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Content of my dissertation

I intranuclear di�usion of the tumor suppressor protein p53
I inverse problems in nanobiology
I cytostatic and cytotoxic e�ects of the anticancer drug

lapatinib
I analysis of age{structured population models
I proliferation and motility e�ects of TGF{� (if time allows)
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Dynamics of �ber{ligand interaction

It is of great interest to understand interactions between a
biopolymer �ber (such as dsDNA) and a ligand (a protein).

) Last week's workshop!
We focus here on the spatio{temporal dynamics of these
interactions (collaboration with Erik Boczko, Vanderbilt
University).
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Example: transcription factors bind to DNA

How do transcription factors �nd their target binding site in the
genome?

P. Hinow & E. M. Boczko, J. Theor. Biol. 2006
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The use of waves for density determination

We expect dynamical changes in the linear mass density pro�le.
The problem of density pro�le determination with the help of
waves has a long history.

http://www.trip.caam.rice.edu
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Statement of the PDE model

Let x 2 [0; `] denote the position along the centerline of the �ber
and u(x; t ) the transverse displacement of the centerline.

We consider the non{homogeneous wave equation with damping
and external force

%(x)utt (x; t ) + � ut (x; t ) � uxx(x; t ) = F(x; t );

u(x; 0) = ut (x; 0) = 0

with boundary conditions of Dirichlet or Neumann type.
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Forward vs. inverse problem

Given a certain density pro�le%(x), the forward problemconsists
of �nding the corresponding solution (under speci�ed boundary
conditions). In contrast, theinverse problemconsists of �nding
%(x), given some (partial) knowledge of the wave �eldu(x; t ).
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Example of a re
ection inverse problem

Given a the excitation pro�le (Neumann data)

ux (0; t ) = ' (t );

we measure the corresponding Dirichlet response

 (t ) = u(0; t ):

This problem is called are
ection problem, since excitation source
and measurement are taken at the same position. Is it possible to
obtain the density pro�le%(x) from the map%7!  ?
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Well{posedness results

The travel time transformation

z(x) =
Z x

0
%

1
2 (� ) d�

gives the wave equation in impedance form

� (z)utt (z; t ) � (� (z)uz(z; t ))z = 0 :

with the acoustic impedance

� (z) =
p

%(z):

For this equation, Symes (1983) and Rakesh and Sacks (1996)
have proved the well{posedness of the inverse problem (re
ection
and transmission cases).
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Well{posedness of the Neumann{to{Dirichlet problem

Theorem
(Symes, 1983) Let uz(0; t ) = � (t ). Then the Dirichlet response
 (t ) = u(0; t ) on [0; 2T ] determines uniquely the impedance� (z)
on [0; T ], provided� 2 H1[0; T ]. Moreover, a local Lipschitz
estimate

jj � 1 � � 2jjH1[0;T ] � Cjj  1(0; �) �  2(0; �)jjH1[0;2T ]

holds.
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A practical inversion algorithm 1

An algorithm to solve the inverse problem in the standard form has
been proposed by Tadi (1997). The density%is allowed to be time
dependent. Given a measurement on [0; T ] one de�nes a
least{square type cost functional

J(u; %) =
1
2

Z T

0
( (t ) � u(0; t ))2 dt +

�
2

Z T

0

Z `

0
%2

t (x; t ) dx dt :

that is to be minimized subject to the condition

%(x; t )utt (x; t ) + � ut (x; t ) � uxx(x; t ) � F(x; t ) = 0 :
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A practical inversion algorithm 2

The Euler{Lagrange equations that result from the cost functional
give rise to an iterative algorithm

%n+1 = �( %n);

starting from an initial guess%0.

Notice that the algorithm returns the density%as a function of
depth x (other methods exist for the reconstruction of impedance
as a function of travel time).
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The frictive heat bath 1

We imagine a �ber immersed in an aqueous solution. Therefore,
damping will occur and a random external force is present, of
which we assume

E[F(x; t )] = 0 ;

E[F(x; t )F(y; s)] = � 2� (t � s)� (x � y)

(Gaussian white noise in space and time).
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The frictive heat bath 2

The iterative algorithm allows for an external force. As the
particular realization of the random forceF that gave rise to the
observed measurement is unknown, we propose two strategiesfor
solving the inverse problem in presence of noise.
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Average over realizations (AOR)

I With a random realization of the forceFi perform a
reconstruction to obtain the density%i , i = 1 ; : : : ; m.

I Take the pointwise average

�%=
1
m

mX

i =1

%i :
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Average over signals (AOS)

I Based on the assumption that the average of the random
force is zero.

I Several recorded signals are averaged

� =
1
m

mX

i =1

 i :

I The reconstruction algorithm is applied with mean force equal
to zero.
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Neumann{to{Dirichlet setup

We attempt to reconstruct the density pro�le

%(x) = 1 + exp
�

�
(x � 1=2)2

(1=5)2

�
; x 2 [0; 1]:

The generic forcing termux (0; t ) = � (t ) is a smooth
approximation of the� {pulse. The Neumann{to{Dirichlet setup is

ux(0; t ) = ' (t ); u(1; t ) = 0 ;  (t ) = u(0; t ):
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Results
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Rapid convergence of the algorithm (with damping� = 1, but
without random forcing).
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Results of AOR procedure
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A 40 reconstructions from a randomly forced damped string each
using a di�erent realization of the random force.B The average of
these reconstructions.
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Results of AOS procedure
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A 20 signals from forced strings with di�erent realizations of the
random force.B The averaged signal and signal corresponding to
an unperturbed string.
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Results of AOS procedure
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The averaged signal is used in the reconstruction algorithm.
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Summary and Outlook

I We have investigated the density reconstruction problem for
elastic �bers in a viscous heath bath.

I Di�erent boundary setups (re
ection and transmission
problems, homogeneous boundary conditions) allow robust
density reconstructions.

I Preliminary experiments with DNA �bers suspended in
solutions are under way in the laboratory of Dr. Charles Brau,
Department of Physics and Astronomy, Vanderbilt University.
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Investigation of age{structured models

In our investigations of cytostatic and cytotoxic e�ects ofthe
anticancer drug lapatinib (with Emily Wang, Vanderbilt University)
we were led to age{structured models of proliferating and
nonproliferating cells.

P. Hinow et al., Theor. Biol. Med. Model. 2007
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Example for growth curves
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P. Hinow et al., Theor. Biol. Med. Model. 2007

For the untreated cell population, a sigmoidal growth curveis
observed. This can be explained by a transition of cells fromthe
proliferating to the nonproliferating class, as the total cell number
increases (Webb and collaborators,� 1985).
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Variables of the model

Let t � 0 denote time anda 2 [0; a1] denotechronological age,
that is the time since the last mitosis.

Let p(a; t ) and q(a; t ) denote the densities of proliferating and
nonproliferating cells, respectively. The total population is given by

N(t ) = jjp(t )jj + jjq(t )jj =
Z a1

0
(p(a; t ) + q(a; t )) da:
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The model equations

The equations are
�

@
@t

+
@
@a

�
p(a; t ) = � (� (a) + � (a; N(t ))) p + � (a; N(t ))q;

�
@
@t

+
@
@a

�
q(a; t ) = � (a; N(t ))p � � (a; N(t ))q;

p(0; t ) = 2 f
Z a1

0
� (a)p(a; t ) da;

q(0; t ) = 2(1 � f )
Z a1

0
� (a)p(a; t ) da;

p(a; 0) = p0(a); q(a; 0) = q0(a):

(1)

Peter Hinow PDE models in Biology



The assumptions

I The birth rate � is bounded.
I The transition rates� and � are Lipschitz continuous with

respect toN.
I f 2 (0; 1] (probability of entering the nonproliferating class

upon birth).
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Results for the linear case 1

Suppose the transition functions� and � do not depend on the
total population N

�
@
@t

+
@
@a

�
p(a; t ) = � (� (a) + � (a))p + � (a)q;

�
@
@t

+
@
@a

�
q(a; t ) = � (a)p � � (a)q;

p(0; t ) = 2 f
Z a1

0
� (a)p(a; t ) da;

q(0; t ) = 2(1 � f )
Z a1

0
� (a)p(a; t ) da:

(2)
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Semigroups and generators

De�nition
A one{parameter C0{semigroup (U(t )) t � 0 on the Banach space
X is a family of linear bounded operators such that

I U(0) = I ,
I U(t + s) = U(t )U(s), and
I for exeryx 2 X , limt ! 0+ U(t )x = x.

The generatorof the semigroupU(t ) is the linear operator de�ned
by

Ax := lim
t ! 0+

U(h)x � x
h

whose domain is the set ofx 2 X for which the limit exists.
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Asynchronous exponential growth

The linear system (2) gives rise to a strongly continuous semigroup
(U(t )) t � 0 of positive linear operators on the Banach space
X = L1(0; a1) � L1(0; a1).

De�nition
A semigroupU(t ) on the Banach spaceX hasasynchronous
exponential growthif there exists� 2 R and a rank one projection
P0 on X such that

lim
t !1

e� � t U(t )x = P0x

for all x 2 X .
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Results for the linear case 2

Theorem
(Dyson, Villela{Bressan and Webb 2002) The semigroup of linear
operators U(t ) on the Banach space X corresponding to the linear
problem(2) has the property of asynchronous exponential growth
(under some mild conditions on� and � ).
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The Malthusian growth parameter

In the context of population dynamics,� is called theMalthusian
growth parameter. If

I � > 0 =) unbounded growth of the population
I � < 0 =) extinction

The growth parameter is determined by the parameters of the
problem� = � (�; �; �; f ) as the solution of a characteristic
equation

R(� ; �; �; �; f ) = 0 :
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The nonlinear case 1

Now let � and � be dependent onN. Suppose the following
conditions are satis�ed.

(i) There existsN� > 0 such that� (�; � (�; N); � (�; N); f ) > 0 for
all N � N� .

(ii) There existsN � > N� such that � (�; � (�; N); � (�; N); f ) < 0
for all N � N � .

Roughly, both 0 and1 are repelling in the space of total
population.
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The nonlinear case 2

Theorem
Let conditions (i) and (ii) be satis�ed. Then there exists atleast
one nontrivial equilibrium solution of(1).

The proof is based on recasting the equilibrium condition as a
�xed point problem. Then a �xed point theorem provided by
H. Amann (1976) is applied.
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The nonlinear case 3

Theorem
Amann (1976) Let X be a Banach space, let C be a closed convex
cone in X , let
 > 0 and set C= C \ BX (0; 
 ). Suppose
f : C
 ! C is a continuous map and f(C
 ) is relatively compact.
Assume further that

(i) f (x) 6= � x for all x 2 C
 with jjxjj = 
 and all � > 1, and

(ii) there exists� 2 (0; 
 ) and x1 2 C; x1 6= 0 , such that

x � f (x) 6= � x1

for all x 2 C with jjxjj = � and all � > 0.

Then f has a �xed point x0 2 C with � � jj x0jj � 
 .
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Proliferation and motility e�ects of TGF{�

We have investigated the pro{ and antitumor e�ects of the
transformed growth factor TGF{� (with Emily Wang and Glenn
Webb). TGF{� is known to (among other things) increase cell
motility and to slow down cell proliferation.

We begin with the Kolmogorov{Fisher equation (Kolmogorov et
al., 1936) for the cell densityu(x; t )

@
@t

u(x; t ) = D� u + � u(1 � u):

Peter Hinow PDE models in Biology



Results
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Numerical simulations of tumor growth processin vitro.
Applied mathematics seminar: October 4th (Thursday) 11:15
am
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Thank you for your attention.
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