LOCAL ERROR ESTIMATES FOR FINITE ELEMENT
DISCRETIZATIONS OF THE STOKES EQUATIONS
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Abstract. Local error estimates are derived which apply to most stable mixed finite element discretiza-
tions of the stationary Stokes equations.

Résumé. Les estimations locales d’erreur obtenues s’appliquent & la plupart des discrétisations stables
par éléments finis mixtes du probléme de Stokes stationnaire.
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1. Introduction. In this article we establish local error estimates for finite element
approximations to solutions of the Stokes equations. To fix ideas, consider a finite element
approximation to the Stokes equations on a polygonal domain. Suppose that the velocity
space contains (at least) all continuous piecewise polynomials of degree r > 1 subordinate
to some triangulation of the domain which satisfy any essential boundary conditions, and
that the pressure space contains all continuous piecewise polynomials of degree r or of
degree r—1 (in which case the continuity is dropped for » = 1). Suppose also that the usual
stability condition for Stokes elements is fulfilled. Specific examples for » = 1 include the
MINTI finite element (continuous piecewise linears and bubble functions for the velocity and
continuous piecewise linears for the pressure) [1] and the Py — Py finite element (continuous
piecewise quadratics for the velocity and discontinuous piecewise constants for the pressure)
[6]. For r = 2 the Hood-Taylor element (continuous piecewise quadratics for the velocity
and continuous piecewise linears for the pressure) [8] and the augmented P, — P; element
(continuous piecewise quadratics plus bubbles for velocity and discontinuous piecewise
linears for pressure) [3], [9] fulfill these hypotheses. Many other examples are known as
well. The usual global error estimate asserts that for such discretizations the finite element
approximation converges in lif L x L?(Q) with the same rate as the best approximation in

the finite element spaces, namely the error is O(h") if the exact solution is smooth enough.
Measured in L? x H~! the error converges to zero with one higher order. These estimates
require that the exact velocity field belong to H"t! and the exact pressure field to H".

However, such smoothness will generally not hold if the domain of the equations is not
smoothly bounded or if the boundary or forcing data is not smooth. In such a case the
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solution, while not globally smooth, will usually be smooth in large subdomains, namely
any interior regions a positive distance from the singular points of the data. It is therefore
important to ask whether the optimal order convergence holds in such subdomains, or
whether the singularities degrade the convergence globally. In this paper we establish local
error estimates which assert that the rate of convergence in subdomains of smoothness is
indeed optimal. The precise statement is contained in Theorem 5.3, which is the major
result of the paper.

Local estimates (often called interior estimates because of their application to prob-
lems with boundary singularities), were first studied in 1974 by Nitsche and Schatz [10] for
second order elliptic problems. Through this and subsequent works, the local convergence
theory is reasonably well understood for such problems. See Wahlbin’s handbook article
[12, Chapter III] for an extensive treatment. In 1985 Douglas and Milner adapted the
Nitsche-Schatz approach to the Raviart-Thomas mixed method for scalar second order
elliptic problems [5]. The present work adapts it to analyze a wide class of methods for
the Stokes equations. Although the general approach is not new, there are a number of
significant difficulties which arise for the Stokes system that are not present in previous
works. Recently, Lucia Gastaldi [7] obtained interior error estimates for some finite ele-
ment methods for the Reissner—-Mindlin plate model. This work is related to local error
analysis of the Stokes equations since the Reissner—-Mindlin model can be reformulated
as a decoupled system of two Laplace equations and a perturbed Stokes system. (Indeed
the methods we develop here will be used in a subsequent work to analyze the method of
Arnold and Falk [2] for the Reissner—-Mindlin model.) However Gastaldi’s work depends
strongly on special properties of mixed methods which arise from particular methods for
the plate (especially a “commuting diagram property”), and so would not easily adapt to
a general analysis of mixed methods for the Stokes equations.

After the preliminaries of the next section, we set out the hypotheses for the finite
element spaces in section 3. In addition to the natural requirements of approximability
and stability alluded to above, here, as in much of the theory of interior estimates, the
superapproximation property plays a crucial role. In section 4, we introduce the local
equations and derive some basic properties of their solutions. Section 5 gives the precise
statement of our main result and its proof. We close with a short application in section 6.

2. Notations and preliminaries. Let Q denote a bounded domain in R? and 9% its
boundary. We shall use the usual standard L?-based Sobolev spaces H™ = H™(Q), m € Z,
with the norm || . [|;n,o. Recall that for m € N, H~™ denotes the normed dual of H™, the
closure of C§°(Q) in H™. We use the notation (-, ) for both the L?(Q2)-innerproduct and
its extension to a pairing of H™ and H-™. If X is any subspace of L?, then X denotes the
subspace of elements with average value zero. We affix an undertilde to a space to denote
the 2-vector-valued analogue. The undertilde is also affixed to vector-valued functions and
operators, and double undertildes are used for matrix-valued objects. This is illustrated
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in the definitions of the following standard differential operators:

dp/0 0¢p1/0x 0¢1/0
divg = 061/01 -+ 90a/0n. o= (o)), erdg = (10T OO,

The letter C' denotes a generic constant, not the same in each occurrence, but always
independent of the meshsize parameter h.

Let G be an open subset of ) and s an integer. If ¢ € H*(G), v € H *(G), and
w € C§°(G), then
[(we, V)| < Cllglls,all¥ll-s.c

with the constant C' depending only on G, w, and s. For ® € H*(G), ¥ € H*THG)
define

s,G

R(w,®,¥) = (®(gradw)’, grad ¥ ) — (grad ®, ¥(grad w)" ). (2.1)

Then
|R(w,®,¥)| <C||®

.Gl -s41.6- (2.2)

If, moreover, ¥ € H~5%2 we have the identity

The following lemma states the well-posedness and regularity of the Dirichlet problem
for the generalized Stokes equations on smooth domains. (Because we are interested in
local estimates we really only need this results when the domain is a disk.) For the proof
see [11, Chapter I, § 2.

LEMMA 2.1. Let G be a smoothly bounded plane domain and m a nonnegative integer.
Then for any given functions F € H™ Y(G), K € H™(G) N L*(@G), there exist uniquely

determined functions
¢ e H" Y G) N HY(G), p e H™(G) N L*(Q),
such that

(gl:gd ?, grgd sz) — (div zwp, p)
(div ?, q)

(F,%), for all QEGIEI(G),

(K,q), for all ¢ e L*(@).

Moreover,
I¢lmirc + llplme < CUIFIm-1,6 + [ Kllm,c),

where the constant C' is independent of F' and K.



3. Finite Element Spaces. In this section we collect assumptions on the mixed

finite element spaces that will be used in the paper. In addition to the usual approxima-
tion and stability properties required for the finite elements spaces, we need the so-called
“superapproximation” property, which was first introduced by Nitsche and Schatz [10].

Let Q C R? be the bounded open set on which we solve the Stokes equations and let
h denote a mesh size parameter. We denote by V7, the finite element subspace of H(Q),

and by W), the finite element subspace of L?(2). For Qg C €, define

Wha(€0) = {plo, | € Wi}

V(o) ={dla, | ¢€ Vi,
Wi(Q0) = {p € Wy | suppp C Qo }.

‘Zh(Qo) ={¢ €V | supp¢ C Qo},

Let Go and G be concentric open disks with Gy € G € Q, i.e., Gy C G and G C Q.
We assume that there exists a positive real number hg and positive integers £y and ko,

such that for h € (0, ho}, the following properties hold.

Al. Approximation property.
(1) If ¢ € H™(G) for some positive integer m, then there exists a ¢! € V7, such that

lp = ¢'lhe < CP* | ¢ |ma, 1 =min(k + 1,m).
(2) If p € HY(G) for some nonnegative integer [, then there exists a p! € W}, such that
lp=p'llo.c < CPllpllie, 2 =min(ks +1,1).

Furthermore, if ¢ and p vanish on G \ Gy, respectively, then ¢! and p’ can be chosen to

vanish on Q\ G.
A2. Superapprozimation property. Let w € C§°(G), ¢ € Vj,, and p € Wj,. Then there

exist 1 € V,(G) and ¢ € Wj,(G), such that

lwg— gllna < Chllglha,
0.0 < Ch|plloc,

lwp — ¢

where C' depends only on G and w.
A3. Inverse property. For each h € (0, ho], there exists a set G, Gog € G), € G, such

that for each nonnegative integer m there is a constant C' for which

LG < Chm 7™ gl forall ¢ € Vy,

< R |lp|| ., for all p € W,

I

Hp 0,Gp,
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A4. Stability property. There is a positive constant v, such that for all h € (0, hg] there
is a domain G}, Gy € G, € G for which

(le % 7p) Grn

inf sup >
pewh(ch)fg\;/h(ch) ||(2 1,Gu lIP110,Gh
p#0 ¢#0

When G}, = €2, property A4 is the standard stability condition for Stokes elements. It
will usually hold as long as G, is chosen to be a union of elements. The standard stability
theory for mixed methods then gives us the following result.

LEMMA 3.1. Let G}, be a subdomain for which the stability inequality in A4 holds. Then
for ¢ € H(Gy,) and p € L*(G},), there exist unique ¢ € V1,(Gy,) and 7p € Wy, (G},) with

th = th p such that

(grad(¢ — w¢), grad ¢) — (divep, p—7p) =0, forall ¢ € Vy(Gn),
(div(¢ —7¢),q) =0,  forall geWy(Gh).

Moreover,

6= mdllic +lp = mplloc, < C(_int o= ylha, + _ inf 061):
q

lp—q
YeVn(Gh )

Gh

The approximation properties Al are typical of finite element spaces V; and W,

constructed from polynomials of degrees at least k1 and ko, respectively. (It does not
matter that the subdomain G is not a union of elements since ¢ and p can be extended

beyond G.) The superapproximation property is discussed as Assumptions 7.1 and 9.1 in
[12]. Many finite element spaces are known to have the superapproximation property. In
particular, it was verified in [10] for Lagrange and Hermite elements. To end this section
we shall verify the superapproximation for the MINI element.

Let by denote the cubic bubble on the triangle T', so on T' by is the cubic polynomial
satisfying br|or = 0 and fT br = 1. We extend br outside T by zero. For a given
triangulation 7, let V}, denote the span of the continuous piecewise linear functions and the
bubble functions by, T' € 7;,. The MINI element uses V}, x V}, as the finite element space for
velocities. We wish to show that if ¢ € V}, and w € C§°(G) then ||lwe —9||1.¢ < Chl|d|1.a
for some Y € ‘O/h(G). We begin by writing ¢ = ¢; + ¢, with ¢; piecewise linear and
¢b = ZTeTh ﬂTbT for some ﬁT e R.

We know that there exists a piecewise linear function ¢; supported in G for which

lwer — ill1.0 < Chlldilh,a-
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Turning to the bubble function term ¢, define ¥y, = > ;- (BrPrw)br € Vi (G) where
Prw € R is the average value of w on T'. Now if T" intersects supp w then T' C G, at least
for h sufficiently small. Hence

lwgy = ulls.o =Y llwdy —vollsr = Y I8rbr(w — Prw)llg r

TCG TCG
< w = Prwlf e 1Brbrlls 7 < CR2| ¢3¢
TCG

where the constant C' depends on w. Moreover,

lgrad(wey, — o)l = D lerad(wey, — )| = > Ilgrad (Brbr(w — Prw)) |3 7

TCG TCG
= > |IBr(w — Prw) grad by + Brbr grad(w — Prw)|fg 7

TCG
<C(h* ) |lgradw|%, 7|8 gradbr|§ - + | grad w(Z » Y Brbrllf ¢ )
TCG TCG
< Ch?||gwll3

where we used the fact that
o7 llo,7 < C hljbr |17

Taking vy, = 1y + 9y € f/h(G) we thus have
lwon —nllie < Ch(losllre +lléila)-

We complete the proof by showing that ||¢p

11+ |#ullir < Cligs + ¢ull1,r for any
triangle 7' with the constant C' depending only on the minimum angle of 7. Since
fT grad ¢ - grad ¢; = 0, it suffices to prove that

\ovllo,r + [|¢tllo,r < Cllgp + dillo,7-

If T is the unit triangle this hold by equivalence of all norms on the finite dimensional
space of cubic polynomials, and the extension to an arbitrary triangle is accomplished by
scaling.

4. Interior Duality Estimate. Let (¢,p) € H'(Q) x L?(2) be some solution to the

~ ~

generalized Stokes equations

—A¢ +gradp=F,
dive = K.
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Regardless of the boundary conditions used to specify the particular solution, (¢, p) satisfies

(ggd?,glﬁd%}) — (div%,p)
(div?,q)

(
(

Similarly, regardless of the particular boundary conditions, the finite element solution
(dn,pr) € Vi, x Wy, satisfies

), forall ye H'Y(Q),

F
K, ) for all ¢ € L*(Q).

P),  forall o€ V,(Q),
) for all g € Wj.

(20 g 130 0) — (divn) = (F.
(div?h,q) (K

Therefore

(grad(¢ — ¢n),grad¢)) — (divey,p—pp) =0,  forall ¢ e Vy(Q),  (41)
(le(? - gﬁh), q) =0, for all q € W,. (4.2)

The local interior error analysis starts from these local discretization equations.

THEOREM 4.1. Let Gy @ G be concentric open disks with closures contained in €} and
s an arbitrary nonnegative integer. Then there exists a constant C' such that if (¢,p) €

HY(Q) x L*(Q), and (¢n,pn) € Vi, x Wy, satisfy (4.1) and (4.2), we have

16 = nllo,co + llp = pall-1,65 < O
+¢ = onll-s,c + Ip = prll-1-5.6)- (4.3)

In order to prove the theorem we first establish two lemmas.

LEMMA 4.2. Under the hypotheses of Theorem 4.1, there exists a constant C' for which
Il = prll-s—1,G6o < C(hIIQZN5 — ¢nllie + hllp = prlloc

+ H?@ - féh“—s—l,G + llp = prll-s—2.c)-

Proof. Choose a function w € C§°(G) which is identically 1 on Gy. Also choose a function
d € C§°(Gyp) with integral 1. Then

w(p — pr), g
lp = prll—s—1,60 < [lwP —pr)ll-s—1,¢ = sup ( ) (4.4)
gEH*T1(G) 19lls+1.6
g7#0



Now

(w(p—pn),9) = (w(p—ph),g—5/(;g) +(w(p—ph),5)/ g

G

and clearly

| (w(p — pn), d) /G g 1< Cllp - pull—s—2.clgllo.c:

Since g — 6 [,9 € H*(G) N L?(G) it follows from Lemma 2.1 that there exist ® €
Hs*2(G)N HY(G) and P € H**1(G) N L3(G) such that

(grad @, grad y) — (divy, P) =0, for all ¢ € H'(G), (4.5)
(div CID,q) = (g — 5/ g,q), for all ¢ € L*(G). (4.6)
~ G
Furthermore,
1®[|s+2,6 + [[Plls+1,6 < Cllglls+1,6- (4.7)

Then, taking ¢ = w(p — pp) in (4.6), we obtain

(9 5/ g, w(p—pn))
G
= (div @, w(p — pn)) = (div(w®),p — pp) — (gradw, (p — pr)®)

= (div(w®)’,p —pp) + {(diV[w? — (w®)'],p —pn) — (gradw, (p — p)® )}
= A1 —+ Bl. (48)

Here the superscript I is the approximation operator specified in property Al of section 3.
Choosing ¢ = (w®)! in (4.1), we get

Ay = (div(w®),p — p) = (grad(¢ — ¢n), grad(w®)”)
= (grad(¢ — ¢n), grad(w®)) + (grad(¢ — ¢n), grad[(w®)’ — (w®)])
= (grad[w(¢ — ¢u)], grad @) + {R(w, ®,¢—¢n)

+ (grad(¢ — ¢n), grad[(w®)" — wd]) { =: A> + By, (4.9)

——

where R is defined in (2.1). Next, setting ¢ = w(¢ — ¢,) in (4.5), we obtain

~

= (div(¢ — ¢ ), wP) + (gradw, P(¢ — ¢1))
— (div(? — féh)’wp — (wP)) + (grgdw,P(fé — ¢n) )

Az = (gradfw(¢ — ¢n)], grad @) = (div[w(¢ — ¢ )], P)

>
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where we applied (4.2) in the last step.
Applying the approximation property Al and (2.2) we get

|B1| < C(h]|®ll2,cllp = prllo.g + 12 s+2.cllp = pall-s-2.6 )
|B2| < O (119 = ¢nll-s-1,6l12lls+2,6 + hlld — dnll1.cl®
[A2] < C(Nl¢ = dnllclPlic + 119 = dnll—s—1llPlls+1,c )-

2.6 ) (4.10)

1,G

Substituting (4.7) into (4.10) and combining the result with (4.4), (4.8), and (4.9), we
arrive at (4.3). []

Now we state the second lemma to be used in the proof of Theorem 4.1.

LEMMA 4.3. Under the hypotheses of Theorem 4.1, there exists a constant C' for which

I — dnll—s,co < C(hll¢ = Pnllrc + hllp = prlloc

+ ”? - fh”—s—l,G +lp— th—s—Z,G)-

Proof. Given F € H*(G), define ® € H5"2(G) N HY(G) and P € H*1(G) N L2(G) by

(grad @, grady) — (divy, P) = (F,¢),  forall e HYG), (4.11)
(div @,¢) =0, for all ¢ € L*(G). (4.12)

~

Then, by Lemma 2.1,

[@lls+2.6 + [[Plstr.e < CllFllsq, €= C(Go,G).

Now
(w(¢ - ¢),F)
¢ = dnll—s.co < llw(¢ = dn)ll-s.c = sup e
R RS reir@  IElsc

F+#£0

with w as in the proof of the previous lemma. Setting ¢ = w(qb — qf)h) in (4.11), we get

~

(w(gb — ?h), PN’) = (grad ?@rad[w(qj — gzNSh)]) — (div[w(% — ?h)], P)
= { (grad(w®), grad(p — ¢n)) — (div(g — gn), wP) }

~ ~ ~

—{R(w, 2.6~ ¢) + (gradw, P(¢ — ¢)) } = By + F,

~ ~
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To estimate E;, we set ¢ = (wP)! in (4.2) and obtain

By = (grad(w®) grad (¢ — gn)) — { (div(6 — on), wP — (wP)!)

- (guadud = (w2)').grad(9 — ) } = B+

Taking ¢ = (w?)l in (4.1), we arrive at
= (grad(w gd(g —on))
= (div(w ) ph)
— (divw®), p— pr) + (div[(w®)! — (W), p— pr)
=

gradw, (p — pn)®) + (div[(w®)" — (w®)],p — pn),

where we applied (4.12) in the last step. Applying (2.2) and the approximation property

Al, we have

|y I< Ol — dnll—sm1.6l1@ o6 + 16 — gnll—s—1. 6l Pllsr.c):

| Fy | < Ch(l¢ - ).
| Bx | < Clp — pull-s-26l1®lles2c + hlIp — palloc1®ll2.c).

From these bounds we get the desired result. []

Proof of Theorem 4.1. Let Gy € G; € ...Gs = G be concentric disks. First applying
Lemma 4.2 and Lemma 4.3 with s replaced by 0 and G replaced by G, we obtain

+lp = prll-1.6, < C(
+ ¢ = dnll-1.6: + lp = prll-2,61)-

To estimate ||¢ — ¢nl|—1.¢, and ||p—pp||—2,G,, we again apply Lemma 4.2 and Lemma 4.3

this time WithNGONand G being replaced by G; and G5 and s replaced by 1. Thus, we get
19 = dnlloco + I = prll-1,60 < C(hlI¢ = Pnllr,c. + hllp = prllo,cs

+ H? - ?h“_2»G2 + Hp - th—S,Gz)'

Continuing in this fashion, we obtain (4.3). []
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5. Interior Error Estimates. In this section we state and prove the main result
of this paper, Theorem 5.3. First we obtain in Lemma 5.1 a bound on solutions of the
homogeneous discrete system. In Lemma 5.2 this bound is iterated to get a better bound,
which is then used to establish the desired local estimate on disks. Finally Theorem 5.3 is
extends this estimate to arbitrary interior domains.

LEMMA 5.1. Suppose (gbh,ph) € Vi x Wy, satisfies

(grad ¢n,gradv) — (divey,py) =0,  forall 1 € Vi (Q), (5.1)
(diven,q) =0,  forall g€ Wi(Q). (5.2)

Then for any concentric disks Gy € G € §2, and any nonnegative integer t, we have
I¢nllico + Ipnllo.co < C (hlidnllic + hllpnllo + dnll-tc + Ipall-t-1.6),  (53)

where C' = C(t, Gy, G).

Proof. Let G, Gg € G), € G, be as in Assumption A4. Let G’ be another disk concentric
with Gy and G, such that Gy € G’ € G}, and construct w € C§°(G’) with w = 1 on Go.

Set ¢, = won € HY(G'), pr = wpp € L2(G'). By Lemma 3.1, we may define functions
mén € Vi(Gr) and mpp, € Wi(Gp) by the equations

(g{gd(@ — w@),grzad%}) — (divtwb,ﬁﬁ — wf)\ﬁ) =0, for all @Nb € ‘Zh(Gh),

(5.4)
(div(¢n — 7on),q) =0,  forall ge Wy(Gh),
(5.5)
together with |, an (mpr — pr) = 0. Furthermore, there exists a constant C' such that
I6n — 7dnlv.cn + 157 — millo.c
<C inf ?gﬂ—zp a, + inf pn —qllo.a
(ointe 18—ty + ot 157~ dlbcy )
< Ch(||¢nllr.c + llpnllo.c), (5.6)
where we have used the superapproximation property in the last step.
To prove (5.3), note that
1¢nll1.co + Ipnllo.co < lnll1a, + Prlloc,
< ll¢n = 7nlrc, + Ion — 7Prllo.cy + I7@nllrc + I7prllo.c,
< Ch(l|¢nllr.cr + llpnllo.c) + Imdnllvc, + lmprllo.c,- (5.7)
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Next, we bound ||7r@||1,gh. In (5.4) we take ¢ = Tén to obtain, for a positive constant
C?

c||7r%;||igh < (ggmdﬂé\;?ggdwé\;) = (ggd@,ggdwé\;) — (divw{;ﬁ},ﬁ—wﬁﬁ). (5.8)
For the first term on the right hand side of (5.8), we have
(grad %Z,grgd Ton) = (grad(wey), grad )
(grad gbh grad wmbh ) R(w,w@,qjh)
= (grad gn, grad(wrgn)’) + { (grad g, gradlwr gy — (wrgn)'])

~R(w,7n, &) } = G1 + M.
(5.9)
To bound Gy, we take ¢ = (ww%\;:)l in (5.1) and get

div( w7r¢h ,ph)

(

(div( 7~U7T¢h ,Ph) + (div[(ww%vh)l - ww@],ph)

(div 7T¢h;wph) + (g@dw,pmg};) + (div[(ww%ﬁ)l — ww@],ph)
(

div ﬂqﬁh,ph) + (gradw,phwg;;) + (div[(ww%ﬁ)l — w%%ﬁ],ph)

=: (dlvm;ﬁh, n) + Ho. (5.10)
Combining (5.7), (5.8), (5.9) and (5.10), we obtain
clrénll} e, < (divagn,pr) + Hy + Hy — (divwn, pi — 7 )
- (divw@,wﬁ) + H, + Ho. (5.11)
Taking g = 7py, in (5.5), we get
(div g, 7pr ) = (div gn, 7pr ) = (div(wen), 7oy )

(div Ph, wrpy ) + (ngad w, wﬁﬁ?h)

(div ¢n, wrpy — (wrpr)" ) + (gradw, mprén ) =: Ha,
(5.12)

where we used (5.2) at the last step. Applying the Schwarz inequality, (2.2), and the
superapproximation property A2, we get

| Hy |< C(R¢nllie +llonlloc ) Imdnllia,.
| Ha |< C(llpnll-r.er + Rllpallo.c ) Imgnlic.

| Hs |< C(hllgnllie + lignllo.c ) lmprlo.c.-
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Combining the above three inequalities with (5.11) and (5.12), and using the arithmetic—
geometry mean inequality, we arrive at

Im¢nlic, < Ci(R*lgnllicr + lonlle.cr + P2llonll.cr + llonllZ1.cr)
+Ca(l1gnllo,cr + hllénllie )lImprllo.cn- (5.13)

Next we estimate ||7pp||o,c, - By the triangle inequality,

th TDh

~ —1
Ph meas(Gp) - meas(Gr) ‘

0,Gn

|
Gy,
Notice that the second term on the right hand side of (5.14) is bounded above by the right
hand side of (5.6), and, for the last term,

‘/ Ph / wpp,
Gh Gh

To estimate the first term, we use the inf-sup condition,

/ (7 — B7)
Ghn

Impnllo.c,. <

0,Gp,

+ meas(Gp,) ! (5.14)

0,Gn

< Cllpnll-1,¢- (5.15)

O,Gh O7Gh

div ), mpp,
S s (div e, 7pn ) g,

o, vevnen  I1¢lhe,
o

(5.16)

To deal with the numerator on the right hand side of (5.16), we apply (5.4),
(divey,mpr ) = (divep, pr ) — (grad(¢n — 7o), grad )
= (divey,wpn ) — (grad(¢ — 7¢n),grad ¢
= (div(we), pn) — (grad(¢n — won), grad ¢ ) — (gradw, put))
= (div(we)’,pn) — (grad(¢n — 7o), grad )
+ (div(wy — (wy)'),pr ) — (gradw, ppep). (5.17)
We use (5.1) to treat (div(wzg)f,ph) and get
(div(wy)’,pr) = (grad ¢n, grad(wy)")
= (grad ¢p, grad(wy) ) + (grad ¢n, grad(wy))’ —wy] )
= (emzd(wgn), grad ) + {R(w, e, 6n) + (212 on, grad((we) —wy]) }
=: (grad ¢n, grad ) + M. (5.18)
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Combining (5.17) and (5.18), we get

(divzﬁ,mfoﬁ) = (gl‘gdﬂ@,g@d%) + {(div(wzﬁ - (w}é)l)aph) - (g@dwaphlf)} + M,
=: (glgdﬁ%;,gr’gdzf) + My + Ms. (5.19)

Then applying the superapproximation property, the Schwarz inequality, and (2.2), we
arrive at

| My < C(lIgnlloe + Rllgnlle ) IYlen,
| My |< C(|lprlloe + [Ipall-1,6 ) [¢l1,64,
| (gradmgn, grad ) < [I7gnll,c, l1¢],c,-

Combining (5.14), (5.15) , (5.16), and (5.19) with the above three inequalities, we obtain
ImBrllo.c. < C(Rlgnlne +lIgnllog +hlpnlloc + Ipnll 1,60 + I7nllna, ). (5.20)
Substituting (5.20) into (5.13), we obtain

7 énlhc. < C(hl¢n

e+ [onllo.cr + hlpallo + llpnll-1.6)- (5.21)

Thus, substituting (5.21) back into (5.20), we find that ||7pp]lo.c, is also bounded above
by the right hand side of (5.21). Therefore, from (5.7) we obtain

I¢n

1,60 +lIPnllo.co < C (Rlignllne + lgnlloc + R llpnlloc + pnll-1.67).

Applying Theorem 4.1 for the case that ¢ = p =0 and G’ in place of G, we finally arrive
at

I¢nllco + IPallo.ce < C (Rldnlie + Ionll-t.c + hllprlloc + pall-t-1,6). [

LEMMA 5.2. Suppose the conditions of Lemma 5.1 are satisfied. Then

I¢nllico + lpnllo.co < C(lI¢nll-t.c + lpall-t-1.6)- (5.22)

Proof. Let Gy € G1 € ... € G2 = G be concentric disks and apply Lemma 5.1 to each
pair G; € Gj41 to get

I¢nllic; + llpnlloc, < C (hllon

1,Gj41 + h||ph||0,Gj+1 + ”?h||*t,Gj+1 + ||ph||*t*17Gj+1 )
(5.23)
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Combining these we obtain
pnllco + lonllo,co < C (A HInllcopn + R PRllo.Gus
T 10nl -t + P8l -t41,601n )- (5.24)
While by A3, we can find G, Giy1 €@ G, € Giy2 = G, such that

W onllcin < 0 Ienlle, < Clignll-t.an < Cllignll-ra.

K pnllo.cey < R pnllo,g, < Cllpall-i-1,6, < Cllpall-i-1,6-

(5.25)

Thus inequality (5.22) follows from (5.23), (5.24), and (5.25). []

We now state the main result of the paper.
THEOREM 5.3. Let Qp € Q1 € Q and suppose that (¢,p) € H(Q) x L?(Q) (the exact
solution) satisfies p|o, € H™(Q1) and plo, € H™ *(Qy) for some integer m > 0. Suppose

that (¢n, pr) € Vi, x Wy, (the finite element solution) is given so that (4.1) and (4.2) hold.

Let t be a nonnegative integer. Then there exists a constant C' depending only on 21, (),
and t, such that

1§ = nlls,00 + lp = Prlls—1,00 < C (A2 llm,0 + A2 [Plln-1,0,

+ ||iS - ?hH—t,Ql + |Ip _ph”—t—l,ﬂl ), s=0,1
(5.26)

with r1 = min(k; + 1,m), 7o = min(ks + 2,m), and ky, ko as in Al
The theorem will follow easily from a slightly more localized version.

LEMMA 5.4. Suppose the hypotheses of Theorem 5.3 are fulfilled and, in addition, that
Qo = Go and 1 = G are concentric disks. Then the conclusion of the theorem holds.

Proof. Let Gy € G’ be further concentric disks strictly contained between Gy and G and

let G, be a union of elements which is strictly contained between G’ and G and for which
properties A3 and A4 hold. Thus

GoeGyeG eG,ede.

Take w € C§°(G') identically 1 on G and set ¢ = we, p = wp. Let 7 € V,(G),
mp € Wi, (G) be defined by
(grad(¢ — 7¢), grad ¢ )~ (divep, p— 7p) =0,  forall € Vi(Gn),
- - (5.27)
(div(g - 7'('5),(]) =0, for all q € Wy(Gp),
(5.28)
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together with th Tp = th p. Then using Lemma 3.1 and Al we have

16 = 7¢I + 15— 7Blo, <C( _inf ¢=dlg, + inf [5=dloc.)
- YEVH(GR) ™ q€EW (1)
<C( th_lH?Hm:Gh + 0" pllm-1.c, )- (5.29)

Let’s now estimate ||¢ — ¢y,

1,6, and ||p — prllo,q,- First, the triangle inequality gives
us

1¢ = ¢nlli.co + P — prllo,co
< H? - 7T,(Z\%HLGO + Hp - 71—ﬁ”O,Go + Hﬂ-? - ?hHl,Go + Hﬂ-ﬁ_ph’lO,Go
<l¢ =m¢llvc, + 1P — pllog, + 7@ — ¢nllr.co + 17D — prllo,co

< C (Mgl + M plmran ) + 176 = Snllco + 175 = phllo.co-
(5.30)

From (5.27), (5.28) and (4.1), (4.2) we find
(grad(¢n — 7¢),grad ¢ ) — (divey,py —7p) =0, forall ¢ € Vi(Gp),
(div(e¢p — ), q) =0, for all g € Wx(G)).

We next apply Lemma 5.2 to ¢j, — Wa and pp, —mp with G replaced by Gj. Then it follows
from (5.22) that

l¢n = 7dll1,Go + lIpn = 7Bllo,ce < C (llon — 7l -t.cy + lIPn — 7Pl —e-1,67 )
<C(l¢—onll-t.cy +llp = prll—e—1.cy + I¢ = 7dll—,c;, + P — 7Bl —2-1,67 )

<C (g = ¢nll-va+lIp—pll-e-16 + 16— 7dll.c, + 15— THloc, ) -

In the light of (5.30), (5.29), and the above inequality, we have

¢ — ¢n

Lao + 1= prllo.co < (A"l + ™ pln1.0
+ 16—l va+lp—pnllerc). (531

Thus, we have proved the desired result for s =1 . For s = 0, we just apply Theorem 4.1
to the disks Gy and G’ and get

¢ — on

0o+ Ip = pull-1.60 < C (llg — g

1.¢' + hllp = prllo,c
+ 6= gnll o+ lIp = pull—t-1.00) -
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Then, applying (5.31) with G replaced by G’, we obtain the desired result

¢ = dnlloco + llp = prll-1.60 < C (Al + B [Pllm-1.6

¢ = dnll-t.c + llp = prll-t-1.6 ). [

Proof of Theorem 5.3. The argument here is same as in Theorem 5.1 of [10]. Let d = dy/2
where dg = dist( Qg, 9Q1). Cover Qg with a finite number of disks Go(z;), i = 1,2,... ,k
centered at z; € Qg with diam Go(x;) = d. Note that the number of disks, k, depends
only on Qy and ;. Let G(x;), i = 1,2,... ,k be corresponding concentric disks with
diam G(x;) = 2d. Applying Lemma 5.4, we have

6 — ol

$,Go(zi) + Hp _ths—l,Go(mi) < Cz ( hrl_SH?Hm,G(aEi) + th_SHpHm—l,G(xi)

1@ = Onll-t,G(zi) T 1P = Prll-t-1,6() ).
(5.32)

Then the inequality (5.26) follows by summing (5.32) . []

6. An example application. As an example, we apply our general result to the
Stokes system when the domain is a non-convex polygon, in which case the finite element
approximation does not achieve optimal convergence rate in the energy norm on the whole
domain, due to the boundary singularity of the exact solution.

Assume that {2 is a non-convex polygon. Then it is known that the solution of the
Stokes system satisfies

¢ € HTH Q) NH{(Q), pe HY(Q),
¢€H2(Ql), pGHl(Ql), if Ql @Q,

for s < sq, where sq is a constant which is determined by the largest interior angle of €2
[4]. For a non-convex polygonal domain we have 1/2 < sq < 1. The value of sq for various
angles have been tabulated in [4]. For example, for an L-shaped domain, sq ~ 0.544.

The MINI element was introduced by Arnold, Brezzi and Fortin [1] as a stable Stokes
element with few degrees of freedom. Here the velocity is approximated by the space of con-
tinuous piecewise linear functions and bubble functions and the pressure is approximated
by the space of continuous piecewise linear functions only. Globally we have

I = ¢nllie +llp = prllog < CR*([¢lls+1,0 + [pls.0).

which reflects a loss of accuracy due to the singularity of the solutions.
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In order to apply Theorem 5.3, we note that a standard duality argument as in [1]
gives us

I¢ = énllo. + llp = prl-1.0 < CL**||Flloq.

Hence, according to Theorem 5.3, for 2y € 21 € €2, we have

16— dnllian + Ip — pullog < C(RllGllacn + Allpllva, + 12 1 Fllo.)-

Since 2s > 1, the finite element approximation achieves the optimal order of convergence
rate in the energy norm in interior subdomains.
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