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Abstract

The spatio-temporal distribution of the obsenations plays an essetial role in the
data assimilation process.An adjoint sensitivity method is applied to the problem
of adaptive location of the obsenational systemfor a nonlinear transport-chemistry
model in the context of 4D variational data assimilation. The method is preseried
in a general framework and it is shavn that in addition to the initial state of the
model, sensitivity with respectto emissionand deposition rates and certain typesof
boundary valuesmay be obtained at a minimal additional cost. The adjoint model-
ing is usedto evaluate the in uence function and to identify the domain of in uence
assaiated with the obsenations. Theseessetial tools are further usedto dewelop
a novel algorithm for targeting obsenations that takesinto accoun the interaction
amongobsenations at di erent instants in time and spatial locations. Issuesrelated
with the caseof multiple obsenations are addressedand it is shown that using the
adjoint modeling an e cien t implementation may be achieved. Computational and
practical aspects are discussedand our analysis indicate that it is feasibleto im-
plemert the proposed method for comprehensie air quality models. Numerical

experimens performed with a two dimensional test model shav promising results.



1 Intro duction

As our understanding of the complex processesn the atmospherehas ewlved, com-
prehensie atmospheric chemistry models have beendeweloped. At the sametime, our
ability to measurethe concetration of various chemical speciesin the atmospherehas
signi cantly improved over the past decades. A forecastmodel and obsenational data
are combined in the data assimilation processin order to provide an optimal estimate of
the true atmosphericstate. Sinceavailable obsenations are usually distributed unevenly
and sparsely the spatio-temporal distribution of the obsenations plays an essetial role
in the data assimilation process.While the location of many obsenations s a priori xed
(such as ground stations and satellite obsenations), it is often possibleto include into
analysisa few additional obsenations whoselocations may be selectedin a exible man-
ner. For example,if additional obsenations are to be taken using dropsondesfrom an
aircraft mission, a strategy to selectthe times and locations of these obsenations must
be speci ed. Adaptive methods seard for spatio-temporal locations of the obsenations
that minimize the error in the analysisand subsequen forecasts. In practice the design
of adaptive strategiesis constrained by the limited number of resourcesavailable and
physical considerations(e.g., only a limited areamay be covered in a given interval of
time).

Signi cant researb has been dedicatedto the problem of adaptive location of the
obsenations in numerical weather prediction. The experimerts performedin the data
assimilation cortext shaw that the succes®f the adaptive strategiesrelieson the identi-
cation of the areaswherethe errorsin the initial conditions are large and/or are rapidly
growing (usually referredto astarget areas). Berliner et al. (1999)provide a rigoroussta-
tistical formulation and mathematical framework for the adaptive designproblem. The
Fronts and Atlantic Storm Tracks Experimert (FASTEX, Joly et al. (1997)) and the

North Pacic Experimert (NORPEX-1998) provided real life applications where se\eral
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methods for targeting obsenations were tested. A targeting technique basedon adjoint
sensitivity was formulated by Langland and Rohaly (1996). Palmer et al. (1998) and
Buizza and Montani (1999) descrite adaptive techniques using the dominart singular
vectorsof the integral tangert propagator assa@iated with a nonlinear dynamical system.
Implemertation of the gradiert and singular vector methods relies on adjoint modeling.
Bishop and Toth (1999) use an ensenble transform technique basedon nonlinear en-
senble forecaststo appraximate the prediction error covariance matrices. Recerly, an
ensenble transform Kalman Iter method was proposedby Bishop et al. (2001) for the
adaptive obsenations problem. Bishop (2000) introducedan extendedobsenation gradi-
ert targeting technique and provided a comparative analysisof se\eral adaptive observing
methods in the cortext of estimation theory. Baker and Daley (2000) consideran adjoint
basedtechnique to determine the sensitivity of the forecastto the obsenations and the
badkground eld and apply this method to the adaptive targeting problem.

In the past few yearsvariational methods have beensuccessfullyusedin data assim-
ilation for comprehensie 3D atmospheric chemistry models (Elbern and Scmidt 1999,
Errera and Fontayn 2001). Satellite obsenations of the chemical speciesare beginning
to provide global data setsthat facilitate an improved understandingof the natural and
human in uence on the changesin the atmosphere.In addition, valuable measuremets
are performedduring extensive eld experimerts using aircraft missions,ships, and bal-
loons. The Aerosol Characterization Experimert (ACE-Asia, Spring 2001) and NASA
Transport and Chemical Evolution over the Paci ¢ Experimert (TRA CE-P, Spring 2001)
have recenly produced data sets of the trace gasesand aerosoldistribution over East
Asia and the Western Pacic. At the sametime, these experimerts revealed the ne-
cessiy of deweloping computationally feasible methods for targeting obsenations in air
quality modeling. The adjoint sensitivity technique we considerin this paper in the con-

text of the 4D variational data assimilation was inspired by the work of Fisher and Lary



(1995) for atmosphericchemistry models. Asscaciated with a single obsenation, they in-

troducedan "in uence function" and usedit to provide information about the sensitivity
of the cost functional with respect to intermediate states of the model. Their study for
a stratospheric photochemical box model with trajectories shaved that obsenations of
somechemical speciesmay provide usefulinformation about unobsened species. Similar
experimerts were performedlater by Elbern et al. (1997) using a trop osphericchemistry
box model. We extend this technique by taking into accourt the spatial dimensionand
a generalset of parameters,and we usethe in uence functions to dewelop an algorithm

for the adaptive location of the obsenational system. An adjoint basedgradiert method

for a transport-chemistry model is implemerted and it is shavn that the set parameters
canbe naturally extendedto include emissionsand certain typesof boundary valueswith

minimal additional cost.

The paper is organizedasfollows: in Section2webrie y reviewthe 4D variational data
assimilation for transport-chemistry models. The adjoint sensitivity method is presened
in Section 3. The problem of the adaptive location of the obsenations is formulated in
Section4 in the 4D-Var cortext. In Section5 we descrile an adjoint sensitivity approad
and proposean algorithm for targeting obsenations. Computational and implemertation
issuesare addressed.Preliminary numerical experimerts performedwith an Eulerian two
dimensionalatmospheric chemistry model are preserted in Section6. An outline of the

results and further researt directions are givenin Section7.

2 4D-V ar data assimilation for air qualit y models

The time ewlution of the chemical composition of the atmosphereis determinedby var-
ious processesud as transport, diusion, chemical transformations, emissionsand de-

positions. Using the massbalance equations, the dynamical model is expressedas the



coupledsystemof nonlinear partial di erential equations

gq =r @e)+r K r(&) +f(©Q+E D i=Ts 1)
We considerthe spatial domainfx = (x;y;z)g = R 3 and the analysistime interval

[to; T]. The solution c(t; x) 2 R*® of problem (1) represets the conceiration vector
of the chemical speciesin the model, r = (@@; @G@; @@) is the gradiert operator,
u is the wind eld, K is a secondorder, diagonal, eddy di usivit y tensor, and the air
density is denotedby . We will usethe notation ¢, to specify c(tx;x) and ¢ (tx; X)
for the componert of the vector ¢, correspnding to speciesi in the chemical model.
The chemical reactions are modeled by the nonlinear terms f;(c) = Pj(c) L;i(c)c; of
polynomial form, with P;(c); Li(c) the chemical production and lossterms; E; and D;
represeh sourceand deposition processesyespectively. Since chemical reactions have
characteristic time scalesthat di er by ordersof magnitude, the chemistry component
introducessti ness in the system(1). This is an additional di cult y that arisesduring
the numerical integration of (1) as explainedby McRae et al. (1982). Spaceand time
dependenceis assumedfor all terms, but for simplicity the explicit notation is omitted.

The initial condition assaiated with (1) is

C(to; X) = Co(X) (2)
Let | bethe lateral boundary of , o the bottom boundary,  the top boundary,
and@ = [ o n. Onepossiblespeci cation of the boundary valuesis:
cC = ¢C 8(t; X) 2 [to; T] | (3)
@ :
— =0 8(t;x) 2 [to; T i 4
@ (t;x) 2 [to; T] | (4)
no (K rag) = Q g 8(tx)2[to; T] 0 i=1s ©))
@
— =0 8(t;x) 2 [to; T 6
@ (t;x) 2 [to; T] h (6)



where | and | arethe outow and, respectively, the in o w regionsof the lateral

boundary,

= 1 : i =fx2 ;u n Og =fx2 ;u n<A0g

()

n denotesthe outward unit vector normal to the lateral boundary surface,ng is the inward

vector normal to the earth's surface,Q; and ; arethe surfaceemissionrate and deposition
velocity of speciesi, respectively.

The numerical solution of the problem (1)-(6) is a reliable represetation of the evo-
lution of the true atmosphericstate provided that accuratevaluesfor the various model
input parametersare speci ed. In air quality modeling uncertairnties in the initial state
(co), emission(E;) and deposition (D;) rates, and boundary values(c ;Q;; i), to hame
only a few, must be considered.In the variational data assimilation, information provided
by the obsenations is usedto nd an optimal set of model parametersthrough a mini-
mization process.For a completedescription of the various assumptionsusedby the data
assimilation techniques, including the cortinuum formulation and a probabilistic inter-
pretation, we will referto Jazwinski(1970), Tarantola (1987),Daley (1991), Cohn (1997),
and to the recent work of Wang et al. (2001) for applications of 4D variational data
assimilationto atmosphericchemistry. A rigorous mathematical framework of the adjoint
parameterestimation, iderti abilit y issuesand regularizationtechniquesare preseted by
Navon (1998). Sincefor most practical purposesa discretemodel must be consideredwe
formulate a discrete4D-Var data assimilation problem which takesinto accourt a general
set of model parameters. After semi-discretizationon a spatial grid n, ny, n,, the

problem (1)-(6) is written

dc _
G F(c;v) (8)
C(to;X) = co(X) 9)



wherev is a time dependen vector of discrete model parametersuncorrelated with the
initial state co. The dimensionof the discretestate vectorc(t; x) isN =s ny, ny n,.
Usinginterpolation techniques,the parametersv are determinedby the valuesat discrete
nodesin the time-spacedomain. We denoteby p = (c/;vT)" the completeset of model
parametersand assumehat the solution c(t; x) is uniquely determinedoncethe parameter
vector p is speci ed. The time integration of the problem (8)-(9) providesthe ewlution
of the state vector

Cka1 = Fr(Ci;Vv); k=0;1;::: (10)

whereF is determinedby F and the numerical integration method.

Considerthe set of the obsenations
O=fcp 2 R";k=0;mg (11)

which are taken at discrete momeris in time ty;k = 0;m over the analysisinterval and

assumethat obsenations are linearly related with the state
CE = Hee + « (12)

where the obsenational operator Hy is assumedto be state independert and the total
obsenation error | is determinedby the measuremen error and the error of represeta-
tivenesg(Cohn 1997, Lorenc 1986). The covariance matrix of the total obsenation error
Rk = hy Li is assumedto be known. Additional information on the model parameters
may be taken into accourt asa "background" estimate p® of the true parametervalues.
In practice the covariance matrix B = h® bT§ of the errorsin the badkground estimate
is not known and sub-optimal approximations are usedto provide it. The 4D varia-
tional data assimilation seeksto minimize the discrepancybetweenthe model forecast
and obsenations expressedy the cost function
— b 0 — 1 T 1 b 1 X o\T 1 o]
J=J"+J"= é(p p’)'B (p p°)+ ékZO(Hka c) R"(Hkck cx) (13)
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If the solution of the problem (8)-(9) is expressedas a function of the parameterscy =

c(ty; X; p) the 4D-Var data assimilation problem is formulated

minJ (p) (14)
3 Adjoin t sensitivit y analysis

Mathematical foundations of the adjoint sensitivity for nonlinear dynamical systemsand
various classesf responsefunctionals are presertied by Cacuci(1981a,1981b). Marchuk
(1995)and Marchuk et al. (1996)descritein detail the adjoint modeling and the construc-
tion of the adjoint operatorsfor linear and nonlinear atmosphericdynamics. Pudykiewicz
(1998) shaws the derivation of the cortinuous adjoint operator for a tracer transport
model and an application to sourceparametersestimation. Further applications of the
adjoint sensitivity analysisto variational data assimilation are presenied by Le Dimet et
al. (1997).

Asscaciated with the dynamical model (8)-(9) we considera responsefunctional of the
form

F = hw;c(tn)i (15)

where h; i denotesthe scalarproduct in RN, t, t, T, andw is a speci ed state

independen vector of weights. Then
roF =1 phw;c(ty)i (16)

is the sensitivity of the scalar expressionhw; ci at a given momert in time t, with re-
spect to the parametersp. To a perturbation in the input parametersp®= (c¥;v)’

correspnds a perturbation in the responsefunctional

FO= hw;cqt,)i (17)



andto rst order appraximation the time ewlution of the perturbation cis obtained by

solving the tangert linear model problem

dc® 0 0, 0 0
gt = Fi(c;v)e ™+ Fy(c;v)v (18)
cqto) = cf (19)

where F9(c;v) and F{(c;v) are the partial derivatives (Jacobian matrices) of F with
respect to the model state and respectively, the model parametersv at time t. We
introducean adjoint variable (t) 2 RN, to bede ned later for corvenience,and multiply
(18)in (RN;h; i) by , then integrate on [to;t,] to obtain:

Zide Z 0 04 EO
t h, gridt= t h; F2(c;v)c®+ Fo(c;v)vidt (20)

which may be written using matrix transposition

Ztn dc? o
h; ~gidt= T (c;v); ¢+ T (c;v) ; vidt (21)
to to

After integrating by parts in the left side of (21) and arranging the terms

h; ¢y = hoe FT(c;v); ¢+ BT (c;v); vidt (22)

d

th d
0

Therefore,if is de ned asthe solution of the adjoint problem

d _ .
e FT(c;v) (23)
(th) = w (24)
we obtain from (17), (19), and (22)
Z,
FO= h (to);chi + t hFT (c;v) ; vidt (25)

sud that the sensitivities of the responsefunctional are

FeF = (to) (26)

r F

FT(c;v) (27)

9



The adjoint problem (23)-(24) must be integrated badkward in time to obtain the sensi-
tivit y with respect to the initial state as (tp). It is essetial to notice that during this
processall the values (t);t, t t, arecomputedand using (27) the sensitivities with
respect to the time dependen parametersv are obtained.
For the purposeof this paper, we will assumethat the model (8) takesthe particular
form
dc

& = F(c) + Gv (28)

where G = G(t) is a state independert matrix operator. In this formulation, emission
and deposition rates and certain boundary values,sut asc and Q, may be considered
in the vector of parametersv. For example,when emissionrates are consideredG is a
diagonal matrix with nonzeroertries correspnding to the index of the emitted chemical

speciesand their spatial locations. Correspnding to (28), equation (27) is written
rvF=GT (29)

sud that the sensitivitieswith respect to the time dependert parametersv are obtained

at a minimal additional cost.

4 The adaptiv e observations problem

The adaptive obsenation problem is preserted next in the 4D-Var cortext. For the
remaining part of this paper, unlessotherwise speci ed, by \lo cation" of an obsenation
we will understand the 4D coordinate (t; x) of the obsenation. An obsenation will be
consideredas\lo cated" if both the time and the spatial coordinate of this obsenation are

determined. To formulate the adaptive location of the obsenations problem, let
O' = [0 (30)

represen the set of obsenations whoselocation over the analysisinterval [to; T] is xed

and a priori known at the initial momert t,. We considera \v eri cation” domainD,

10



and the veri cation time t, > T. We assumethat at discreteinstants in time to  t;
T;i = 1;1 it is possibleto take n; additional obsenations which must be selectedfrom
the set of all possiblelocationswhereadditional obsenational resourcesnay be deployed
at momert t;. If the set of all feasiblespatial locationsis L; then a subsetof n; locations
L? L; must be selected. An adaptive obsenational strategy seartiesfor a selectionof
an obsenational path O, = fL 9;L3;:::LPg sud that the solution of the correspnding
4D-Var data assimilation will minimize the error of someaspect of the forecastat the
veri cation time t, over the veri cation domain D,. The problem can be generalizedto
fully take into accoun the time coordinate by allowing the time instant t;;i = 1;1 to be
selectedfrom a feasibletime setT.

Se\eral practical aspects must be taken into accourt while designingthe adaptive
strategy and we outline a few of them. Sincethe actual valuesof the obsenations that
will be taken at xed and adaptive locations are not known at the momert when the
decisionmust be madethey can not be included in the adaptive strategy. The adaptive
strategy must take into accour the in uence of the obsenations which will be takenfrom
the xed locations. The relationship betweenthe selectionof the locations at di erent
momerts in time must be considered.In particular, regardedindependerly, L and L?,
i 8 ] may be feasibleselections,but fL ?;L?g is not. The notion of a feasible set of
locations must then take into accourt the temporal interdependence,and the order in
which the adaptive obsenations are selectedoecomedmportant. An attempt to globally
seard for an optimal solution from the set of all feasible paths may easily lead to a
problem that is computationally impractical. Bishop (2000) discussexomputational and
practical aspectsrelated to seweral adaptive strategiesand shows with a simple example
that for moderate complex practical applications a serial obsenation processingmust be
considered. In the adaptive strategy method and the algorithm we descrike in the next

sectioninformation provided by the obsenations at xed locationsis globally taken into
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accour, while the adaptive obsenations are selectedsequenally. If the adaptive selected
obsenational path is denotedby O#2, the forecastat the veri cation time t, is obtained

by integrating (8)-(9) on [to; t,] with the parametervaluesp? the solution of the problem

min(J *+ 3 ° + 3 °%)(p) (31)

5 An adjoint metho d for adaptiv e observations

In the adjoint sensitivity approad a cost functional is de ned as the measureof the

forecasterror at the veri cation time t, over the veri cation domain D,
vV — 1 refy. refy:
JV= érP(cv c,” );P(cy, c,)i (32)

wherec, and c'®' represen, respectively, the model forecastand the verifying analysis
at t,, and P is a self-adjoirt projection operator on the veri cation domain. In practice
the inner product h; i de nes an appropriate energynorm (Rabier et al. 1996, Palmer
et al. 1998). For simplicity, we will considerP to be a diagonal matrix with ertries
correspnding to the grid points inside the veri cation domain being equalto one while
the other ertries are setto zero.

Sensitivity elds |
e '
@;

provided by the adjoint model may be usedto identify the areaswhereerrorsin the model

redV= P(c, c'f" (33)

state at t, have the most signi cant impact on the forecasterror at t, over the veri cation
domain. By providing additional obsenational data in the areaswherethe sensitivity eld
has a large magnitude is expected to obtain maximum benet in reducing the forecast
error over D,. Howe\er, evaluation of the gradiert (33) requiresexplicit knowledgeof the
verifying analysisc!® which is not known at the initial time t,. For practical purposes,

the sensitivity eld usedto selecttargeted obsenations must be basedon the forecast
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alone sud that information provided by the gradiert elds (33) may be usedonly for a
posteriori analysisand adaptive obsenations design(Rabier et al. 1996).

Baker and Daley (2000) noticed that traditional adaptive strategiesare basedon the
a priori evaluation of the sensitivity of someaspect of the forecastat the veri cation time
to intermediate states and are completely ignorart of any existing obsenations. Since
4D-Var data assimilationtakesinto considerationall obsenations available in the assimi-
lation window, targeted obsenations strategiesmust accourt for uncertainty magnitude,
uncertainty growth, and the details of the data assimilation schheme (Bergot 2001).

The adjoint targeting strategy we proposeis basedon the evaluation of two sensitivity
elds: the rst sensitivity eld, ., isassaiatedto the veri cation costfunctional J ¥ and
information provided by , doesnot accourt for any existing obsenations; the second
sensitivity eld, o, is assaiated with the cost functional usedin the data assimilation
process. o is dynamically updated and takesinto considerationinformation from all
routine ( xed location) and adaptive obsenations whoselocationsare already determined.
Next we preset a rigorous de nition and the interaction medanism betweenthesetwo

sensitivity elds that are usedto dewelop a new adaptive obsenations algorithm.

5.1 The inuence function at the verication time

The sensitivity eld we assiate to the veri cation costfunctional (32) is intimately re-
lated to the evaluation of the sensitivity of forecasterrorsto initial conditionsasdescrited
by Rabier et al. (1996). To eliminate the explicit dependenceon c'¢', we de ne an "in-
uence function" as a measureof the sensitivity of forecasterrorsto relative changesin
the model state at intermediate instants in time.

We considerthe model forecastc, as a function of the model state ¢, at t; < t, and
JV = JY(g). If weconsideran in nitesimal variation ¢(t;;Xx) in speciesi at instant t,

and location x, then the induced variation in the costfunctional (32) may be expressed

13



G(t;x)

37 = (e d Do altix) = 1 od DG (tix)e- Sy

(34)
sud that

v X @(t;x)
c|'J iix)4 t; = T
(r )( )CI(I X) i=1x?2Dy @i(t|,X)

represets the sensitivity of the cost functional to relative changesin the parameter

G(ty;x?) < (t;x?) a(t;x)  (35)

c(t;;x). For eat x? 2 D,, the sensitivity of the cost functional with respect to rela-

tive changesin the forecastcomponert ¢ (ty;x°) is
(r o»J axnG (ty;x?) = G (ty; x?) eref (tv;x?) G (tv;x?) (36)

Assumingthat the veri cation domain is reducedto onegrid point, D, = fx’g, and the
verifying analysishas only one component eref (tv;x?), we de ne the "in uence function"

asthe normalized quartit y

(r od DanGti;x) _ @ (tv;x?) c(ti;x)
(r oI VGG (t;x?)  @i(t;x) 6 (tv;x?)

it (15t x) = (37)

which is independert of the verifying analysiscjref (ty;x?). We will interpret the value of
the in uence function as a measureof the sensitivity of the forecasterror of ¢ (t,; x?) to

relative changesin the parameterc(t;; x). From this de nition it follows that
it (Bt X) = e (38)

where represets the Kroneder delta function ; = 1ifi=jand ; = 0ifi6j. A
straightforward extensionto the casewhenthe veri cation domainincludesmultiple grid

points and the verifying analysishas various componerts is presetted in Section5.4.

5.2 The inuence function of a single observation

The secondsensitivity eld we de ne is ass@iated with the cost functional (13) to be

minimized in the data assimilation process.
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If we considerthe truncated cost function (13) at momert t; asa function of ¢, only

1Xn
J|(C|)=§ (Hkek c)'R Y (Hiek c) (39)
k=1
then . -
xn o @ '
(r clJl)(i;x)q(t.;x):k:I HIR, Y(HCk ¢ Wlkx) G (t: X) (40)

represets the sensitivity of the cost functional to relative changesin the parameter

G (t;x). Assumingthat there is only a single obsenation
P(tn;x7) = HHI(; X7);cri + 0 X7) (41)

of speciesj at momert t,, t; and point x?, the in uence function is de ned, by analogy

with (37), asthe normalized quartity

(r ¢J1)ax)G(t;X)

iitnx? |, t;x) = . ”
jit a2 (15 113 X) (r ¢ Jd 1) x?)G (th; X?) (42)
which can be written explicitly
D . @ E
HE G X7): & . G (s X
itax2(t;x) = B n (i X7) @ (LX) (ti; x) “3)

HIG xY); g Gt x?)

From this de nition it followsthat the in uence function is independen of the obsenation
value and the obsenation error, and is determined only by the forecaststate and the
obsenational operator H , which is known. The relation (38) holdsalsofor ;.x2(i; tn; X).
We will interpret the value of the in uence function (43) asthe sensitivity of the model t
to the obsenation of speciesc at (t,;x?) with respect to relative changesin the species
G at (t;x). A large absolute value of the in uence function for speciesi due to an
obsenation of speciesj indicatesthat obsenations of speciesj play an important part in
determining the analysedvaluesfor speciesi (Fisher and Lary 1995).

To simplify the presenation, we will assumefor the remaining part of this paper that

the conceltrations of the chemical speciesare directly obsened at the model grid points
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sud that the obsenational operator H,(j; x?) hasonly a non-zeroertry on the (j; x?)
coordinate

Hn(; x?) = (0:::::0;1;0;:::;0) (44)
The explicit expression(43) of the in uence function is then written

@; (tn; x?) Gi(t;x)
@;(t;x) G (tn;x?)

j;tn;x?(i; t|;X) = (45)

The de nition of the in uence function is naturally extendedwith respect to the model
parametersv,. Correspnding to the (i; x) componert of v|(tx);t; tx t,, wede ne

@ (tn;x7?) Vi(tk;x)
@ (t; x) G (tn;x?)

it (5t X) = (46)

The in uence function with respect to v, has then a time distributed value (46) for

ti tg¢ t, andthe analogof the relation (38) is in this case
j;tn;x?(i; tn;x) =0 (47)
5.3 Adjoin t computation of the inuence function

The complexity of evaluating the in uence function is dominated by the computation of
the sensitivity valuesr ¢ G (ty;x?) and r G (t,;x?). The adjoint method provides an
e cient way to compute at once the in uence function ., x>(i; tj; X) with respectto all
chemicalspecies in the model and all spatial points x. With asinglebadward integration
of the adjoint model (23) the vector value j:,.x>(t;) (still referedto asin uence function)
may be computed.

Using relation (29), while computing the in uence function with respect to the model
state we obtain the in uence function i, .x2(tk);t ty t, of the time dependen
model parameterswith a minimal additional cost. Therefore,it is su cient to focusour
analysison the in uence function with respect to the model state.

In practice, a discrete adjoint model is often implemerted directly from the numerical
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method usedin the integration of the forward model. In this approad reverseautomatic
di erentiation tools,e.g. TAMC (Giering 1997),may be usedto facilitate the adjoint code
generation. If x? hasthe grid coordinatesx’(ix; iy;iz), let e bethe (j; ix; iy;iz) vector of
the canonicalbaseof R® R™ R™ R": g(j; ix; iy;iz) = 1 and all other componerts
of e are zero. Assumethat the forecaststate at t,, is obtained from the state at t; through
a sequenceof g intermediate time stepst; = t < t' < t] = t,. The adjoint method to

ewaluate the gradiert r ¢ G (tn;x°) is implemerted as the badward loop:
Initialize r G (th;x?) = e

for k=q,1,-1

Pt
oG (tnix) = @%kl ELICHY (48)

Oncethe gradiert r ¢ (tn;x?) is computed, the value of the in uence function is easily
ewvaluated using (45). Obsene that the computation of r ¢ (tn; x?) providesalsothe val-
uesof the intermediate gradierts with respectto cix;k = 1;g. In particular, while comput-
ing the value of the in uence function with respect to the initial state, j.,.x>(to), spatial
and temporal sensitivity information is provided with respect to all chemical speciesin

the model.

5.4 Domain of inuence and multiple observations

The in uence function was de ned in the casewhen a single obsenation was taken into
account andits computation required only oneintegration of the adjoint model. Howeer,
in practice it is often the casethat multiple obsenations are available at a momert t,.
In this sectionwe extend the de nition of the in uence function (42) to include a set of
obsenations. By a simple analogy the extensionappliesalsoto the de nition (37).
Consider a set O, of obsenations at momer t,, and assumethat O, has at least

two elemens. The previousde nition (42) of the in uence function can not be applied
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in this casesinceit will involve the obsenation values. We de ne the in uence function
assaiated with the setO, as
. X .
o, (I; ti; X) = Pitnxe o (5 65X) (49)
(it n;x?)20n

with the positive weights ! j;,.x» to be speci ed as corveniert. From the computational
point of view, the evaluation of o, hasthe samecomplexity asthe ewvaluation of and
its computation requiresonly one backward integration (sametrajectory asin (48))

X

! jitnix?

Initialize o, = INLLESEPYI NG
(itn:x?)20, G (tn;X?)
for k=q,1,-1 |
@
On — W On (50)

on (i3 t1;X) = o, (i t1; X)Gi (L5 %)

The extensionto the casewhenmultiple obsenations are consideredat di erent momerns
in time is straightforward and may be obtained by periodically adding an initialization

term during the badkward loop. Therefore, if t, tm ty, evaluating o,[ o, (t;) has
roughly the samecomplexity asewaluating o, (t;).

We de ne the \domain of in uence" assaiated with , and respectively , as
Ditaxz(i 1) = X2 ] jr.ue(is ti;x) 6 Og (51)
Djtax2(t) = X2 ] j,x2(ti;x) 6 09 (52)
From this de nition it follows that
Ditox?(t) = [iDjt,x2 (i 1) (53)
and we can rewrite (49) as

X
on(t) = Dy n;x?(tl)! itax? jtax2(t) (54)
(it n:x?)20n
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where  isthe characteristic function of the setD. Wewill considerthat two obsenations

(j 1;tn; X3) and respectively (j 2;t,; X3) have an independen in uence at momert t; if
D itaz (1) \ Djpitaixz(t) =5 (55)

A usefulrelationship between o, and canbe showvn in the caseof sparseobsenations.
Assumethat any two obsenations in the set O,, have an independert in uence. It follows
then that the sumin the righthand sideof (54) hasat mostonenonzeroterm and therefore,
all information provided by any of canbeobtainedfrom o,. This may be particularly
useful for the adaptive obsenations problem sincein generalwe are interestedin areas
whereonly sparseobsenations are available.
It must be noted that in the casewhen multiple obsenations have a commondomain of
in uence it is possiblethat whenadditional obsenations are consideredthe magnitude of
o, Will decrease A possiblesolution is to replacethe de nition (49) by
0= Vel s ti0) (56)
(it n:x?)20n
Howe\er, in this casein orderto compute o, ead function j;,.x> must be evaluatedin-
dividually, and this resultsin signi cant computational expense.The matrix approad to
the adjoint sensitivity analysisasdescrilked by Ustinov (2001)0 ers a promisingtechnique

to e cien tly ewvaluate the in uence function (56).

5.5 An algorithm for adaptiv e observations

The 4D-variational data assimilation takesinto accoun all obsenations available in the
analysistime interval. Therefore, as pointed out in Section 4, the interaction between
obsenations must be consideredn the obsenations selectionalgorithm. We assumethat
the data assimilation analysisinterval is [to; T] and at instant t; 2 [to; T];i = 1,1 a
set O' of n; obsenations must be selectedfrom the set of all possible obsenations at

time t;. The target area A; = Aj=, iS located inside the domain of in uence D; =
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Dy, (ti) of the inuence function (t;) asseiated with the veri cation cost functional
J V. The algorithm for adaptive location of the obsenations that we proposein this
sectionseartesfor locationswherethe magnitude of the in uence function  is maximal,
conditioned by the information accunulated from all obsenations whoselocations were
already determined. The selectionof the obsenations is sequetial in time and proceeds
badward during the adjoint integration. If Of denotesthe set of obsenations at xed
locations, O? denotesthe adaptive obsenational path to be selected,and O = Of [ 02,

then the algorithm may be outlined as follows:

Algorithm  for adaptive selection of the obser vations

o2 =,
0 = Of
Evaluate (tp) I providesalsoD; and (tj);i=1;1;, 1
Evaluate o(to) I providesalso o(t);i=1;1, 1
for i=1;1, 1
v = VL I pointwisein Dj at t;
J vt ] ol

call findmax(n;; (tj);O")
02 = 03[ O
Evaluate oa(ti 1) I further explainedbelow
olti 1) = ofti )+ oalti 1)
O=0'[ 0
The subroutinef indmax() de nes the adaptive obsenations setO' asthe locationscorre-
sponding to the rst n; maximal absolutevaluesof the updated in uence function (t;).
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The ewaluation of a(t;j ;) requiresan update of the adjoint variablesat t; to include
O' followed by a badkward integration from t; to t; ;. By periodically updating the in u-

encefunctions , and o, the algorithm takesinto accourt the cumulative in uence of
all obsenations that are already located. The updated in uence function  is inversely
proportional to the value of o sud that the new obsenations are located in regions
wherethe sensitivity of the forecastto parametersis large and little additional informa-
tion may be obtained from previously located obsenations. The computational cost is
dominated by the ewaluation of the in uence functions sud that the cpu time required

for implementation is roughly

cpu cpu(fty;te]) + 2 cpu[T;to]) (57)

wherecpu([t; to]) is the cputime of the adjoint model integration from t to to. In practice
cpu([t; tg]) is a small factor (2-5) of the cpu time of the forward integration from tq
to t (Griewank 2000) sudh that for most applications (57) is an acceptablecomplexity.
Moreover, parallel processingmay be usedto reducethe computational cost; e.g. the
initial ewaluation of (tg) and o(tp) may be donein parallel, sharingthe sameforward
trajectory storage. Additional memory resourcesnust be allocated during the evaluation
of the functions (tp) and o(to) to store all the intermediate values (ti); o(ti);i =
I;1; 1. No claim is made herethat the selectedpath is optimal amongall the possible
paths. Howewer, we provided in an e cient way a good candidate. In the next section
we implemert this algorithm and presem numerical experimerts for a two dimensional

transport-chemistry model.
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6 Numerical experimen ts

6.1 The test model

The numerical experimerts were performedwith a two-dimensionaltest model basedon
the Carbon Bond Mecdhanism IV (Gery 1989)with 32 variable chemical speciesinvolved
in 70 thermal and 11 photolytic reactions. The spatial domain is [0 250] [0 250]km
and a uniform grid x = y = 5km is considered,sut that there are 49 49 interior
grid points and the dimension of the discrete state vector is N = 76;,832. The wind
eld u(ux;uy) and the diusion coecient K(K,;Kyy) are taken constart uy = uy =
10km/h, K, = Kyy = 10 3km?/sec. The initial state distribution and emissionsvalues
are obtained using the box model urban and rural scenariosdescrited by Sanduet al.
(1997). An urban regionis consideredn the domain[50150] [50150]km. At the certer of
the urban area, (100, 100)km, we considerthe initial state and emissionsasin the urban
scenario. Outside the urban area rural initial conditions and emissionsare speci ed.
Interpolation is done betweenthe certer of the urban areaand the urban boundariesto
obtain the initial state and emissiongnsidethe urban region. Emissionrates are constart
in time and no deposition terms are considered. Boundary conditions are prescribed
accordingto (3), (4) with the in ow boundary valuesc obtained from a box model
integration with rural initial conditions. The advection operator is discretized using a
limited k = 1=3 upwind ux interpolation aspreseited by Koren (1993)and the di usion
operator usingcertral di erencesformula. The time integration of the semi-discretemodel
is performed using dimensional Strang operator splitting (Strang 1968) with a splitting
time step 2 t = 30min. The advection-di usion terms are integrated using a second
order explicit Runge-Kutta method and the chemistry-sourceterms using a variable step
sizesecondorder L-stable Roserorock method ROS2 (Verwer et. al 1999). The reference
state of ozoneat the initial time to = 4: 30LT and at the veri cation time t, = 11: OOLT

are shovn in Fig. la and Fig. 1b, respectively. An initial guessstate for the model
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was obtained by shifting SW two grid points the initial referencestate. After shifting,
randomerrorsup to 20%are introducedin the ozonestate. Isoplethsof the relative errors
(absolutevalues)in the initial guessozonestate and the correspnding forecaststate at t,
are shown in Fig. 1cand Fig. 1d, respectively. We notice that large errorsin the forecast
state at t, are located around the area[100200] [100 200]km with maximal errors at
the locations x} = (135;135)kmand x3; = (190, 185)km.

A discreteadjoint model wasgeneratedusingthe adjoint model compiler TAMC (Gier-
ing 1997)for the advection-di usion numericalintegration and synbolic processingor the
chemistry integration asdescribed by Daescuet al. (2000). In the numerical experimerts
we presel, the restriction of the veri cation time to t, = 11: O0LT wasdeterminedby the
high storagerequiremernts of the adjoint model implemertation and by the limited com-
putational resourcesavailable. For the two dimensionalexamplewe consider,the discrete
model state is a three dimensionalvector, c(s; ny; ny), and the adjoint code requiresma-
nipulation of four dimensionalvectorsasthe completeforward trajectory is required and
the sensitivity elds are time dependen. To overcomethis di cult y, we useda two-lewel
che&pointing sheme(Daescuet al. 2000)to store the forward trajectory sud that there
are two forward integrations per badkward integration. During the rst forward run we
storethe trajectory after ead operator splitting step (30 min). During the secondforward
run, we store the trajectory inside ead operator splitting step (the chemistry integration
takesin average8-10stepsfor a 30min interval). In double precision,our computational
resourcedHP-UX A 9000/778)allow only manipulations of vectorswith dimensionup to

1P and only 14 statesmay be storedin fast memory With a 30min operator splitting

step, this limits our analysisinterval to 6h30min, from 4:30LT to 11:00LT.
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6.2 Validit y of the model linearization

The variational data assimilationand the adjoint sensitivity analysisrely on the lineariza-
tion of the forward model. Therefore, it is essetial to establishthe validity of the linear
approximation beforethesemethods canbe used. Hansenand Smith (2000)shaw that the
validity of the linear appraximation is crucial for adaptive strategiesbasedon the linear
propagatorto be productive. In this sectionwe follow the approad of Hansenand Smith
(2000) and considera  statistic test that is de ned by examiningthe ewlution of twin
perturbations about a cortrol trajectory. Usingthe notation (10), if c(t) = F(co);to < t
represets the cortrol trajectory initiated from co = c(tp), we considertwo additional
trajectories: c* (t) = Fy(c§) initiated from c§ = co+ co andc (t) = F(c,) initiated
fromc, = co  Co. The degreeto which the linear appraximation of F holds at time t

canbe quartied as:
k cr(t)+ c (bk
S(k ct(tk+ k ¢ (k)

where c*(t) = c"(t) c(t) and c (t) = ¢ (t) c(t). When the linear approximation

( to; Cojt) = (58)

is exact (F is linear), = 0;8t; co, while when = 1 the errors ass@iated with the
linear approximation are equal in magnitude to the ewlved perturbations themsehes
[seeHansen and Smith (2000) for details]. The ewlution of as a function of the
veri cation time and the magnitude of the initial uncertainty cq is shavn in Fig. 2 and
indicates that the linear appraximation is valid out to t, = 24h. For a stratospheric
photochemical box model Khattatov et al. (1999) performed a rigorous analysis of the
validity of the model linearization using the tangert linear propagator and showved that

the linear appraximation remainsvalid for seweral days.

6.3 Examples of inuence functions for ozone

To illustrate the in uence functions and their domain of in uence, rst we considera

xed location in the spatio-temporal domain at t, = 11: OOLT and x} = (135 135)km.
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The sensitivities of ozone(03) at (t,;x3) with respect to relative changesin the model
state and NO2 emissionsin the time interval [to; T]; T = 10 : 30LT are obtained by
evaluating the in uence function og;tv;xz(h);to t, T. As shawvn in Section5, these
values are obtained with a single badkward integration of the adjoint model. Isopleths
of the magnitude of the in uence function ozy,:x2(T) for O3 and NO2 are displayed in
Fig. 3a and Fig. 3c, respectively, and it can be seenthat the domain of in uence is
located near the obsenational point x?. On the other hand, asshawvn in Fig. 3b and Fig.
3d, the in uence function with respect to the initial state o3y, :x2(to) hasthe domain of
in uence located in a region far away from the obsenational point. An analysis of the
in uence function valuesshowvsthat the ozoneforecaststate is highly sensitive to changes
in the ozonestate at intermediate instants in time, whereasthe sensitivity with respect to
NO2 hasa much smallermagnitude. The information provided by the adjoint integration
allows a similar analysiswith respectto all chemicalspeciesin the model. The sensitivity
with respect to NO2 emissionsis given by the time ewlution of the in uence function
og;tv;xz(EN o2 t);to  t  T. If weareinterestedin identifying the regionswerechanges
in NO2 emissionsover the time interval [to; T] will in uence the ozoneforecaststate, we
may considerthe cumulative value
X
ozt,x?(Enoz; [to; T]) = - o3ty x?(Eno2;t) (59)
The isopleths of the expression(59) are plotted in Fig. 4 and shov a sensitive region

located inside the square[90 110] [90 110]km.

6.4 Adaptiv e observations and 4D-V ar

The data assimilation experimert is set using model generateddata (twin experimerts)
over a six hours interval [to; T] =[4:30 10:30]LT with \observations" provided for ozone
only. The error covariance matrices Ry are taken to be the identity matrix. The set

of cortrol parametersis consideredto be the initial state of the model, p = ¢o, and no
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badkground term is included in the cost functional. The initial guessstate is obtained
asexplainedin Section6.1 and the referencerun represets the "true” atmosphericstate
c!. Fixed obsenations Of for ozoneare consideredat t; = 5 : OOLT only at locations
marked by ' ' in Fig. 5. Isoplethsof the magnitude of the in uence function 4+ (OS3; 1)
assaiated with the xed obsenations are alsodisplayed in Fig. 5. We assumethat from
to to T ewery half hour v e additional obsenations may be provided and their optimal
location must be determined. Sincetwin experimerts are performed,the ewlution of the
true state (c!') is known. The goal of the experimert is to selectan obsenational path
sud that the solution provided by the 4D-Var data assimilationwill minimize the forecast

error for ozoneat t, = 11: OOLT de ned by the functional
h ) o
JV= 03(t,;x) 03(t;x?) (60)

wherex? = (135; 135)kmis the location wherethe forecasterror at t, was determinedto
be maximal. In Fig. 5 this location is marked with ' ' and the isoplethsof the in uence
function (O3;tp) are alsoshovn with dotted line.

Two methods are tested for the adaptive obsenations: the rst method (M 1) is based
only on the a priori evaluation of the sensitivity eld , and ts in the traditional adjoint
sensitivity framework. The in uence function  is evaluated once,with no update, and
the obsenations at t; are always located at the points wherethe magnitude of (t;) is
maximal. Theselocations are marked in Fig. 6 with '+' astime goesbadkward moving
on the rows from the upper left corner (t = T) to the lower left corner (t = tg). The
secondmethod (M 2) implemerts the algorithm presenied in Section5.4 with a periodic
update of the valuesof . The selectedlocations are marked in Fig. 6 with a solid dot
(locations marked in Fig. 6 by '+' and ' ' were selectedby both M 1 and M 2 methods).
The computational cost (as cpu time) of the forward and adjoint model integration and
to implemert ead of the methods M1 and M 2 is presened in Table 1. The cpu time

requiredto implemert method M 1 is dominated by the expenseof ewvaluating , which is
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roughly given by the cost of a forward-badkward integration. The cpu time to implemen

method M 2 requiresin addition the ewaluation of the in uence function of the xed

obsenations r, cpu  cpu([ty; to]), and a succesie ewvaluation/up date of the in uence
function of the adaptive obsenations oa. For eat selectedpath the limited memory
L-BFGSmethod (Liu and Nocedal1989)is usedto minimize the correspnding functional
(31) until areduction J ox=Jint = 10 2 is achieved. The ewlution of the cost functional
(31) during the minimization processin shovn in Fig. 7a with dashedline for method
M 1 and with solid line for method M 2. At the sametime we monitor the forecasterror
at t, by ewaluating the functional (60) at ead iteration. The ewlution of the forecast
error is showvn in Fig. 7b with dashedline for method M 1 and with solid line for method
M 2. It can be seenthat the adaptive strategy method M 2 consisteily providesa much

more accurateforecastat t, than the method M 1.

7 Conclusions and further research

Strategiesfor targeting obsenations have been consideredmostly in numerical weather
prediction and applications to atmosphericchemistry are at a very incipient stage. The
problem of the adaptive location of the obsenations in atmosphericchemistry researt be-
comesincreasinglyimportant astransport chemistry modelsbeginto be usedin forecast-
modeto enhanceight planning during the large-scaleeld experimerts. Expensiwe eld-

deployed resourcescan be utilized more e ectively and the sciencesuccessan be maxi-
mized by selectingan optimal obsenational path.

Strategiesfor targeting obsenations must take into accour the properties of the data
assimilationalgorithm. With the current computing resourcesyariational methods based
on adjoint modeling may be usedto perform data assimilation for comprehensie atmo-
spheric chemistry models. We described an adjoint sensitivity method and applied it

to the problem of adaptive selectionof the obsenations for a transport-chemistry model.
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Our resultsshow that usingthe adjoint approad, sensivitieswith respectto variousmodel
parameterssud asemissionand deposition rates or boundary valuesmay be obtained at
a reducedcomputational cost. The in uence functions asseiated with the obsenations
and their domain of in uence were shavn to be essetial toolsin dewlopping a strategy
for adaptive obsenations in the 4D variational data assimilation context. At the same
time, our results indicate that using a periodical update of the sensitivity valuesto in-
clude the in uence from all previously located obsenations, an obsenational path with
signi cant bene ts for the model forecastmay be determined. The novel algorithm for
adaptive obsenations we presemed may be e ciently implemened at a computational
cost equivalert with the cost of a few forward model integrations and our preliminary
numerical experimerts shonv promising results. Further researt is neededto: implemen
this algorithm for a comprehensie 3D STEM model (Carmichael et al. 1986); test the
algorithm performanceon real obsenational data sets;and apply the new adaptive tech-
nique to future eld experimens. Future work will alsoinclude a comparative study with
targeting methods using the dominant singular vectors and an analysis of the interac-
tion betweenthe information provided by the "background” parameter estimation and

adaptive obsenations.
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Table 1: The cpu time (s) of the forward and adjoint integration and the cpu time (s)
requiredto implemert the methods M 1 and M 2. An additional forward integration time

is included in the cpu time of the badkward integration.

cpu([to; tv]) cpu([ty; to]) cpu( or) cpu( os) cpu(M1) cpu(M 2)

10.1 30.6 2.6 30.7 40.8 74.3
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1a. Reference O3 state, tV=11:OOLT

1a. Reference initial O3 state, t=4:30LT
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Figure 1. a. The referenceinitial state of ozone,t =4:30LT; b. The referencestate of
ozoneat t, =11:00LT; c,d: isoplethsof the relative errors (absolute values)in the initial
guessozonestate and in the correspnding forecastat t, .
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Q statistics
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Figure 2: The statistics test for increasinglongerforecasttime. A random eld is used
to generatethe initial perturbation and examplesare shovn for a magnitude of the intial
perturbation ¢y up to 50% of the cortrol initial state.
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Figure 3: Examplesof in uence functions for an O3 obsenation located at (t,; ): 3a
and 3c with respectto O3 and NO2 state at T, respectively; 3b and 3d with respect to
O3 and N O2 state at tg, respectively. Isopleths of the magnitude are shavn and notice
that a di erent scalingfactor is usedfor ead plot.
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Figure 4: Cumulative value of the in uence function for an O3 obsenation located at

(ty; ) with respectto N O2 emissiongn the time interval [to; t,]. Isoplethsof the magni-
tude are shown.
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Figure 5: The location and the in uence function ., (O3;tg) of the setof xed obser-
vations O (marked' ') at t; =5:00LT with respect to the initial O3 state. The verifying
analysisat t, = 11: OOLT is located at (135,135)km(marked’' ') and with dashedlines
is showvn the in uence function (0OS3;tg). Isoplethsof the magnitude are displayed.
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Figure 6: The adaptive location of the obsenational path. Obsenations selectedby
method M 1 are marked with '+ and the obsenations selectedby the adaptive method
M 2 are marked with ' . The time is updated ead half hour and movesbadkward on the
rows from the upper left corner (t = 10: 30LT) to the lower left corner (t =4:30LT).
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a. Evolution of the normalized cost functional J during minimization
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b. Evolution of the normalized forecast error J' during minimization of J
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Figure 7: The optimization process.a: Evolution of the costfunctional (31). b: Evolution

of the ozoneforecasterror at t, = 11: OOLT. Normalizedvaluesare shovn on alog,, scale
with dashedline for method M 1 and with solid line for the proposedadaptive method

M 2. While both methods provide the samerelative reductionin J , the adaptive method

M 2 provides a much smaller forecasterror at t,,.

40



