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1 Introduction
In this article, we consider the Navier-Stokes equation on R3, given by

Opu — A+ div(u @ u) + Vp = 0, (1)
div(u) =0, (2)

where u is a vector-valued function representing the velocity of the fluid, and p
is the pressure. Note that the pressure depends in a non local way on the veloc-
ity u. It can be seen as a Lagrange multiplier associated to the incompressible
condition (2). The initial value problem of the above equation is endowed with
the condition that u(0,-) = ug € L?(R?). Leray [11] and Hopf [6] had already es-
tablished the existence of global weak solutions for the Navier-Stokes equation.
In particular, Leray introduced a notion of weak solutions for the Navier-Stokes
equation, and proved that, for every given initial datum uy € L?(R?), there
exists a global weak solution u € L>(0, oo; L2(R?)) N L2(0, oo; H'(R?)) verify-
ing the Navier-Stokes equation in the sense of distribution. From that time on,
much effort has been devoted to establish the global existence and uniqueness
of smooth solutions to the Navier-Stokes equation. Different Criteria for regu-
larity of the weak solutions have been proposed. The Prodi-Serrin conditions
(see Serrin [16], Prodi [14], and [17]) states that any weak Leray-Hopf solution
verifying u € LP(0,00; LY(R?)) with 2/p+3/q¢ = 1, 2 < p < o0, is regular on
(0,00) x R3. Notice that if p = g, this corresponds to u € L5((0,0) x R3). The
limit case of L°°(0, c0; L3(IR?)) has been solved very recently by L. Escauriaza,



G. Seregin, and V. Sverak (see [7]). Other criterions have been later introduced,
dealing with some derivatives of the velocity. Beale Kato and Majda [1] showed
the global regularity under the condition that the vorticity w = curl u lies in
L°°(0, 00; LY(R3)) (see Kozono and Taniuchi for improvement of this result [9]).
Beirdo da Veiga show in [2] that the boundedness of Vu in LP(0, oo; L9(R3)) for
2/p+3/qg=2,1< p < oo ensures the global regularity. In [3], Constantin and
Fefferman gave a condition involving only the direction of the vorticity. Let us
also cite a condition involving the lower bound of the pressure introduced by
Seregin and Sverak in [15], and conditions involving only one of the component
of u (see Penel and Pokorny [13], He [5], and Zhou [19]).

This article is devoted to the following log improvement of the Prodi-Serrin
criterion corresponding to p = ¢ = 5:

Theorem 1. Suppose that u is a weak Leray-Hopf solution of the Navier-Stokes
equation (1) (2) satisfying

|ul®
drd
/ /Rslogl—I—H v s < 00,

then, u € C*°((0,00) x R3).

Montgomery-Smith introduced the following criterium in [12]:

o0 u(®)l}
[l
o 14+log™ [[u(t)|lpacms)

Notice that the log improvement is, here, in time only. This can be seen as a
natural Gronwall type extension of the Prodi-Serrin conditions. So we can see
it as a one dimension ODE type extension.

The goal of our result is to extend this log improvement also in x. For this
purpose we focused on the homogeneous case p = ¢ = 5, even though extension
to the Prodi-Serrin range 2 < p < oo should be doable.

The proof of Theorem 1 is split into two parts. The first point is to show that
for any time ¢ > A, the L* norm of u in x can be bounded in a affine way by

¢
/ |u|® da dt.
o Jre

More precisely, we will show the following Proposition:

Proposition 1.1. For every A satisfying 0 < X\ < 2, there exists some uni-
versal constant Ay > 0, depending only on A, such that, for any solution
u of the Navier-Stokes equation on (0,00) x R*®, we have |[u(T,-)||p s <

A{1+ fOT Jgs [ul®dx ds}, for any T > \.

Then Theorem 1 follows from a Gronwall argument on ||u(t)|| e (rs), since:
lu(t)|| Lo r3y < Ax

t uls 5
4, A () e g5y log (1 + [[(3) ] 1= ) ( / 3 lg('li% dx) s



and the Hypothesis gives that [5, % dx lies in L'(0,00).
Notice that the inequality of Proposition 1.1 needs to be invariant by the scaling

of the Navier-Stokes equation:
ue(t,z) = eu(ty + *t, xo + ex). (3)

This is why the L® norm pops up, since it has the same scaling as that of the
L*° norm. Taking advantage of the scaling (3), Proposition 1.1 will follow from
the following rescaled Proposition:

Proposition 1.2. There exists a universal positive constant C*, such that
for any solution u of the Navier-Stokes equation on [—1,1] x R3 satisfying
ull o ®ax(—1,17) < C*, we have |u| < 1 almost everywhere on [—5,1] x R3.
The proof of proposition 1.2 is in the same spirit as the proof given by A. Vasseur
[18]. It relies on a method first introduced by De Giorgi to show regularity of
solutions to elliptic equations with rough diffusion coefficients [4]. In this paper,
the proof of proposition 1.2 is established though sections 2, 3, 4 and 5. In
section 6, we will deduce proposition 1.1 from proposition 1.2. Finally, in the
last section of this paper, we will use the conclusion of proposition 1.1, together
with the fundamental result of Serrin [16], to obtain the result of Theorem 1.

2 Basic setting of the whole paper

In order to prove proposition 1.2, we would like to introduce some notation first.
Then, we will state two lemmas and one proposition which are related to the
proof of proposition 1.2. So, let us fix our notation as follow.

e for each k > 0, let Q) = [T}, 1] x R3, in which T, = —%(1 + 5).
e for each k > 0, let vy = {Jul — (1 — 55)}.

_1
e for each k > 0, let dy, = MXWPO,%)}WMP + | Vul2.
= 2

Ju Tul

e for each k > 0, let Uy = %HUIC”%M(T;C,I;L%R?‘)) + lek Jas dida dt.

With the above setting, we are now ready to state the lemmas and proposition
which are related to proposition 1.2 as follow.

Lemma 2.1. For any solution u of the Navier-Stokes equation on [—1,1] X
R3 satisfying ||ullre(qg,) < 1, we have Uy < AH“”%%QOV in which A is some
universal constant strictly greater than 1.

Proposition 2.1. There exists some universal constants B, 3 > 1, such that
for any solution u of the Navier-Stokes equation on [—1,1] x R3 satisfying
llull s (Qq) < Ai%, we have Uy, < BkUlf_l, for all k > 1. Here, A is the universal
constant appearing in Lemma 2.1 .



Let us first show that Lemma 2.1 and Proposition 2.1 provide the result of
Proposition 1.2.First we show that the sequence Uy converges to 0 when k goes
to infinity. We can use for instance the following easy lemma (see [18]):

Lemma 2.2. For any given constants B, 3 > 1, there exists some constant C§
such that for any sequence {ar}r>1 satisfying 0 < a1 < C§ and ap, < Bkaf_l,
for any k > 1, we have limg_.ocar =0 .

Indeed, let B, 8 > 1 be the constants occurring in proposition 2.1, and let C§
be the constant associated to B, 3 in the sense of lemma 2.2. Now, take C* =
min{ﬁ, (%J)é }, in which A is the universal constant appearing in Lemma 2.1.

Then, for any solution u of the Navier-Stokes system on [—1, 1] x R? satisfying
llull s (o) < C*, we have [|ul|ze(q,) < (%)é. Hence, proposition 2.1 tells us
that U < BkU,ffl, for all & > 1 must be valid. On the other hand, Since
lullzs (@) < C* < 1, Lemma 2.1 also implies that U; < AHUH%S(QO) < C§.
Hence, it follows from Lemma 2.2 that limy_. Ui = 0. However, since we have
the inequality

1 1
3 [ (o) = 1o < Gsup_yy [ obde < U
R3 R3

for every t € [—%, 1]. As a result, limg_ooUr = 0 immediately implies that
lu| < 1 almost everywhere on [—2,1] x R3. This gives the result of Proposition
1.2.

3 proof of lemma 2.1

In this section, we will devote our effort in proving Lemma 2.1. Let us recall
that the Navier-Stokes equation on (—oo,00) x R? is

Opu — Au + div(u @ u) + VP =0,

together with the divergence free condition div(u) = 0. Now, by multiplying
the above equation by the term %‘m we yield the following inequality, which is
valid in the sense of distribution.

1

1 2
Bu(503) +d = A(50d) + dz’v(%u) + uvpP <o.

2 |ul

Consider now the variables o, t with Ty < 0 < T} <t < 1, where T, = —1, and
T = —%(1 + %) We mention that we have the following , which is valid in the
sense of distribution.

. f; Jgs Or(30})dx ds = 5 [s v}(t, x)de — & [os v3(0, x)da.

° f; Jgs div(%U) - A(ﬁ)dm ds = 0.



Hence, by taking the integral over [o,t] x R? to the above inequality, we yield

the following estimation.

/ vi(o,x da:—!—/ / —uV Pdz|ds

RS ra [ul
/ vl(a,:c)dx+/| PV(ﬁ w)dz|ds
/ v%(o,x)dx—l—i%/ / d1|P|X {v, >0ydz ds

/ v (o, z)dx + = / / oAd3dx ds
R3 R3
P2
// | lX{v1>O}dmd$
R3

in which « can be any positive constant (In the third step of the above deduction,
we have used the nontrival fact that \V( )| < 3dy, whose justification will

t

1
7/ vf(t,x)dm—i—/ d2dx ds <
2 R3 o JR3

N

1
2
1
2
1
2
1
2

be given in the last part of Section 4). Hence we yield the following inequality
which is valid for any « > 0.

2
/ vi(t,2) ——dz —I—// 1d ds / wa)dm
R3 R3 R3 2
3PP X v, >0
/ /R Tz O

If we choose o = (%) 2z, then the inequality shown as above becomes

1 I 2 K
7/ vf(t,x)dm—&—f/ d%dmdsé/ Mdax—i—B/ / | P> X {0, >01d ds.
2 Jps 4 J, Jrs R3 2 o JR3

By taking average over o € [Ty, T1], we can carry out the following estiamtion

(t, d? n ‘
/ vi(t, ) ——dx +/ / —Ldxds / / vf(o,x)Jr?)/ / |P|?X {0, >0y d ds.
RS T, JR3 —1 JR3 —1JR3

Notice that, in the above inequality, the integer 4 appears in the first term of
the right hand side because Tk_;k71 = 22 = 4. Now, by taking the L*-norm
over t € [T1, 1], we yield

1 n
ZUl < 2/ / v%dxds+3/ |P|2X{v1>0}~
-1 JR3 Qo

But, we notice that




T
/ / U%d$d5</ VIX {0150}
-1 JR3 Qo

[N

N

1
([ o3[ o)’
0 Qo
< el Xpossy)
Qo

2
< JullZo o) (2° /Q o)} = 2|ulSe g

[¢]

win

On the other hand, since the pressure P satisfies the equation —AP = " 0;0; (u;u;).
So, by the Riesz theorem in the theory of singular integral, we have || P[|13(q,) <
Cslul|2, (Qo)» I which ('3 is some universal constant . Hence, it follows that
[ 1P < IPIEsq Irtsotl#c@o
0
< Cillull 1o (o) X fuo> 111123 (@0)
1
< CBllullean@ [ )}
Qo
= 4C3|ullZo (-

Hence it follows that

1
1U1 < 2/ U%‘F?’/ |PI*X {01 >0}
0 Qo
< 25”“”%6(@0) + 120:?”11/“%6(@0)
As a result, by taking A = 27 + 48C%, we can at once deduce that

Ui < Allull$o(q)-

So, we are done in establishing Lemma 2.1

4 Preliminaries for the proof of proposition 2.1

Lemma 4.1. There exists some constant C > 0, such that for any k > 1,
and any F € L*®(Ty,1; L*(R?)) with VF € L?(Qy), we have ||F||L%(Q ) <
k
2 3
CHFH[Sloc(Tk,1;L2(R3))||VF||£2(Qk)~
Proof. By Sobolev-embedding Theorem, there is a constant C, depending only
on the dimension of R3, such that

Sdz)s x)|?dx)z.
([ IFealant <c([ [vFEoP

Nl



for any ¢t € [Ty, 1], where k > 1, and F is some function which verifies F €
L (T}, 1; L?(R3)), and VF € L?(Qy). By taking the power 2 on both sides of
the above inequality and then taking integration along the variable t € [Ty, 1],
we yield

1 1
/ ( |F|6dx)%dt<c2/ |VF|?dz dt.

Ty JR3 Ty JR3
On the other hand, by Holder’s inequality, we have

10 ! 2 4
T A R
L3 (Qx) T, JR3
1
< [ ([ prantc] (ppinia
T, JR3 RS
a
< ||FHzoo(Tk’1;L2(R3))||F||%2(Tk,1;L6(R3))'
By taking the advantage that ||F| p2(7, 1;06rs)) < C||VF||12(0,), We yield
10
E

F
1l g

4
< 02||F||EOO(T;C,1;L2(R3))HVF||2L2(Q1¢)'
Hence, we have

2 3
IEN e o,y S CNEN = (1 1,02 @op IV E N 22 -

so, we are done O

10k

5
Lemma 4.2. For any 1 < q < 00, we have || X{v, >0}l La(Qr_1) < 2WC%U,311 .

Proof. First, we have to notice that {vz > 0} is a subset of {vix_1 > 5}, hence
we have

10k 10
X{v,>0} S X{vp_ >L} S 273 lok_1]72 .
Qr—1 Qr—1 2 Qr—1

By our previous Lemma, we have

10
||Uk_1||;%(@k—1) <

4
c? lor—1 ||zw(Tk—1a1§L2(R3)) IVor—1 ||%2(Qk—1)

1o
< C*UEy)5 1 dr-1lT2 0,y

5k
So, it follows that kail X{vp>0} < 245" C?U,? |, and hence we have || x (v, >0} | La(0p 1) <

0k 1 2 . :
2730 CaUZ?,, where C is some universal constant. So, we are done. O



In the proof of Lemma 4.2, we have used the fact that |vg| < dj, whose justifi-
cation will be given immediately in the following paragraph.

Before we leave this section, we also want to list out some inequalities which
will often be used in the proof of proposition 1.1 as follow:

o (- Byul <1- .

* X{u>0p Vlull < di
o [Voui| < di
o V()| < 3d.

Now, we first want to justify the validity of |(1 — )u| — - In the case
in which the point (¢,z) satisfies |u(t,z)| < 1 — 5, we have vk(t,x) =0, and
hence it follows that
'Uk(ta Jf) 1
1— 02 vt 2)] = ult, )| < 1— —.
- 2t o)l = fu(ta)l < 1 -
In the case in which (¢, ) satisfies [u(t, z)| > 1— 55, we have v (t, ) = |u(t, z)|—
(1 — ), and hence it follows that
n ul= (1 ) |
1 — Zlu(t =11-— =1-—.
1= Pt = =1 5

So, no matter in which case, we always have the conclusion that |(1 — r;—’“‘)u| <
1— 5.
Next, according to the definition of d7, we can carry out the following estimation

Hence, by taking square root, it follows at once that dy > L’C\Vu|

\V I

We now turn our attention to the inequality X |y>1— 1 }|V\u|| dy. To justify
it, we recall that |Vu| > |V|u||. Hence, it follows from the definition of d? that

1- &% -
di > TﬁeX{m%—f}WWHz +{1- | | }X{|u|>1—*}|v|u||2

So, by simplifying the right-hand side of the above inequality, we can deduce

that di > X{|u|>1,2¢k}|V|u||2. Hence, we have dj, > X{|u‘>17i}|V|u||. In

addition, since it is obvious to see that Vv, = X{|u‘>17¢k}V\u|, we also have
= 2

the result that |Vug| < di

Finally, we want to justify the inequality that |V(|“7’€|u)| < 3dj. So, we notice

that, by applying the product rule, we have



Vg u Vg
V(—=u) =V(vp)— + —Vu uV|u|
|ul Jul — ful | |2
However, since {5|Vu| < di, and |zuViu|| < x{|u‘>17i}|V|u|| < dy, it

follows at once from the above expression that |V(Wklu)\ < 3dy.

5 proof of proposition 2.1
To begin the argument, we recall that, by multiplying the equation dyu — Au +

div(u®@u)+VP = 0 on (—oo, 00) xR3, we yield the following inequality formally,
which is indeed valid in the sense of distribution

6(—’%)+d2 A(ﬁ)+div(ﬁu)+v—kuvpgo.
2 2 2 Jul

Next, let us consider the variables o , t verifying T < 0 < T <t < 1. Then,
we have

2 2 2
° f; Jps O (F)dx ds = [, de — Jgs de.
. f Jgs O %dwds:O.
. f Jgs div(“=u)dz ds = 0.

So, it is straightforward to see that

t t 2 t
/ Vi) +/ didxdsg/ Mdaﬂ—/ |/ uV Pdz|ds,
R3 2 o JR3 R3 2 o ]R3| |

for any o, t satisfying Ty_1 < 0 < T <t < 1. By taking the average over the
variable o, we yield

vi(t, x) ¢ ¢
/ ki’der/ / d2dx ds < 2’“/ / vi (s, x)dx ds+/ | [ EuVPdz|ds.
Rs 2 T, JR3 _1 Jr3 Thr JR3 | |

By taking the sup over t € [T}, 1]. the above inequality will give the following

1
Ui < 2’“/ vi +/ | qude|ds
Qr—1 Tr—1 R3 | |

But, from Lemma 4.2 and Holder’s inequality, we have



/ v,% = / U}%X{vk>0}
Qr—1 Qr—1

10
< T
h (/Qk 1 ) HX{U}C>O}||L2(Q1€ 1)

2 2% ctu
L5 (Qr—1) k=1
4k 2 2
v 23 CsU?
< Jvk— 1|| (@) 1

w‘§ ‘*"c

C’Uk 12

As a result, we have the following conclusion

1
Uy < Q%CC’U,E1 —|—/ | Uiqudﬂds. (4)
Te_1 JR3 |ul

Now, in order to estimate the term f%k—l |fR3 %uVPdaﬂds, we would like to
carry out the following computation
—AP = Z(‘“)Zaj (uiuj)
Vg Vg Vg
0;0;{(1 ) (1= —=)u; +2(1 — —=)u;—u;}
=2 | | Jul Jul " Jul
+Z(’98 {| |ulﬁu3}
This motivates us to decompose P as P = Py + Pys, in which

~OPa = 30 00,{(1 = il = phu; + 20— Fui g},

Jul Jul " ful

and that
Vg Vk

First, we have to notice that:

Uk \2 Vi Vg
1— ) uu +2(1 — — ) —u;
|( |u|) u1u3+ ( |u|)ul|u|u3‘
1 Vf
<1-){a-= 2
Vk Vk
< (1= o)lug| + 272 [y
ful 7 Tl
< 3Juj| < 3lul.

So, by Riesz’s Theorem in the theroy of singular operator, we yield

10



1 Pe1llLs(qy 1) < Coll3ull Lo,y < 3Cs( ¢ < 3Cs.

1
i
So, we have

1
/ \ —uVP;Cl dx|ds

Tiy Jre |l

1
= / | P;dV(U—ku)dﬂds

Ty_1 JR3 |ul

1
3/ / dk|Pk1|X{vk>0}dCE ds
Tk71 Rg

<3lldllrz(@r ) 1Perllzo @i o) IXqu >0l 23 (@1
<3(2%) |\ di—1ll 220\ 1>3C62%C%U1§_1

1 1.1 10k:
<9(2h)CeCHUE 2% UL .

That is, we have the following conclusion that

1

v 19

/ | [ EuVPadalds < C25° UE . (5)
Ty_1 JR3 ul

Next, we would like to estimate the term lekil |fR3 %’“‘uVPdex\ds. First, we

recall that, by the very definition of Pys ,we have

Vk Vg
=Y RiRj{—u;—u;}.
" g s

, in which R; , R; etc are the Riesz’s Transforms. Hence, we have

VP =Y RiR, {V u;j)}.

Now, we notice that

IV

Vk Vg Vk
L) < IV

| IIV( uj)|

< 3div + Uk(3dk)
= 6’dek.

| ]|+

So, by applying the Riesz’s Theorem in the theory of Singular integral, we have

11



<
HVPkQHL% (Qr—1) C% HvkdkHL% (Qr-1)

11,01
TELICIEY P PR

1 1
<2:2C 3 Uz .
. . 5 . . . 10 3
So, by applying the generalized Holder’s inequality with exponents =, 30, 5 to
the terms vk, X{uv, >0}, VPr2 respectively, we yield

1
/ \ U—kuVszdaddt
Tp_1 JR3 |ul

g/ ’UkX{Uk>0}|VPk2|d$dt
k—1

Sllowll e o, XG>0 llzoo@u o IVl g

1 k 1 5 1 1
<UE 25CHUD 230, UF

= 025yt
19
= C25U .
That is, we have
! Vk k19
| —uV Pyodz|dt < C29U% . (6)
Tp 1 JR3 |ul

So, by combining inequalities , we yield

1
Uy < 2% CUp +/ | [ 2k oy Pdzldt

Tp_1 JR3 |ul

That is, we will have the result that

Tk 19
U, < 2% U,
for any k£ > 1.

12



6 Proof of proposition 1.1

Now, we would like to establish proposition 1.1 on the foundation of proposi-
tion 1.2. To begin, let C* be the positive universal constant occuring in propo-
sition 1.2. First, let show the proposition in the special case A = 2. We chose
T to be an arbritary chosen positive number greater than 2, and let u be a
solution of the Navier-Stokes equation on (0,00) x R3. In the case in which u
satisfies the condition that fOT Jgs [ul®dx ds < (C*)°, we define the function u*
by u*(s,x) = u(s + (T — 1), x),which can be regarded to be another solution of
the Navier-Stokes equation on [—1,1] x R? satsifying

1 T T
/ / |u*|%dx ds = / / lulSdx ds < / / lulSdx ds < (C*)°.
—1JR3 T-2 JR3 0o Jmrs

Hence, we have [[u*|rs(-1,1]xr3) < C*. So, it follows from the conclusion of
proposition 1.2 that [|u(T),-)||Lems) = [[u*(1,-)| L ®s) < 1.
So, the above argument shows that

e we have ||u(T),-)| pm®s) < 1,if T'> 2, and u is a solution of the Navier-
Stokes equation satisfying fOT Jgs [ul®da ds < (C*)S.

Next, we also need to deal with the case in which the solution u satisfies the
condition that fOT Jgs [ul®dx ds > (C*)C. In this case, let us consider the function
u. defined by u.(t,x) = eu(e?t,ex), in which ¢ > 0 is arbritary. Then, by
applying the change of variable formula, it is easy to see that

z T
/E / |uc|®dx ds :6/ / |u|®da ds.
o Jrs o Jes

So, by taking & = (C*)6 - {2 [} [us |u[0dz ds} ", we yield

Ed *)6
/ / luc|8dx ds = (02) < (C*)°.
o Jrs

The last inequality signifies that the solution w. falls back to the first case in
this discussion. Hence, it follows directly form the conclusion we made for the
frist case that u. must satisfies ||ue(Z, -)||f®s) < 1. So, we eventually have

1, T 1 2 T 6
T sey = 2l Mgy < 2 = s | o
As a result, by all the discussion we made as above, we conclude that, no matter

in which case, we always have the following inequality to be valid for any T" > 2,
and any solution u of the Navier-Stokes equation on (0, 00) x R?

T
W@JhwméAﬂ+/./hWM@L
0 R3

13



where A is the universal constant defined by A = maz{1, ﬁ} This gives the
proof of Proposition 1.1 in the special case A = 2.
Next, let A be a fixed positive number satisfying 0 < A < 2. As usual, let u be
a solution of the Navier-Stokes equation on (0,00) x R3. Now, let us consider
the function w which is defined by
A
wit ) = (5

Then, by applying the above case to w, we have the following estimation, which
is valid for any T > .

2 2T
[T, )| oo (m3) <(X) lw(==s )l o= (ray

)%A{l—k/OA /Rg |w|®dx ds}

ap+ () /OT [ e ds)

T
)%A{H/ / |u|dz ds}.
0 R3

This gives proposition 1.1, where the universal constant A, is chosen to be

Ay =(2)2A.

< (
< (

—
>0 >0 >

7 establishment of Theorem 1

Finally, we are now ready to establish the conclusion of Theorem 1 on the foun-
dation of proposition 1.1. We make use of the following result due to Kato [§]
(see also the book of Lemarié-Rieusset [10]).

Theorem 2. Let p > 3. Then, for any given initial datum ug € LP(R?)
satisfying div(ug) = 0, there exists a positive T* and a unique weak solution
u € C([0,T*); LP(R®)) for the Navier-Stokes equation on (0,T%) x R so that
u(0,-) = ug. This solution is then smooth on (0,T*) x R3. In addition, such a
unique solution will also satisfies the extra condition that u(t,-) € CO(RS) for
allt € (0,T7).

To begin, let u be a weak solution of the Navier-Stokes equation on (0, 00) x R3

mdx ds < oo. Then, by using the

elementary inequality log(1 4+ t) < ¢, which is valid for all ¢ > 0, we can deduce

at once that
1 Juf®
/ / |u|*dz ds < / / ————dxds < .
R3 r3 log(1 + |ul)
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Now, let A € (0,2) to be arbritary chosen and fixed. Since [ [gs [ul*dzds <
00, it follows that the quantity [gs |u(t,z)|[*d2z must be finite for almost every
t € (0,00). So, with respect to A, we can choose some 79 with 0 < 79 < A in
such a way that [o, [u(7o, z)[*dz < 0o, or equivalently u(7o,-) € L*(R?). So, by
using a simple shifting technique, we may apply the Kato’s Theorem quoted as
above to deduce that there exists some positive constant T* > 7y so that our
weak solution u is smooth on (79, T*) x R3, and that u(t,-) € Co(R?), for every ¢
with 79 < t < T*. Hence, we know, in particular, that our weak solution » must
be lying in the space L{° (10, T*; L>°(R?)). Now, for some technical purpose,
we would like to pick up two numbers 7; and 75 which verify the condition that
7o < 11 < 12 < min{\,T*}. Once 7y and 7, are chosen, they will be fixed.
Now, from our original weak solution u, we can construct another weak solution
v by requiring that v(t,z) = u(t + 71, 2). Now, by applying the conclusion of
proposition 1.1 to the weak solution v and the number 75 — 71, we can at once
deduce that we have the following inequality

t
Hv(t,~)llLoo<Rs)<A{1+// v|8dz ds},
0 JR3

to be valid for all ¢ > 79 — 7y , in which A is some universal constant depending
only on 75 — 71 . However, this means the same as saying that we have the
following inequality

t+71
lalt + 1, )| sy < A{L+ / / lufdr ds),
T1 R

which is valid for all ¢ > 75 — 7. Hence , it follows that we can make the
following conclusion

o for every t > 7o, we have |lu(t,-)||pooms) < A{1+ f:l Jgs [ul®dzds} | in
which A is some universal constant depending only on 7o — 7.

At this stage, we are ready to apply the Gronwall’s argument in the theory
of ordinary differential equations as follow. For this purpose, we take ¢(t) =
t - log(1 + t), which is a strictly increasing positive valued function on (0, 00)

satisfying the condition that
<1
——dt = oo.
/1 ¥(t)

Then, it follows from our last inequality that

[w(t, )| Loo (r3)
t 5
|ul
<A{1+ /T1 /11@3 z/J(|u|)7log(1 n |u‘)dxds}

Jul®

t
< Af1 =®) | Tog(1 + Ja) 2
{ +/ﬁ Y(l[ullz <R>)/RS log(1 + [u]) " &
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which is valid for all ¢t > 75.
Next ,we put F'(t) = ||u(t,)|| L (rs). Then, the above inequality can be rewrit-
ten as

F(t) Aﬂ+/w G(s)ds}, (7)

for all t > 79, where G is the function defined by G(s) fR3 ﬁd

Furthermore, we notice that by the hypothesis of Theorem 1, the function G
must satisfies the condition that

5
/ G(s ds—/ / [ul ————dx ds < .
r3 log(1 + |ul)

Here, for the sake of convenience, we define

t
H) = A{L+ [ 0(F&)G()ds),
T1
for all £ > 7. Then, our last inequality can be rewritten as
o F(t) < H(t), for all t > 5.

Since v is a strictly increasing positive valued function on (0, 00), it follows at
once that

U = Ap(F@)G() < ABH)CW),

which is valid for all ¢t > 75. That is, we have the fact that

e for every t > 75 , we have & E < AY(H(1)G(2).

As a result, by taking integration in time over the interval (7o,t), for ¢ > 7o, it
follows at once that

W(H()) — U(H(r)) < A / G(s)ds

for all ¢t > 75, in which V¥ is the function defined by ¥(y) = [} 1/) sdy. Hence,
we can deduce that

e for every t > 79, we have U(H(t)) < ¥(H(m2)) + Af:z G(s)ds .

At this stage, in order to complete the Gronwall’s argument successfully, we
definitely need to show that H(7) is finite. To achive this, let us recall that
we have already used the Kato’s Theorem to deduce that our original weak
solution u must satisfies u € L§° (19, T*; L°°(R?)), and this at once tells us that
1l oo ([ry yra] xBS) = SUDte[r, 7] F (1) < 400 , because of the fact that 0 < 79 <
71 < T2 < min{\, T*}. Hence, it follows immediately that
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T2

H(TQ) < A{l =+ w(”ullLoo([Tl’T2]><R3)>/ G(s)ds} < 400.

T1

So, we can now combine H(7y) < oo, and fooo G(s)ds < oo to deduce that
o for every t > o, U(H(t)) < V(H(m2)) + f:z G(s)ds < o0.

That is, we now know that W(H(t)) must be finite, for every t > 7. Since
;;00 Wdy = 400, this will force us to admit that H(t) < oo, for all ¢t > 75.
Hence, we eventually have the conclusion

e for every t > 7o, we have [Ju(t,)||p~ms) = F(t) < H(t) < oo . So, in
particular, we now know also that u € L§° (72, 00; L(R3)).

Since our weak solution u now satisfies the condition u € L2 (72, 00; L (R?)),
by applying the famous result of Serrin [16] that we mentioned in the introduc-
tion with the case in which p = ¢ = oo, u € L2 ((12,00) x R?) immediately
implies that u € C*((72,00) x R3), and hence we have the conclusion that u
must be smooth on (), 00) x R? (notice that 75 < A). Since A € (0, 2) is arbritary
chosen in the above argument, we can finally deduce that any weak solution u
satisfying the hypothesis of Theorem 1 must be smooth on (0,00) x R3.
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