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Shallow water equations
Derived from the Navier-Stokes model after:

e depth averaging
e hydrostatic hypothesis

e neglecting viscosity and turbulence

e not considering wind effects nor Coriolis force.

— System of conservation laws plus a source term:

Uy + F(U)s + E(U), = S

h q1 q2 0
+ ﬁ 1 h2 + q192 — —ah
d1 T 59 h gney
2
@ /), i ) T ) —ghz,

Depth positivity condition: urp —ur < 2v/ghy, + 2v/ghgr
(For flat topographies)
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Numerical implementation - Homogeneous system

U, + div(F(U)) =0

[Fedkiw et al.] Method of high accuracy without spurious oscillations and
shock capturing, based on

Shu-Osher finite difference Essentially Non-Oscillatory (ENO)
+

Marquina’s flux splitting technique

ENO — RF construction:

Aﬁole/Q if f/ does not change sign in [u;, u;11]

FLLF
i+1/2

Fit1/2 = olse
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Numerical implementation - Homogeneous system

Extension to nonlinear systems

Given U" =U/,, , and U" = U1, ,,
we compute the ’'sided’ local characteristic variables and fluxes

Uy, ; LP(U") - U; fL. LP(U*) - F

) - ) - forp=1,2,3
ug; = LP(UY)-U; fr; = LPWUT)-F;

LP(UEE), RP(UL1) left and right eigenvectors
NP (U1 eigenvalues
of the Jacobian Matrices J(UL#) = F/(UL]),

Then, the numerical flux is

Fiviy2 = 3, (FPi1 o) "BPUiLy o) + (Fy 0) "RP (U 1)
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Numerical implementation - Source term

Following ideas in [Gascon and Corberan] we propose an extension of
Marquina’'s flux splitting scheme [Fedkiw et al.] for the numerical
approximation of the nonhomogneous system.

0 0
Split source term, S =51+ 5 = | —ghz, | + 0
0 —ghz,

Define functions:

B(xvyvt) — _/ Sl(S,y,t)dS — / gh(S,y,t)Zw(S,y)dS
0 0

Yy Yy
C(x,y,t) = —/ Sg(:c,s,t)ds:/ gh(z, s, t)z,(x, s)ds
0 0
The original system can then be written in 'conservation form’ as follows,
Ui+ (F+B)x+(E+C)y, =0

— new flux: physical flux + primitive of source term
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Numerical implementation - Source term

Consider the scalar, 1D version of system wy + g(w,x)x = 0 where,
o) = Fw) +ow0), bwt) == [ sy wly.t)dy
0

We seek a semi-discrete formulation of the type

— Gijy1/2: humerical 'modified flux’ function (interpolated via ENO)
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Numerical implementation - Source term

Construction of G, ;/2: upwind direction is determined by f(w).
— We use ENO — RF' construction directly on the modified flux data g;

Givi2=Gir12 + HOT; 19
e §,.1/2 is the first order contribution,
e HOT;,/» are the high order terms obtained from the ENO reconstruction.

Gi+1/2 involves point-values of the convective flux (f; or f;+1) and integral
expressions of the form b, = [

e s(w(x), x)dx.

— b; hard to handle computationally
HOT involve only divided differences of g:

_ 1 Ti+1
gll, 1 +1] = gquiaj g _ fll,l+ 1]+ A—ZE/Q;Z s(w(z), x)dx

7

bi, 141

— b;;+1 much more convenient computationally



Flux—ﬂradient and source term ba!ancinﬂ for certain
igh resolution shock-capturing schemes

Numerical implementation - Source term

Carrying out the algebra, we easily arrive at

2

Ji it f/ >0 in [wi,wi+1]
g;ll/g =9 fit1 +biit if f/<0in [w;,wit1]

| 5 (fi + i owi) + 5(fig1 — a1 0wig1) + biiy1  €lse

Ji — bi,z’—l—l it f/ >0 in [wi,wi+1]
it1/2 = it it f/<0in [w,wr]

1 1 1
\ E(fi + O%'Jr1/2wi) + §(fz'+1 - O‘i—i—l/Qwi—l—l) — 5biiy1  else

In such a way that |G, 1/ —G;_1/o = Q;FH/Q - Qi_l/g
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'Modified Flux’ computation at p-th charac. field

o If \P(U. >0 and A\ (U; > 0: upwind from the left,

+1/2) +1/2)

(GPE)L QZ+1/2 + HOTL " 1/2 using ENO-Roe with projection LP(UL)
(GPE)E = 0.

o If \P (U+1/2) <0 and A\ (U+1/2) < 0: upwind from the right,

(GP YL = 0.

(GPE)R ng/Q + HOTR 1+1/2 using ENO-Roe with projection LP(UR)
o If \NP(US,,)N\(U]L, ;) < 0: sonic point nearby

Define Or1/2 :maX(P‘ ( 1/2)‘ P‘ ( 7,_|_1/2)D
(GPE)L using ENO-LLF with projection LP(UE)

(GPE)F using ENO-LLF with projection LP(UR)
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Numerical implementation - Study of the steady state

The scheme is said to satisfy the:

e Exact (-property if it is exact when applied to the stationary case
g =0 and h+ z = constant

e Approximate C-property if it is not exact but accurate to order O(Az?)

Using two ’'sided’ Jacobians and ENO of order n > 2 — Approx. C-property.
Using a single Jacobian and any interpolation order — Exact C-property.
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4.

Numerical implementation - Combined 1J2J scheme

Compute Ul = UL and UR = UE __ with ENO-biased.

i+1/2 i+1/2

Compute XP(UL) and \P(UH).
If |[[UY —UE|| < Axz®° and \XP(UX)NP(UF) > 0 (for p =1,2) then (contiguous
states are very close and no sonic point nearby: Use 1J)

Define average state U* LU+ U"), compute: L(U*), R(U™).

i+1/2 —
Then G, =Y, (Gf‘]—l/2) RP(UZ, ) os=5@m=1);s=1(n>2).
Else, then (contiguous states are not close: Use 2 Jacobians)
Compute L(UY), L(UR), R(UY), R(UR).
Then Gi—|—1/2 2 <Gf—7|—1/2) RP(UiL j) + (Gf—i—il/Q)RR (UL1)2)
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Numerical implementation - Wet/Dry fronts

e If h, #0 and h;+1 = 0: the dry zone is on the right, then
— Compute UL .. with ENO interpolation.

i+1/2
— Set Uﬁl/2 = Uzerl/z'

e If h, =0 and h;11 # 0: the dry zone is on the left, then
— Compute U, with ENO interpolation.

i+1/2
— Set Uzﬁ-l/z — Uﬁ-l/z-

— NoO mixed information from wet and dry states
(no LLF-flux at wet/dry fronts).

— Non zero reconstruction from dry side
(useful for C-property verification at wet/dry fronts).
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Numerical implementation - Dry bed generation

e ENO iterpolation: If u; —u;+1 > 2¢; + 2¢;01 holds:

Uk
Ul

e Modi

If ult

i+1/2

i+1/2

interpolated considering that right states are vacuum cells.

interpolated considering that left states are vacuum cells.

ified-flux computation:

ul >20+1/2+20

it1/2 ~ Wik1/2 then for every p-th characteristic wave:

+1/27

We compute (G le/2)L and (Gp+1/2) with the entropy-fix of
[Harten-Hyman] adapted to the two-sided characteristic
decomposition of Marquina’'s flux formula, i.e

N2y (W (UR) + 0P (UF)) — 200 (UF) WP (UF)

Qjp1/2 = )\p(UR) _ )\p(UL)

where \P

+1/2' p-th eigenvalue of Jacobian matrix evaluated at Roe's average.
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Height [m]

Height [m]

Evaluation - Transcritical flow with shock over a hump
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Height[m]

Evaluation - Quasi stationary case
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Height[m]
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Evaluation - Dry bed generation

— - analytical solution

= — analytical solution
imerical solutior — numerical solution
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Height [m]

Evaluation - Dry bed generation
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