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Abstract: This article is devoted to a regularity criteria for the Navier-Stokes equa-
tions in terms of regularity along the steam lines. More precisely, we proved that if
u is a suitable weak solution for the Navier-Stokes equation on [0, T] x R? satisfying
the condition that ‘“"uv‘fl < AlF|, in which F = div(qy), A is some given constant,
and v is some positive number with 0 < v < %, then it follows that u is smooth over
(0,T) x R3.
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1 Introduction
In this article, we consider the Navier-Stokes equation on R3, given by

Ou — Au+ div(u @ u) + Vp = 0, (1)
div(u) = 0, (2)

where u is a vector-valued function representing the velocity of the fluid, and p
is the pressure. Note that the pressure depends in a non local way on the veloc-
ity u. It can be seen as a Lagrange multiplier associated to the incompressible
condition (2). The initial value problem of the above equation is endowed with
the condition that u(0,-) = ug € L*(R?). Leray [14] and Hopf [9] had already es-
tablished the existence of global weak solutions for the Navier-Stokes equation.
In particular, Leray introduced a notion of weak solutions for the Navier-Stokes
equation, and proved that, for every given initial datum uy € L?(R?), there
exists a global weak solution u € L>(0, c0; L?(R?)) N L2(0, oo; H'(R3)) verify-
ing the Navier-Stokes equation in the sense of distribution. From that time on,
much effort has been devoted to establish the global existence and uniqueness
of smooth solutions to the Navier-Stokes equation. Different Criteria for regu-
larity of the weak solutions have been proposed. The Prodi-Serrin conditions
(see Serrin [22], Prodi [16], and [23]) states that any weak Leray-Hopf solution
verifying u € LP(0, 00; LY(R3)) with 2/p+3/q = 1, 2 < p < 00, is regular on



(0,00) x R3. The limit case of L°(0, 00; L3(R?)) has been solved very recently
by L. Escauriaza, G. Seregin, and V. Sverak (see [6]). Other criterions have been
later introduced, dealing with some derivatives of the velocity. Beale, Kato and
Majda [1] showed the global regularity under the condition that the vorticity
w = curl u lies in L*°(0, 0o; L*(R?)) (see Kozono and Taniuchi for improvement
of this result [13]). Beirdo da Veiga show in [2] that the boundedness of Vu in
LP(0,00; LI(R?)) for 2/p+3/q = 2, 1 < p < oo ensures the global regularity.
In [4], Constantin and Fefferman gave a condition involving only the direction
of the vorticity. Until more recently, in a short paper [25], A. Vasseur gave an-
other regularity criteria which states that any Leray-Hopf weak solution u for the
Navier-Stokes equation satisfying div(ﬁ) € LP(0,00; LI(R?)) with % + % <3
is necessary smooth on (0,00) x R3. As we can see, the regularity criteria given
in [25] is the one with some integrable condition imposed on div(%l). However,
the goal of this paper is to obtain the full regularity of a suitable weak solution
u under some suitable assumption about the smoothness of div(ﬁ) along the
steam lines of the fluid. More precisely, the goal of this paper is to prove the
following theorem

Theorem 1. Let u be a suitable weak solution for the Navier-Stokes equation
on (0,T] x R® which satisfies the condition that |“~LE| < A|F|, in which A is

[ul”
some positive constant, and 7y is some positive constant for which 0 < v < %
Then, it follows that u is a smooth solution on (0,T] x R3.

As for Theorem 1, we note that F' = div(y;;) can be rewritten as F' = —"’IZ‘LM,
and hence is the derivative of |u| along the streamlines of the fluid. Then, the
condition appearing in the hypothesis of Theorem 1 can be seen as a constraint
on the second derivative along the streamlines. Theorem 1 itself shows that
such a constraint on the second derivative along the streamlines is enough to

give the full regularity of the solution.

Before we proceed any further, let us say something about the term suitable
weak solution. The concept of suitable weak solutions for Navier-Stokes equa-
tions was first introduced by Caffarelli, Kohn, and Nirenberg in [3] for the pur-
pose of developing the partial regularity theory for solutions of Navier-Stokes
equations. By a suitable weak solution for the Navier-Stokes equations, we mean
a Leray-Hopf weak solution u € L>(0,T; L*(R?)) N L?(0, T; H'(R?)) which sat-
isfies the following inequality in the sense of distribution on (0,7) x R3.

Jul? Jul?

2
3t(7) + div(Tu) + div(Pu) + |[Vul?> — A(%

Here, we decide to work with suitable weak solutions instead of just Leray-Hopf
weak solutions because suitable weak solutions enjoy some very nice properties
such as the partial regularity Theorem due to Caffarelli, Kohn, and Nirenberg in
their joint work [3]. Now, let us turn our attention back to Theorem 1. Indeed
the conclusion for Theorem 1 will follow at once provided if we can prove the

) <0.



following proposition.

Proposition 1.1. Let u be a suitable weak solution for the Navier-Stokes equa-
tion on (0,1] x R® which satisfies the condition that | %L | < A|F|, where A is

[u[Y

some positive constant, and -y is some positive number satisfying 0 < v < % It
then follows that u is essentially bounded over the region [%, 1] x R3. That is,
we have ||u||Loo([%71]XR3) < 0.

Before we devote our effort to prove proposition 1.1, let us first explain why
proposition 1.1 will lead to the conclusion of Theorem 1 as follows. Assume
that proposition 1.1 is indeed true. Without the loss of generality, let us assume
that u is a suitable weak solution for the Navier-Stokes equation on (0, 1] x R3
satisfying the hypothesis of Theorem 1 (we note that if our suitable weak solution
u is over (0,7] x R3, with T to be some positive number other than 1, we can
always rescale our weak solution «). Now, proposition 1.1 automatically tells us
that u is essentially bounded on the region [%, 1] x R3. So, over such a region, we
can apply the Serrin criterion with p = ¢ = 0o to conclude that u is smooth over
(%, 1) x R3. So, the only question remains is how to justify that u is also smooth
over (0, %) xR3. So, to finish our job, let 7 € (0, %) be arbritary chosen and fixed,
and let us consider the function wuy(t, z) = AMu(A\*t, \z), with A = (877)%. Notice
that wuy is then another suitable weak solution on (0,1] x R3, which satisfies
the same hypothesis of Theorem 1(with a different constant Ay, of course). So,
we can invoke proposition 1.1 again to conclude that u) is essentially bounded
over [%, 1] x R®. However, this means the same thing as saying that our original
suitable weak solution w is essentially bounded over the region [677, 87"] x R3,
and hence v must be smooth over the region (677, 877) x R3. Since the number
T € (0, %) is arbritary chosen in the above argument, we conclude that v must
be smooth over (0,1) x R?, provided that proposition 1.1 is valid. So, it is clear
that the main task of the whole paper is to prove proposition 1.1, which is what

we will do in the following sections.

2 Basic setting of the whole paper

In order to prove proposition 1.1, we would like to use the method of energy
decompositions with respect to a sequence of cutting functions vy, = {|u|—R(1—
7)}+ as introduced by A. Vasseur in [24]. Indeed, A. Vasseur was the first
to use such a method of energy decompositions inherted from De Giorgi [5] to
give a proof of the famous Partial Regularity Theorem of Caffarelli, Kohn and
Nirenberg (see [24]). So, we would like to introduce some notation first. Then,
we will state one lemma and one proposition which are related to the proof of
proposition 1.1. So, let us fix our notation as follow.

e for each k > 0, let Qy = [Tk, 1] x R?, in which T} = % - ﬁ.

e for each k > 0, let vy = {Ju| — R(1 — 3¢)}+.
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R(1
e for each k > 0, let dj, = ﬂTﬁx{\ugR(l—#)}\VIulP | Vul?.

o for each k > 0, let Uy = L|[vell2 w1, 1120y T J, Joo did dt.

With the above setting, we are now ready to state the lemma and proposition
which are related to proposition 1.1 as follow.

Proposition 2.1. Let u be a suitable weak solution for the Navier-Stokes equa-
tion on [0,1] x R® which satisfies the condition that |“YE| < A|F|, where

[uf¥
A is some finite-positive constant, and vy is some psoitive number satisfying
0<y< l. Then, there exists some constant C), 3, depending only on1 < p < %,

and 3 > 160 38’;,and also some constants 0 < a, K < 0o, which do depend on our

suitable weak solution wu, such that the following inequality holds

Ui <

10k 1 2(1—1) 5—p
CPﬁZ g { ﬁ10—8p72—p ||u||Loo(0;:1;L2(R3))Ukip1+
R 3p P

1 _1
(1+A)(1+E)(1+K1 P ) (1 + ||wl|Loe0,1;02(r3Y)) X

() Ui + —pass U}
e rem—— s Ur-alb

for every sufficiently large R > 1.

Here, let us make some important comments on the conclusion of proposi-
tion 2.1. As indicated by the inequality which appears in the conclusion of
proposition 2.1, it is important for us to emphasis that those terms such as

RAmEHE R 5 —2pB+1-7-p , and R%~26-7 should all appear in the denomer-
ator. But unfortunately, the standard approach of carrying out decompositions
on both the energy and pressure by using the same sequence of cutting func-
tions v, = {|u| — R(1 — 5 )}+ is not powerful enough to ensure such a result as
promised by proposition 2.1. So, in proving proposition 2.1, we will carry out
the decomposition of the pressure P by introducing another Sequence of cutting
functions wy, = {|u| — R°(1 — ka)}-s-, for k > 1, where 3 > 3 should be some
suitable index sufficiently close to 3 (for more detail, see 1nequaht1es (5), (6),

and (7) ). We remark that the 1nequahty IX{wiz0lLa(Qu_1) < 610 C U,: 15

for ¢ > 1 provides us with the term 106 which decays to 0 in a way much faster
R 34
than —7 as R — oo, and this is the reason why we use the cutting functions
R3a
wy, instead of vy in carrying out the decomposition of the pressure P.

Let us first show that Proposition 2.1 provides the result of Proposition 1.1.
First, we show that the sequence {Uy, }r>1 converges to 0, when k goes to infinity.
We can use for instance the following easy lemma (see [24]):



Lemma 2.1. For any given constants B, 3 > 1, there exists some constant C§
such that for any sequence {ax}r>1 satisfying 0 < a1 < C§ and ax < Bkaffl,
for any k > 1, we have limp_ar =0 .

With the assistance of lemma 2.1, we will derive the conclusion of proposi-
tion 1.1 from proposition 2.1 in the following way. Let w be a suitable weak
solution which satisfies the hypothesis of proposition 1.1. Then, according to
the conclusion of proposition 2.1, we know that if the number p with 1 < p < g
is chosen to be sufficiently close to 1, and if the number § > 6-3p

T0-8p is chosen to
be sufficiently close to 2, it follows that the sequence {U}72; will satisfies the

following inequality
D 10k 222 =

pl +Ukp1+Uk§—1}7 (3)

10k 3
U < gaeam 2 Wit TUL

in which D stands for some positive constant which depends on the choice of the
suitable weak solution u but independent of R, and ®(p, 3,) is some positive
index which depends only on p, 3, and 7. Now, let us apply Lemma 2.1 to
deduce that there is some constant Cf§ , such that for any sequence {ax}72

. 5-p
satisfying 0 < a; < Cjj and ai < Q%de_”lfor all k > 1, we have limy_,ocar = 0.
We then choose R > 1 to be sufficiently large, so that we have % <1, and
that Uy < min{l, C§}. With this suitable choice of R, we see that the sequence

10k

{Ur}2, will satisfies the conditions that U; < C§ and U, < 273 UE , for all
k > 1. Hence it follows that limy_. .. Ur = 0. However, because for almost every
t € [2,1], we have

/ lu(t, r) — R*dx < 2limy_ooUy = 0.
R3

It follows at once that |u| < R, almost everywhere over [, 1] xR?. This indicates
that u is essentially bounded over [%, 1] x R3. Hence, we see that the conclusion
of proposition 1.1 follows provided that proposition 2.1 is indeed valid.

For this reason, the main task of this paper is to give a detailed proof of proposi-
tion 2.1, which is what we will achieve in the following sections. More precisely,
after we have given some preliminaries in section 3, we will actually carry out
the proof of proposition 2.1 in section 4. Moreover, the proof of proposition 2.1
as presented in section 4 will be splitted into five successive steps. In step one,
we will derive the inequality of the level set energy which gives an estimate of Uy,
with respect to the pressure term lekil | fR3 %uVPdﬂds. In step two, we will
decompose the pressure P into P = Py + Py + Py3 by using the cutting func-
tions wy = {|u|—RP(1—5%)}+, with 8 > 3 to be some sutiable index sufficiently
close to 2 (for more detail see equations (5), (6), and (7)). Here, we remark
that Pyo and Py3 represent the effect of large velocity values |U|X{‘u|>Rg(1_2ik)}

on the pressure, while Py represents the effect of those velocity values smaller

than R°(1 — 3¢) on the pressure. Step three is didicated to the control of the



two pressure terms involving big velocity values. Thanks to the introduction of
the cutting functions wy, = {|u|—R?(1— 55)} in the decomposition of the pres-
sure, the control on these two terms can then be performed buccesbfully In step
four and step five, we will control the pressure term le | fR3 YuPp1dzx|ds

which depends on those velocity values smaller than R® (1 — —) In step four, we
will show that such a pressure term depending on those velocity values smaller
than R?(1 — ) can be controlled by a weighted |F|log™ |F| norm of div(‘%l).
We will finally show in step five that, in some specific way, we can eventually

\UI

control the pressure term f; | fRf; \UI JuPy1dx|ds successfully by employing
the hypothesis ‘""uvlfl < A|F| of proposition 2.1.

3 Preliminaries for the proof of proposition 2.1

Lemma 3.1. There exists some constant C' > 0, such that for any k > 1,
and any f € L>®(Ty,1; L*(R3)) with Vf € L*(Q), we have ||fHL%(Q ) <
k
2 3
C|‘f||ioo(T,c,1;L2(Rs))HVfHZz(Qk)-
Proof. By Sobolev-embedding Theorem, there is a constant C, depending only
on the dimension of R3, such that

1

/\ftx|d:v6\ /\Vftx|dx)%

for any t € [Ty, 1], where k > 1, and f is some function which verifies f €
L>(Ty,1; L?(R3)), and Vf € L?(Qy). By taking power 2 on both sides of the
above inequality and then taking integration along the variable ¢ € [Tk, 1], we
yield

1 1
/ ( Iflﬁdw)%dt<02/ |V f|?d dt.
T R3

Ty R3

On the other hand, by Holder’s inequality, we have

1
% 2 %
115 gy = [ [ 1P
1
67.\% 27.\2
< [ ([ prani [ 1rPaniar

4
<A s 2 1s22@op 122 (1 1320 22 -
By taking the advantage that || f||L2(7, 1;:06(&3)) < ClIV fllL2(Qp), we yield

10 4
1915 ., € O e sz 19 7y

Hence, we have
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-

3
Hf”L%(Qk) <C|f EM(Tk71;L2(R3))||fo[5,2(Qk)'

so, we are done O

Lemma 3.2. For any 1 < g < oo, we have ||X{vk>0}||L‘1(Qk_1) <23 C%Uk?jl

Proof. First, we have to notice that {v; > 0} is a subset of {v;_1 > 2}, hence
we have

10k

273 10
X{vp>0} </ Xfvj_1>EB1 S 7170/ lvk—1]73 .
/Qk1 i Qr—1 {oe—1> e} R5 Jg,,

By our previous Lemma, we have
%
_ <
vk 1”L%(Qk_1) =X
2 3 2
c ”vk—l”zw(Tk,l,l;L?(]Ri’»))”vvk—lHLQ(Qk,l)

1o
< C*(UZ_ )5 ldi-1llTe (g,

5
_ (2773
=CU}
: 28" o773
So, it follows that [,  X{u.>0} < I C?U}?_,, and hence we have ||x (v, >0}l La(Qy_1) <
Wk, 5
%C’ aU, ,fjl, where C is some universal constant. So, we are done. O
R34

Just as we have said before, we will need to decompose the pressure by em-
ploying the sequence of cutting functions wy = {|u| — R*(1 — 55)} 4, for k > 1.
We also said that we prefer to do this because the cutting functions wy satis-
fies the following inequality which can be justified in the same way as lemma 3.2.

, 5

Lemma 3.3. For every q > 1, we have ||X {w,>0}llLe(Qr_1) < %Q%CqU,:jl,
R3¢

for all k > 1, in which Cy is some constant depending only on q.

Indeed, in dealing with the pressure terms, we will invoke the lemma 3.3 without
explicit mention.

In the proof of Lemma 3.2, we have used the fact that |Vug| < di, whose
justification will be given immediately in the following paragraph.

Before we leave this section, we also want to list out some inequalities which
will often be used in the proof of proposition 2.1 as follow:



(1 - 2 )ul < R(1— ).

[

X{ve 0} [ V]ul| < di
|Vvk\ < dk
V() < 3ds.

Now, we first want to justify the validity of |(1 — |u‘ £)u| < R(1—5¢). In the case
in which the point (¢, z) satisfies |u(t, )| < R(1— 5¢), we have v (t,z) = 0, and
hence it follows that

vilt, 2) = |u(t,z L
{1 - " (,xﬂ}U(t,w)l—l (t,2)] <R(1- o

In the case in which (¢,2) satisfies |u(t,z)| > R(1 — 5r), we have vi(t,z) =
lu(t,z)] — R(1 — 5¢), and hence it follows that

).

ul — R(1 — 5r) 1
{1 = 2 ult, o) = 1 - 2 |ju| = R(1 - R )
|u | |ul
So, no matter in which case, we always have the conclusion that |(1 — r;—"‘)u| <
R(1 — 3).

Next, according to the definition of di, we can carry out the following estimation

Hence, by taking square root, it follows at once that dy > L’?\Vu|

\V I

We now turn our attention to the inequality Xy, >pa— k)}|V\u|| di. To

justify it, we recall that |[Vu| > |V|ul||. Hence, it follows from the definition of
d? that

57) R(1—5¢)
X{|ul>R(1— k)}|V|u\|2 +{1 - T}X{\u|>3(lf— IV ul?.

So, by simplifying the right-hand side of the above inequality, we can deduce
that d? > X{\u|>R(1—#)}‘V|uH2' Hence, we have dy, > X{|u>Rr(1— k)}|V|u\| In
addition, since it is obvious to see that Vv, = X{M}R(l_i)}vm\ we also have
the result that |Vug| <

Finally, we want to Justlfy the inequality that |V(|—’° u)| < 3dg. So, we notice
that, by applying the product rule, we have

v
! ﬂ+ﬁv " |2uV|u|

However, since t&[Vu| < di, and | ZruViu|l < X(ju>r0- k)}|V|u|| dg, it
follows at once from the above expression that |V( m u)| < 3dk



4 proof of proposition 2.1

Step one

To begin the argument, we recall that, by multiplying the equation dyu — Au +
div(u®u)+VP = 0 by the term m ‘u we yield the following inequality formally,
which is indeed valid in the sense of distribution

2
at( )+d2 ACEY 1 din(ey) + v P < 0.

Next, let us con51der the variables o , t verifying Ty, 1 < 0 < T} <t < 1. Then,
we have

o f f]Rs Ok % dxds = fRS ”’zv(;’x)dx_ f]R3 M(ix-

of fR3 %dmds:().

. f Jgs div(“:u)dz ds = 0.

So, it is stralghtforward to see that

2t t
/ der// didxdsg/ Vi(92) +/ / uV Pdz|ds,
R3 2 o R3 R3 R3

for any o, t satisfying Ty_1 < 0 < T <t < 1. By taking the average over the
variable o, we yield

2 ¢ t 4k+1 t
/ ’Uk( ’x)dx+/ / dzdxds / / 5 I)dl’d8+/ | fUVPdJE‘dS
R3 2 T, JR3 _1 JR3 Ty_1 JR3 U|

By taking the sup over ¢ € [T}, 1]. the above inequality will give the following

4k+1 1
U / vE + / | [ 2k uvPdz|ds.
6 k—1 Ty-1 R3 | |

But, from Lemma 3.2 and Holder’s inequality, we have

[o=[ s
k—1 Q-1

10
< (/ 2% X0z >0t 130,
k—1

N

4k
3 2
2% 5 2

<lulp g, =7 CPUL
2%C2U§
5
<ol y o, =rCHUL,
5 2%
<ol
R3



As a result, we have the following conclusion

=
w|o
e

2%
R

1
Uy < C’Uk3 1 —I—/ | qupdx|ds (4)

Tooy Jre [U]

ol

Step two

Now, in order to estimate the term fj{k—l | Jos riﬁ uV Pdz|ds, we would like to

carry out the following computation
—AP = Z&aj(uzu])
w
:Zaﬁjmf—’“) i(1— ‘ | Suj} 423 0:0,{(1
+) 0,0 { w LIRS

Tl

in which wy, is given by wy = {|u| — Rﬁ(l — 5)}4, and 3 is simply the arbritary
index involved in proposition 2.1. This motivates us to decompose P as P =
Pi1 + Pyo + Pis3, in which

—APy = Zaiaj{(l - %)Uz(l - %')Uj}a (5)
~APw =Y 0:0,{2(1 - %)ui%%} (6)

—APys = Zaa{ ity |u]} (7)

Here, we have to remind ourself that the cuttlng functions which are used in
the decomposition of the pressure are indeed wy, = {|u| — R(1 — 5¢)} 4, for all
k > 0, in which 3 is some suitable index strictly greater than % With respect
to the cutting functions wg, we need to define the respective Dy as follow:

RP(1—3)
D = T%X{wk>o}|v|u||2 + B ||V ul®.

Then, just like what happens to the cutting functions vy, we have the following
assertions about the cutting functions wyg, which are easily verified.

o |Vwg| < Dy, for all k >
. |V(T‘?’T"|u,)| < 3Dy, forall k >0, and 1 <7< 3.
. |V(|u|)u2| 2Dy, for any £ > 0, and 1 <7 < 3.

Besides these, we also need the following lemma which links Dy to d.

Lemma 4.1. There is some sufficiently large Ry > 1, such that whenever R >
1
Ry and k > 1, we have Dy, < 52dj,.

10

u;}



RP_R
RB

some sufficiently large Ry > 1 for which (R® — R) > %ﬁ, for all R > Ry. Now,
notice that {wy, > 0} is a subset of {v;, > (R® — R)(1 — 5¢)}, for all k > 0.
Hence, it follows that {wy > 0} is a subset of {v; > RTﬁ}, for all £ > 1 and
R > R,. As a result, we can carry out the following computation

Proof. since trends to the limiting value 1, as R trends to co. So, there is

RP(1— 5x) wy,
D} = Tl 22X fwons0d | VIul]* + m|vu|2

Rﬁ Vk 2

< T X w0 VIl + = |V
Juf {020 [ul
4Uk 2 Vk 2

< — X{uwe 203 VIu||* + =Vl
fuf =0 [ul
5

< %\WP < 5d2,
u

for any k > 1, and R > Ry. Hence, we have Dj < 5%dk, for all kK > 1, and all
R > Ry. So, we are done. O

Now, let us recall that we have already used the cutting functions wy to obtain
the decomposition P = Py + Pgo+ Pks, in which Py, Pyo, and Py3 are described
in equations (5), (6), and (7) respectively.

Hence, we have

1
/ | [ 2V Pda|dt
Ty_1 JR3 u\
1 Vg Vk
< || V(2 uP deldt + (1 — 25 ||V Pyl
Ty_1 JR3 ‘“| k1 |U|
v
+ [ a=Bvrl
Quos |ul
Step 3

We are now ready to deal with the term ka71(1 - I%"l)|u||VPk2|. For this

purpose, let p be such that 1 < p < %, and let ¢ = p’%l, so that 2 < ¢ < co. By
applying Holder’s inequality, we find that

U,

1 %
I u )u||L<I(R3)
Vg 2 Vg 1—2
<1 - W)UHEZ(]R@)HO - W)UHLooq(Rs)
_2 Vg %
< R'"q (1 - W)HH]}(RS)

2 2(1-1)
< B ull e 01,2 )

11



Hence, it follows from Holder’s inequality that

Vg 2 2(1
/RS( W)|u\|VPk2|dx R: 1||u||Loo 01:L2(R3)) {/ \VPk2|de}p.

Hence, we have

2_ 2(1—-1)
/Q (1= IV Pl € RNl oy IV Peslimiuy- (8)
k—1

But, we recognize that

Wi Wy, Wk
—— Uy Vul Ui
sV 2 V=2V [y

Moreover, it is straightforward to see that for any 1 < 4,5 < 3, we have

VP, = Z RZRJ{2(1 ]+2(1 ) [ u]‘}.

o [2(1 — 25 )ui V[ihu,] +2(1 — [u |) [\u|vuz]| <8R Dy,

\ul Jul

[ |2V[7"]u11|‘;’°‘uj| < kaDk.

So, we can decompose V Pgo as V Pyy = Ggo1 + Groo, where Gpop and Gpoo are
given by

L4 Gk22 = — ZR R {QV[TI“}UIL%’TU]}

In order to use inequality (8), we need to estimate ||Gr21 || £r(Q,_,) and || Grazl|Le (@, 1)
respectively, for p with 1 < p < %. Indeed, by applying the Zygmund-Calderon
Theorem, we can deduce that

. HGk21HL1’(Qk_1) < CpRﬁHDkHLP(Qk—l)’
° HGkQQHLP(Qk ) S <C HkakHL”(Qk 1)s

where C}, is some constant depending only on p. But it turns out that

1D, = /Q DX puns03
k—1

ST H e
Qkr—1

5% »
< m||dk||ﬂ(@k4)

L7% (Qi_1)

5k

27 (2— p)C U6(2 D)

1 s=p s<z p)k
< gisap Pl

That is , we have



1 5-p 5(2-p)k

o P12

1Dkl (@i <
Hence, it follows that

1 5@k p)k

||Gk21||Lp(Qk_1) S WC Uk3p12 (9)

On the other hand, we have

||kakH]Zp(Qk,1) = / wy Dy,
Qk—l

Now, let us recall that 1 < p < 4, and put r = 22_”1). we then recognize that

2<r= 2p <0 if1<p < 2. So, we can have the following estimation

2p
2—p __ T
/ wy, " —/ We X {wy >0}
k—1 k—1

E(L0— Q2
S RAGS 7")2 e Qk—lwk{g
1 k(20 16p) %
—P
Hence, it follows that
2k103—p8p 5377:0
Gr22llLr (i) < lwkDrllLr (1) < CpWkal- (10)
3p
By combining inequalities (8), (9), (10), we deduce that
3
[ = Zveal
Qr—1 |u|
1 2(1-3) Sk 10—spy
< Rl Cp||UHLoc(o,1;L2(R3))Uk—12 s
P P

(11)

Moreover, we know

Notice that ﬂ(lo 8p) (2 2Y > 0 if and only if 8 > 10 8p
that the term 160:381; is always positive, for 1 < p < 4. In addition, we know

13



that as p trends to 1 trends to 2. This means that even though 3 cannot

710 8
be exactly 2 5,0 > £ can be adjusted to be as close to 2 5 as we desire.

As for the term kail( |u‘ £ |u||V Pys|. We first notice that

W Wi
3 = Z RZRJ{muzmu]}

So, we know that

Wi Wg W
Poa = R. IR R, R )
\J ZRlRJ{V[MuZ} |u|uj+ |u|u1V[|u|u]]},
with
w w w w
] ] T Y

So, it follows again from the Risez’s theorem in the theory of singular operator
that ||V Py3||rgs) < Cpllwr Dyl Lr(rs), in which C, is some constant depending
only on p. So, we see that we can repeat the same type of estimation, just as
what we have done to the term kaq (1- f’T’“l)|u||VPk2|, to conclude that

Uk
(1= Pl [V Pl
/Q [u ’

2_4 2(1-3)
< Re ||UHLoo(oI:1;L2(R3))||vpk3||LP(Qk71) (12)
2(1-1)
Collull ;oo o 5-P  (10-5p)k
OC(O 1: LZ(RS)) (10—5p)k
< 510 8p _2—p kaipl2 s :
R P
Step four
. 1
Now, let us turn our attention to the term fT |fR3 Iu\ JuPy1dz|ds. Before

we deal with the term written as above, let us recall that the weak solution u
that we are dealing with now is the one verifying the following condition

u-VF
lo VA A|F],
|ul?
where F' = —%“2”', and ~y is some index with 0 < v < % We need to introduce

the following classical Theorem of harmonic analysis which is due to John and
Nirenberg [11].

Theorem 2. Let B be a ball with finite radius sitting in R3. Then, there exists
some constants «, and K, with 0 < a < oo, and 0 < K < oo, depending

only on the ball B and n, such that for any given f € BMO(R™), we have

|f=fB]
fB exp(a IfllBrmo )

over B.

< K, where the symbol fg stands for the mean value of f

14



We now need to establish the following lemma by using the theorem quoted as
above.

Lemma 4.2. Let B be a ball with finite radius sitting in R3. There exists some
finite positive constants a and K ,depending only on B, such that for every
p=0, every fe BMO(R3 with [, fdr = O and p with 1 < p < 3, we have

fB'u|f‘ = a(p— 1){1+K1 p}”f”BMO{ fB.u p +fB,U109 }L}

Proof. For any given p > 0, and any f € BMO(R?) with fB fdx =0, we do
the following splitting

/B”V':/B“‘ﬂx{ugezp( sl >}+/”|f|><{u>ezp< sl )y

2lfll MmO 2lfliBMmoO

Given p be such that 1 < p < %, and let ¢ = ﬁ be the conjugate exponent of
p. So, it follows from Holder’s inequality that

\/;,u|f|X{#<e$p(%)}

2 fliBmo

1

< {/B 'uX{lu,gezp( alf] }} {/ /L|f| X{p,<exp( )}}E

2HfHBMo 2Hf”BI\40

Since t < exp(t), for all t € R, we have 2(I|‘?‘||QMO < exp(zq”?“lJ;‘Mo ). Hence, we

have

/B’u|f|x{u<ew( )}

2l fllBMmoO

<2 ool [ ([ eomlaral i a3

£l a0
_12q
<K'v HfHBMO(/ W,
B
But, on the other hand, we have

2
/ M‘f|X{1L>exp(2H“ )} \/BaHf||BMOMl0.g+M- (14)

By combining inequalities (13), and (14), we conclude that

/Mﬂ o )ﬂ+K“?Whmﬂ/ /M@u}
O

We are now ready to work with the term f; | Jgs V(1) uPpadzlds.

Indeed, by a simple application of the partlal regularity theorem due to Caf-
farelli, Kohn, and Nirenberg, it can be shown that, if B is a sufficiently large

15



open ball centered at the origin of R3(we will choose B to be large enough so
that it will satisfy |B| > 1), then it follows that

e [1,1] x R® N {vy > 0} is a subset of [3,1] x B, for all k > 1, and if R is
sufficiently lage.

On the other hand, since V(Tk) = —R(1 — 55)FX{v,>0}- So, we have

[ V(=

)quldx|
R (Ul

I/ FX{v@O}PkldCC\
R/ |F|X {04 Pr1 — (Pr1) Bldz
B

+R/ﬁﬂmW%meemm,
B

for all £ > 1, and all % < t < 1, provided that R is sufficiently large (here, the
symbol (Px1)p stands for the average value of Py over the ball B ).
Now, since Py = Y R;R;{(1— T ki (1— 15 )u; }, it follows from the Risez’s The-

Tul
orem in the theory of singular integral that || Py1 (¢, -)|| 2(rs) < CoRP||lu(t, )| L2 (r2),
for all ¢ € [0,1], in which C5 is some constant depending only on 2. So, we can
use the Holder’s inequality to carry out the following estimation

I@mw<ﬁéwmmw

1
< @”Pkl(t,')HLZ(B)

CoR?[lult, )| L2 (rs)

1
TR
< CoR ]| poe 0,102 (R2)) -

We remark that the last line of the above inequality holds since our open ball
B is sufficiently large so that |B| > 1. As a result, it follows that

%)quldﬂ

\V4
| e VRl

R / Flx (o, 501 Ph1 — (Poa) lde (15)
B

+CQR||U||L°°(O,1;L2(R3))/ R5|F|X{vk20}
B
Indeed, the operator R;R; is indeed a Zygmund- Calderon operator, and so

R;R; must be a bounded operator from L*(R3) to BMO(R?®). Hence we can
deduce that

16



[ Pr1(t,-) — (Pr1) (1) BMO
= || Pe1(t, ")l Mo
Wi Wi
< Col[(1 = —)ui(1 — —7)ugl| oo (ms
[ul fuf 777 ET D

< COR2ﬁ7

for all t € (0,1), in which Cj is some constant depending only on R3. So, we
now apply Lemma 4.2 with 1 = |F|x{y,>0}, and f = Pr1 — (Px1)p to deduce
that

/ |F|X (o0} | Pre1 — (Pr1)Blda
B

< 2pCy
a(p—1)

1
{ /B RPP|Flx o, 501)% + /B R\ Fllog* | Flx v 501}

{1+ K" »}x

in which the symbol (Px;1)p stands for the mean value of Py over the open ball
B. Since we know that {v; > 0} is a subset of {|u| > £}, for all k > 1, so it
follows from the above inequality that

/ |F|X{vp>01|Pe1 — (Pr1)Bldx
B

<20 P ey g1y
« p—
1
(« / P8 F | o, 507) ¥
B
+ /B il Fllog*|F| - xgops01}-

So, we can conclude from inequality (15), and the above inequality that

17



1
/ || V(R Py daldt
Ty_1 JR3 |ul
260 _p

a p—1

1
(PP o)
k—1

<R 4PP(1 + K17 5)x

4 /Q [l | Fliog(1 + | F)x o0} }
k—1

1 Co2° Rllull = (0.1:22 (2 / ul? | F I o, 503-
k—1
(16)

Now, notice that

/ 2| Fllog(1 + | F)x oy 50)
k—1

<[ uP?IFllog(1+ IFDxri< gy Koo
k—1

" /Q [0 [ Fllog(1 + [F1)x(1r1> 4 y X{u0)
k—1

< log2

2B
< |ul X{v, >0}
R Jg. -

" /Q [P Fllog(1 + FI)X(1r154 1 X en50)-
k—1
(17)

Step five
To deal with the second term in the last line of inequality (17), we consider
the sequence {¢}32; of nonnegative continuous functions on [0, 00), which are
defined by

o ¢(t) =0, for all ¢ € [0, Ck].
o ¢p(t)=t—Cy, for all t € (C,Cr + 1).
o ¢p(t) =1, for all ¢t € [Ck + 1, +00).

where the symbol Cj, stands for Cy, = R(1 — 2%)7 for every k > 1. Moreover, we

also need a smooth function ¢ : R — R satisfying the following conditions that:
e Y(t)y=1,forall t > %.

e 0 <1t(t) <1, forall t with0<t< .

18



e (0) =0.

o —1 <(t) <0, for all t with —F <t <0.
o Y(t)=—1,forall t < —+.

e 0< 49 <2R, forallt €R.

With the above preperation, let A be such that 2 < A < % +1—7. We can
then carry out the following calculation

div{u*~ u (F)log (1 + ) (ul)}
= (A= Dl Py (F)log(1 + |Fl)xfu)
— [ FY(F)log(1 + |F|)X (0 <lul<crt)
1P S (B - TP )log (1 + |Fl)onfu)

u- V|F|
1+ |F]

+ Jur T (F) or(Jul).

(18)

Since our weak solution u on (0,1] x R? satisfies ‘“"uv'fI < A|F)|, it follows that

o [u-VF|(t,x) < %\u(t,w)ﬁ, if it happens that (¢, z) satisfies |F(¢,z)| < %.

VI|F V|F -VF
* |ul+||F\|| < |U\F|| I - ‘U|F L < Alu|™ .

So, it follows from inequality (18) that

A+ A

s /Q P ) - g1+ F )l

_ u- V|F]
WP k)

<[ WPem o + éu) )
o Pt A e

< A(1+ 2log2)/ ]} g (|u])

Qr—1

<A1+ 210g2)/ W X >0
Qr—1

in which the terms Ay, and Ay are given by

19



o Mi=(A=1) [o, , [ulMFY(F)-log(1+ |F|)¢k(|ul).
o Ay = [y [uPT(W(F)F) -log(1 +|F)x :
Qr—1 {Cr<|ul<Cr+1}
We then notice that
e Since A > 2, we have Ay > kail [ul*(F(F))log(1 + [F)X{ju>Crt1}-
e Ay 2 %ka,l |U‘>‘F’¢(F)l0g(1 + |F|)X{Ck<\u|<ck+1}’ for every k >
=

Notice that this is true because Cj, = R(1 — 5r), and that (1 — )
for every k > 1.

Hence, it follows from inequality (19) that

/ [ P (F)log(1 + [FI)x w0}
Qr—1
- / [ F(F)log(1 + [FI)x(co<iul<cor
k—1
+ / i P (F)log(1 + [FI)X{ s 1)
k—1

2
<=M+ A
R 2+ A

<3C-A X f 03
Qr—1
(20)

As a matter of fact, inequality (20) leads us to raise up the index for the term
kaq [ul”X {vp 0}, for any 6 with 0 < 6§ < 12, in the following way

/ Ju|” X w20
k—1

1
= A {R(l - 27k) + Uk}GX{vk>0}
k—1

< Ce{Ra/ X {0} +/ VEX {urz0)}
Qr—1 Qr—1

C@ 10k (Lo 10
10k 0_pyk 3
S 1o 9{2 g K } Uk_1
3 Qr-1
Co 10k 5
< R%ez TUR

for every 6 with 0 < 0 < 13—0, where Cy is some positive constant depending only
on #. Hence it follows from inequalities(17), (20), and our last inequality that
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/ || - log(1 + |F)X (50}
Qr—1

< log2

28
< |ul X{v, >0}
R Jo.., -

" /Q 02| Fliog(L + | FI)X{ir1> ) X{ons0)
k—1

<log726'2g2%}c 5
S R Rkt
Qr-1

1
R%—zﬁﬂ

Ok

<COu (1+A4)- 29U
By k—1

1

TR

(21)

in which 8 > %, and that 3 is sufficiently close to %, and Cjg , is some constant
depending only on 3, and~.

1
Before we can finish our job, we also need to deal with the term (kail [ul?PP|F|X {0, >01) 7 »
and the term kail |ul?|F|X v >0}, Which appear in inequality (16). For this

purpose, we will consider \ again to be % <AL % 41—, and let us carry out
the following computation, in which 1) and ¢y, etc are just the same as before.

div{|u]* " up(F) g (|ul)}
= (A= D|uFy(F)d(|ul)

9 (F) (- T F) ()

— [ FY(F) X (o <lul<Cp1} -

T |u|>\—1

Hence, we have
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(A—1) /Q [ P (F) o [u)

So, it follows that

[ WP PoEs
Qr-1

in which \ satisfies 2 < )\ <

‘*‘/Q [u M FY(F)X (0 <ul<crt1}
k—1

d
<[ WP e T Flw )

_ A
<[P eRG ws
Qr-1

< 2A/ [u* X (o 03
Qr—1

= /Q |ul* Py (F)X{Ch<lul<Crt1}
k—1

+ / i FO(F)X ufocp 1)
k—1

2
<5 [u M F(F)X (o <lul<crt1}
R Jq,.

" / [l P (F) o Ju)

<3 WM P (F) X (Crglul<Crt1}
Qr—1
FO=1) [ P FOE)u))
Qr—1
< GA/ |U‘)\71+7X{U;€20}7
k—1

%—f—l—’y. Now, put A = 2pg3, Withﬁ>%tobe

sufficiently close to '§, and 1 <p< g to be sufficiently close to 1, it follows from

our last inequality that
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/ 22| Flx for 503
k—1

— [ WP s
k—1

+/ W X (17> 23X {0203 | F
Qr—1
<3 [ WP

R Qr—-1 "

+6A/ |u|2pﬁ*1+7><{uk>o}
k—1
1 1 10k 5
e 3
R 21 | g2ty 25U
22)

<O+ A1

In exactly the same way, by setting A to be 3, with § > % to be sufficiently

close to %, it also follows that

/ il | Flx o503
k—1

:/ |u‘5|F|X{|F\<%}X{vk>O}
k—1

L T
Qk—1

1

<q L e 64 [ s
R Qr—1

Qr—1
1
RY-6+1 + RE-6+1-y

wlon

< Cpq(L+ A) 250,

e

—1-"

(23)
By combining inequalities (16), (21), and (22),and (23) we now conclude that
/ | V(v—k)quldadds
Qer Ju,
<(AL+A)1+ é)c,,,ga + KX
(L4 llullpee (0,152 (R2))) %

(—

R —2pB+1—v—p

1 1ok D 1 10k .. 5
)p273p U§31+7R%*2ﬁ*72 s U2}
(24)
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Notice that if p — 17, and 8 — %+, then,we have (X —2pg+1—p—7) —

(3

3

— ) > 0, and that (%—25—7)—>(%—7)>0.

So, finally, we recognize that by combining inequalities (11), (12), and (24), we
conclude that we are done in proving proposition 2.1 .
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