= {(ao(1 = N2’ a1 z”, aa(X — N\)); 2’ € Ko, 2" € K1, A € [0,1]}.

Theorem 2.1. The sef/ defined in (1.4) is invariant under forming normed
isotropic expanded joins.

Proof. We have to show the persistence of inequalities (1.2) and (1.3). We
may assumeg, n; > 1 since the case of cones has been treated in [10, Sect.
2]. For the second moment &f, e K; we obtain, using (2.1), (2.3), and
(2.4),

ma(Koe K1) = n/ N d(z', 2", \) = o’ o nas
Koe Ky

ng

2
nj -
! ! i T\ "
n! n! ao ai
=— H(mg(K0)> (mg(K1)> nas.
np:nq! np:nq! a9 a9

Thus the validity of (1.2) forKy and K implies

ma(Ko e K1) < ma(Ay, @ Ap,) = ma(Ay),

which is (1.2) forKy e K.
The fourth moment is computed as

[ altde= [ (e R e
KooKy KooKy
= ag°+4a?1a2bg Tn4(Ko) + 06610041114_404251 m4(K1)
+ 0480047111 Ongg + ag°+2a7fl+2agbmmg(K0)m2(Kl)

no+2 ni 3 no ni+2 3
—|—Ct00 Ozllazbogmg(Ko)—i-aOOOéll Ctzblgmg(Kl),
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where agairbg, b1, ba, bo1, bo2, b12 > 0 depend only omyg, ny. Using (2.3)
as well as

1
gmg(K[) ® Kl) = a80+2a11a2a0 TTLQ(K())

= ag a?ﬁ asay ma(Kq)

_ no,ni 3
= Qp 0 502

appropriately, we obtain

my(Ky e Ky) ma(Ko) ma(K7)

ma (Ko e K1)? - comg(Ko)2 te ma (K )? e

with suitablecg, c1, c2 > 0 depending only omg, n;. Similarly as above
for the second moment, the validity of (1.3) féf;, K5 implies (1.3) for
KO o Kl. O

3 Inequalities for logarithmically concave functions

The assertion of Lemma 3.2(b) below will be needed in Sect. 4. Here we
prove rather general explicit inequalities for logarithmically concave func-
tions, which should be of independent interest. In Sect. 4 we would only
need a qualitative estimate for a specific case.

We recall thatafunctiofi: I — [0, o) is calledogarithmically concave
if In f is concave on an intervdl C R (with the usual conventiom 0 =
—00). Fora € R we denotert := max{a, 0}.

Lemma 3.1. Let0 < f € L;i([0, 00)) be logarithmically concavef(0) >
0, [flli >0, a:= ‘J‘ZE[‘]'; Letg: [0,00) — R be increasing. Assume that

t1 :=sup{t > 0; f > gon|0,t]} < co.

Th t1 00
o [ owars [ goern - gw)*ar
0 0

Proof. Let f(t) := f(0)e~*/ (t > 0) and
ty :=sup{t > 0; f > gon|0,t]} (€ 0,00]).

Thenf > gon [O,tg), andf < g on(ts, oo) sincef — ¢ is decreasing. We
have to show|;?(f — g)(t) dt < [ (f — g)(t) dt.

In casef = f there is nothing to show, so we assugné: f. Note that
ff J f by the definition ofa. Thus, f f changes sign at least once.
Sinceln f — In f is concave ang'(0) = f(0), there exist$, > 0 such that
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f = fon[0,t)andf < fon(to, ). Thisimplies[; f(t)dt < [; f(t)dt
forall s > 0 and hence

/z(f—g)(t)dt</2(f—g)(t)dt
0 0

Assume first thaty < tg. Thenty < ¢ < g, SO we obtain the assertion
sincef — g > 0on(t,t1). Now assumey > tg. Thenty < t1 < to.
We havef (< f) < f(0) on(tg, ), so f and thusf — g is decreasing on
(to, 00). By the definition ofty, this impliesf — g < 0 on (¢1,t2), and we
obtain the assertion.O

Lemma 3.2. Let0 < f € Li(R) be logarithmically concavd| f||; > 1,
g€ Li(R)N Lo(R ) and F', G antiderivatives off, g, respectively.
(@) Leta > L If |[F — Glo < 5 — 1522 then|| f||oo < avesssupg.
(b) If g is Lipschitz continuous with Lipschitz constdnthen

1
1f = glloo <2V L+ [[fIIZIF = Gll%-

(c) Leta > 1. If [|F — Gloo < 5 — 1422 ||y < 1, andg is Lipschitz
continuous with Lipschitz constaﬂtthen

1
1f = glloo <2VLV1+a?||F - G|%.

Proof. We will use the inequalityl [*(f(t) — g(t)) dt| < 2||F — G|,
which is valid for alla, b € R.

(a) Observe thaM = esssupg > 0. Without restriction assume that
f(0) =/ fllco > M. LetI be the maximal open interval containifigvith
f>=gonl. Then

2F — Glloo > /I (F-9)0d> [ () — M)t

—0o0

By Lemma 3.1, withy = M, we have

[ -t [Troe -t
0 0

wherea := [° f(t) dt/f(0). The above inequality makes sense in the case
a = 0, too; then both sides afe In the same way we obtain

0 0
/ (F(t) — M)*dt > / (F(0)e> — M)*dt,

—00 —00

with b= [0 f(t)dt/f(0).



Moment inequalities, central limit properties, isotropic convex bodies 45

Lettg := aln% andsp := —bln %. Thenf(0)eto/® = f(0)es0/b
= M. Therefore,

) 0 to
/:um—Mﬁﬁ>/qu“=Mﬁ+A<ﬂWﬁM—MMt
— B(f(0) — M) — a(M — [(0)) — (to — s0)M
— (a+b)(f(0) = M — MIn L),

Sincea +b = | f|l1/f(0) > ﬁ we arrive at

> + M f(0)
2||F — Glloo = /Oo(f(t) M) dt > 1 70 <1+1n 7 >
Using2||F —G||s < 1—2(1+Ina), we deduce thatf || o = f(0) < aM.

(b) We have to estimate (x) — g(z)| for all x € R. Since the assump-
tions are translation invariant it suffices to consigdes 0. First assume
f£(0) < ¢g(0). We suppose that is decreasing of0, co). (If this is not the
case thery is increasing oni—oo, 0]; the latter case is treated analogously.)

Letn := ML“O). By the Lipschitz continuity ofy we have

g9(t) = f(t) =2 g(0) = Lt = f(0) = L(n —t) (£ =>0),

and thus

27 = Gl > [ o)~ f0)dt > [ pi o= OO,

or
9(0) = f(0) <2V L||F = G -

Now assumé: := f(0) — ¢g(0) > 0. We have to shoWF — G|« >

h2
A(L+N3) .

Let g(t) := g(0) + L|t| (t € R). LetI (/) be the maximal interval
containing0 with f > gon I (f > g onI). Then, by the Lipschitz
continuity of g,

MF—®@>/U 9)(t) dt /U 3)(t) dt

Let a,b as in the proof of (a), and defingby f(t) := f(0)e=*/ (t > 0)
andf(t) := f(0)e’/’ (t < 0). The firstinequality in the following estimate
follows from Lemma 3.1, whereas the second inequality is illustrated by
Fig. 1 (the area between the graphgj@nd f contains the shaded area):
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Fig. 1

/ff —g)(t)dt > / h (F(t) —g(t)) "at
I

0
2/‘(h—%%—Lﬂﬂﬁ+/ (h+ L + Lt)*at
0 —00
h? h?
O O
o(L+ 10y~ o(r 4 £

Recall thaic := a + b = || f||1/f(0). Thus,

h? 1 1
208 = Clloo > jmin <L+f<o> +L+f<o>>'

The mininum is attained at = 0 and ata = ¢, SO
h? h?
TN 2y
oL+ 102y 7 2L +[[f]Z)

2| F = Glloo =

which was to be shown.
(c) is a direct consequence of (a) and (b) sifgg, < VL. O

We will apply Lemma 3.2 in form of the nexttheorem, whétge denotes
the Gaussian distribution function with varianeg

Ga(t) =
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Theorem 3.3. There exists an increasing function: (0, cc) — (0, 2] with
Bi(t) = O(t(~nt)z)  (0<t< +)
with the following property. Let < f € Li(R) belogarithmically concave,

|| flli = 1, and F the distribution function of . Lets > 0 and assume that
[flloo < Z. Then

1
IF = Go2lloc <ILf = 902l < Bil(allf = go2lloo) SBUVEF = Go2ll),
V5

1
1f = go2lloo < —|IF = Goz[|%.
g
Proof. The firstinequality is clear; the second one is provedin [4, Prop. 2.5].
The third inequality is a consequence of the last one. Notegthas Lip-

schitz continuous with consta% < ﬁ. Thus, the last inequality

is a direct consequence of Lemma 3.2(bin

Remark 3.4.If fislogarithmically concave thenthe assumptigi., < %
in the above theorem is in particular satisfied'®_¢f(¢) dt = 0 ando?
is the variance of. This follows from [6, Thm. 8, eqn. (7)], applied with

o(t) =t

4 A central limit theorem

The main result of this section (and the whole paper) is the following. As
in Sect. 3G, > denotes the Gaussian distribution function with variamte
Also,

€ZSK,u(t) = )‘n({x EK;x-u< t})

is the distribution function of the densityx ,,, for K € IC\,, u € Sn—1,

Theorem 4.1. Let M C K be a set of normed isotropic convex bodies.
Consider the following properties:
(i) supger,mAn({z € K ||z|> —nL%| > enL?}) — 0 asn — oo,
forall e > 0;
(i) supger,nm bn—1({u € 8" [|Pxu — GLf,{Hoo >¢}) = 0 as
n — oo, forall e > 0;
(iil) supgerc,mmtn-1({u € S" Y lloxu — g2 1 > e}) — 0 as
n — oo, forall ¢ > 0, i.e., M has the central limit property (1.1);
(V) supger,mmin—1({u € S"Y loxu = gr2 o > €}) — 0 as
n — oo, forall ¢ > 0.
Then(i) = (i) < (i) = (iv). If supgc g Lx < oo then also(iv) = (iii) .
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Theorem 4.2. The setT defined in (1.4) satisfies propertié$ — (iv) of
Theorem 4.1.

Remark 4.3.In [1, Thm. 4] the implication (i)= (ii) of Theorem 4.1 is
shown for classes of centrally symmetric bodies, with quantitative estimates.
By use of our Theorem 3.3, this result can be reinforced to a quantitative
result concernind.;-norms andL..-norms of the difference of the corre-
sponding densities.

Before proceeding to the proof of Theorem 4.1 we want to recall a result
of von Weizgcker [11] which will be an essential ingredient of our proof.

ForK e K, we define probability measur& andPx on thes-algebra
B(R™) of Borel sets oR™ by

Pg(B) := Pg(LkB) (B € B(R")).

For the marginal densities and the corresponding distribution functions of
the measurd’, we obtain

Oru(t) = Lk u(Lkt),

- B (4.1)
@K,u(t) = QSK#(LKt) (t ER, ue S™ ),

respectively. 3
SinceK is isotropic the covariance matrikof P is computed as

C = </ ;T dPK(x)> = L[_(2 </ ;T d:c> =FE,.
n ij=L1,...n K i5=1,..n

Hence the conditions [11, (9) and (10)], i.e.

traceC = O(n),
> Ch=on?),
ij=1

are satisfied. Further, property (i) in Theorem 4.1 can be expressed as

sup PK({$€RN;|%—1‘>E})—>O asn — oo, foralle > 0,
KeknnM

i.e., the condition [11, (11)] is satisfied.
In order to describe the topology of convergence in lanPonb(R),
the probability measures d#(RR), we use the Bvy metric; cf. [5, Sect. 8.1,
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Theorem 3]. ForP, @ € Prob(R), with distribution functionsF, G, the
Lévy distancd.(P, Q) is defined by
L(P,Q):=inf{e >0; F(t—¢)—e<G(t) < F(t+¢)+e¢
forall t € R}.

Expressed with this metric, von Wegsker’s result implies that, in case
property (i) in Theorem 4.1 holds, we have

Sup  Hn—1 ({u € Snil; L(@K,u/\lagl)\l) > 8}) =0 (4.2)
KeknNT

asn — oo, foralle > 0. (This follows from [11, Corollary 1]. Also, one
has to use that, due to the concentration of mass, the mixed Gaussian can
be replaced by the Gaussian with variancef. [11, p. 316, line 10].)

The above is the main part of the proof of the implication{{)i) in
Theorem 4.1. We further need the following preliminary facts.

Lemma 4.4. Letec > 0, and letP, @ € Prob(R), with associated distribu-
tion functionsF, G, respectively. Assume th&tG are Lipschitz continuous
with Lipschitz constant. Then

[1F' = Glloe < (1+¢)L(P,Q).

Proof. It suffices to show(t) — F(t) < (1+c¢)L(P,Q) forallt € R. Let
teR, e> L(P,Q). Then

G(t) < F(t+¢e)+e< F(t)+ce+e.
Lettinge — L(P,Q) we obtainG(t) — F(t) < (1+¢)L(P,Q). O

Remark 4.5.For all K € K we have
1
V2me .

Indeed, it is well-known thal. - > Lp, for all K € K,,, whereB,, is the
normed Euclidean ball (we have

nL3 :/ |:c]2d:c>/ |z|’dz =nL% ,
K By

since the norm of a vector i \ B,, is always greater than the norm of a
vector inB,, \ K). The radius of inertia of the normalised ball is given by
(see [4, Sect. 3], easy computation)

Lk >

2

2
PREESS AL
" (n+2)m 2e(n+2)7 = 2me
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Proof of Theorem 4.\MVe make use of the fact that the densitjgg,, are
logarithmically concave. Indeed, by Brunn's theorem (cf. [2, Theorem 5.1])

the functionSpKyu(.)ﬁ are concave on their support. Since the logarithm

is increasing and concave, p g, = (n—1) ln(goKmﬁ) is concave ofR.
(i) = (ii). From (4.1) and Remark 3.4 we know thabx , |l < 1 for
all K € K. By (4.1), Lemma 4.4, and (4.2) we obtain

sup  pin—1({u € S"7Y; H@KU—GL2 oo > €})

Kek,nM
= SUp  fn—1 ({u S Sn_l; H@K,u — Gl”oo > 5})
KekK,NM
< sup fp— 1({u es" L(‘PKu)‘lagLQ A1) > }) —0
KekK,nM
asn — oo.

(i) < (iii) is a direct consequence of the first chain of inequalities in
Theorem 3.3, and Remark 3.4.

(i) = (iv). Because of Remark 3.4, we can apply the last inequality of
Theorem 3.3 t¢f = gy, Witho = Lk > ﬁ by Remark 4.5. Thus we
have

sup  pin—1 ({u € S [lorw — 912 oo > €3)
KeknnM

< sup i1 ({ue S"Th WF\/HdSm—Gm oo > €})

KeknNM

2

€
= sup n1({u € S L 1Pk 0 — Gra |loo —0
o K 1({ |9, 2 mm})

asn — oo.

(iv) = (iii) under the additional assumptictup ;¢ Lx < oo. This
is similar to the proof of ‘(ii))= (iv)’ above. (Instead of the last inequality
of Theorem 3.3, use the second oneix ., — ng(Hl < BiLrlleru —

gL%HOO)-) U

Proof of Theorem 4.2As noted in [10, eqgn. (1.1)], inequality (1.3) implies

property (i) of Theorem 4.1 faM = 7. More precisely, for alk > 0 we
have

sup)\ ({z € K; ‘|a:|2—nL | > enL? H

asn — oo. Thus the statements are a consequence of Theorem@.1.
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