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Introduction

In this work-in-progress we report on a new approach to obtaining stable
locking-free discretizations of the Reissner—Mindlin plate model. For a plate
of thickness ¢t with midplane section 2 C R? the clamped Reissner-Mindlin
plate model determines w , the transverse displacement of the midplane, and
¢, the rotation of fibers normal to the midplane, as the unique minimizer
over H'(Q) x HY(Q) of the energy functional:

A2
2

(CEP,E9) + ¢ — gradwlg — (9,w),

N |

(1) J(¢,w) =

where gt? is the transverse load force density per unit area, £ ¢ is the
symmetric part of the gradient of ¢, A is a constant, and C is a positive-
definite fourth order tensor, with A and C both depending on Young’s
modulus F and the Poisson ratio v. We use parentheses to denote the
L?(2) innerproduct and || - ||s to denote the norm in the Sobolev space
H3(Q).

This variational formulation may be discretized by finite elements in a
standard way, but such discretizations typically lock, that is, the approxima-
tion they afford is not uniform in ¢, but deteriorates as ¢ tends to 0. A
mixed formulation is derived by introducting the scaled shear stress

¢ =M %¢p—gradw)
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as an independent unknown. The triple (¢, w,{) can then be characterized
as the unique critical point of the functional

2
L(#.0,0) = 3 (CES.ED) + (¢~ gradw,¢) — KR~ (9.,

on Hl(Q) x H'(Q) x L2(Q) . Note that the functional L, unlike J, is not
positive definite and (¢,w, ) is a saddle-point not an extremum. Conse-
quently, not all choices of subspaces will lead to stable Galerkin discretiza-
tions. That is, if we determine an approximate solution ( ¢y, wp, €, ) by
seeking a critical point of L in some finite-dimensional trial space, it need
not be true that such a critical point exists, and even if it does it may not give
quasioptimal approximation. On the other hand, in contrast to the previous
displacement variational formulation, the mixed formulation does not degen-
erate with small ¢, and makes sense even for ¢t = 0. Thus the passage to the
mixed formulation does not in itself solve the problem of accurate uniform
approximation, but it does fundamentally change the nature of the difficulty
to be surmounted. Finite element methods based on the displacement princi-
ple, although always stable, tend to lock, while finite element methods based

on the mixed principle tend to be uniform in ¢, but may not be stable.
Let b: [H1(Q) x HY(Q)] x L?(Q) — R be defined by

b(Y, ;m) = (¢ —grad p1,n).

A choice Vi, ¢ HY(Q), W), C HY(Q), S, C L3(Q) of subspaces for dis-
cretization of the mixed formulation will be stable if two conditions are met:

S1. There exists a bounded linear operator IIj : Hl(Q) x H(Q) — Vj, x
Wy}, , for which

b(Ip(2h, p);m) = b(ap, usm)  for all p € Sj.

S2. If (¢, p) € Viy x Wy and b(¥p,u;m) = 0 for all p € S),, then @ =
grad 1 .
In this case it can be shown by standard arguments that there exists a

constant C' independent of ¢ and h (but depending on the bound for II
in condition S1) such that

(2) [¢—onllitllw—wnlli+II¢—Cullls < Cinf(ll¢—3p |1 +]lw—pll1+/IC—nll:)-
Here the infimum is taken over all ¥ € V;,, p € Wy, and n € S}, and

lillle := llnll—1 + ([ div gl 1 + t][n]o.

Condition S1 is essentially Fortin’s criterion [4, §11.2.3] for verifying the inf-
sup condition associated with the bilinear form b. It insures that the space
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Vi, x W), is sufficiently large with respect to S} to give control over (, .
Notice that condition S1 becomes easier to satisfy as V} and W}, become
larger and S}, becomes smaller, while the opposite is true for condition S2.
This opposition contributes to the difficulty in selecting spaces which satisfy
both. Indeed, very few practical choices of spaces have been shown to satisfy
S1 and S2. We now show how a slight modification to the mixed formulation
eliminates the need for condition S2, thereby considerably simplifying the
choice of finite element spaces. Based on this we will present several choices
in the following sections.

For the modified mixed method we take ¢ = A(t72 —1)(¢ — gradw) and
set

a(p, w9, 1) = (CE p,E9) + A(¢p — gradw, v — grad ),

which defines a bounded bilinear form on [H'(Q) x HY(Q)] x [H(R) x
HY(2)]. Then we have

a(,w; b, 1) + b(p, 15;¢) = (g, 1), (b, ) € HL(Q) x HY(Q),

t
b(p,w;n) — ——<(¢,m) =0, e L*(Q),
(¢, w;n) A<1_tz)(C n) n ()
which is the weak form of a modified saddle point problem.
Using Korn’s inequality and Poincare’s inequality it is not difficult to show
that that there is a positive constant ¢ for which

a(¥p, ;. ) = c([|lfF + [|ullf)  for all (3, 1) € H () x H'(R).

Because the bilinear form a in this modified mixed method is positive
definite on all of H'(€) x H*(2) , condition S2 is not necessary for stability
of discretizations. (For a related idea in a different context, see [5].) If
the spaces V3, W}, and S}, are chosen satisfying condition S1, then the
quasioptimal estimate (2) follows. Although the simplest choices of finite
element spaces probably don’t satisfy S1, in the next two sections we show
how for some such choices V}, and W), can be enriched using bubble degrees
of freedom in order to achieve stability.

An element with piecewise constant shear approxima-
tion

Suppose that € is a polygon and 7; is a regular quasiuniform family
of triangulations of 2 indexed by the mesh length parameter h tending
to 0. Let L;(7,) denote the usual space of functions in H*({2) which are
piecewise polynomials of degree at most k£ with respect to the triangulation,
and set LZ(%) = L5 (7)) N HY(Q), and

Bi(Tp) = {v e LY(Ty) |vlor =0 forallT €Ty }.
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We continue to use boldface type to denote 2-vector-valued functions, oper-
ators whose values are vector-valued functions, and spaces of vector-valued
functions. Script type is used in a similar way for 2 x 2 -matrix objects. Thus
for example if 7 : L?(Q) — Li(7) is some operator, then 7 denotes the
operator m x 7 : L*(Q) — L1(73).

We shall now verify the stability condition S1 for the choice of elements

(3) Vi = L{(T0) + B3(Th), W = L3(Th), Sn = Ly,

indicated in Figure 1.

VAN ANSRVAN

¢ w ¢

Fig. 1 Degrees of freedom for the finite element spaces in (3).

Note that the space V}, is exactly the one used in [1] to approximate
the velocity for Stokes flow, while the pairing of piecewise quadratics and
piecewise constants provides the well-known P2 PY Stokes element. We
construct Il employing the ideas used to construct the corresponding op-
erators for these Stokes elements. For details on these constructions see [4,
§VL4]. Let 7 : H'(Q) — Li(7;) denote an approximation operator satis-
fying .

v —7hv||s < ChS||v|l1, s=0,1, ve H (Q).

Define 7} : HY(Q) — Bs(T5,) and T HY(Q) — Li(T,) by imposing

/T(v—mllv)zo, ngz“(z):/e(v—w,%v):o

for all triangles T' € 7}, , all vertices z of such triangles, and all edges e of
such triangles. It then follows that the operators II}v := v +m} (v —7)v)

and I2v := v+ 72 (v—7hv) map Hl(Q) into Vj, and H(Q) into Wy,
respectively, that they are bounded in H' norm uniformly in A, and that

b(TT}p, T1310:C) = b(p, p; €), for all o € HY(Q), € H'(Q),C € Sh.

Thus S1 holds with I, (¢, u) = (TL}2p, 7 ) .
The discrete problem can be written in weak form as

Find (gbh,wh, Ch) eV, x Wy, x S), such that

a(Pn, wn; P, 1) + (Y, 15 Ch) = (g, 1), (P, 1) € Vi X W,
t2

b(Pn,wn;m) — W(Chﬂ?) =0, n€Sh
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In view of the stability, we obtain the quasioptimal error estimate (2). It
then follows immediately that

4) = nlli + llw—wnlli + 1€ = Culle < Chlll@ll2 + llwll2 + [I<]1)

with C independent of h and t. Using the Helmholtz decomposition and
discrete Helmholtz decomposition as in [2], in place of [|{||; in this esti-
mate we may obtain the smaller quantity |[|¢||o + || div¢]|o + ¢/|€]|1 - This is
preferable since, as can be deduced from Theorem 7.1 of [2], this quantity is
bounded by C||gllo with C independent of ¢, while ||{]|1 can be expected
to grow unboundedly as t — 0. (In any case, however, such regularity while
valid for the clamped plate, is not true for some other important boundary
conditions. Cf. [3].)

A drawback of this choice of elements, essentially inherited from the P2
PY Stokes element, is that although we use quadratic approximation for the
transverse displacement w , we obtain only first order convergence in H' due
to the lower degree approximation used for the other variables. The degrees
of polynomial interpolation used for the different variables are in this sense
not balanced.

Elements with continuous piecewise linear shear ap-
proximation

In this section we will present some choices of elements with continuous
piecewise linear approximation of the shear stress ¢ . Throughout the section
we consider the (soft) simply supported Reissner—-Mindlin plate, in which
the energy function (1) is minimized over H'(Q) x H(Q), rather than the
clamped plate discussed heretofore. The reason for this will be discussed at
the end of the section.

In the simplest element of this sort we choose continuous piecewise linear
interpolation for the rotation and shear stress variables and use continuous
piecewise linear interpolation enriched by cubic bubbles for the transverse
displacement. That is, we select

(5) Vi =8, = Li(Ta), Wi = Li(Th) + Bs(Th),

as shown in Figure 2.

ABD AAN

Fig. 2 Degrees of freedom for the finite element spaces in (5) and (7).
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The operator 1T} defined in the previous section maps H'(€2) onto W,

and satisfies [(u— ) =0 for all p € HY(Q) and all T € 7;,. Conse-
quently

(grad(p — Mp), ) = —(u — I}, divy) =0

for all pu € Hl(Q) and all 7 € S,. Let P! denote the L?-projection
onto L1(7,). Under the assumption that the mesh family is quasiuniform
as h — 0, P! is bounded uniformly as an operator H(Q) — H(Q).
Morever, since S; C V;, (in fact they are equal),

(6) (¥ = Pyy,m) =0, e H(Q), neSh.
Therefore we can define I, (1), u) = (Plap, 11} ) and condition S1 holds.
Again the estimate (4) follows.

The choice of elements (5) uses the velocity and pressure interpolations
from the MINT Stokes element for the transverse displacement and the shear
stress, respectively, and for the rotations uses a space which contains the
space used for the shear stress. Using other Stokes elements introduced in
[1] in a similar way we can derive other stable Reissner-Mindlin elements,
all with continuous piecewise polynomial approximation of the shear stress.
The next simplest approximation would be

shown in Figure 2. This element is the most balanced with respect to ap-
proximability of the three components. Instead of (4) we get

16 — dnlls + llw = wnlli + I = Culle < CR*([@lls + lwllz + [I<l2)-

Note that we used the fact that S; C V}, to obtain (6) and therefore
verify condition S1. For the clamped plate problem this inclusion doesn’t
hold since in that case the functions in V}, , but not those in S} , vanish on
the boundary. It seems likely that at least for the element choice (7), making
use of the additional degrees of freedom for V}, on element edges, it should
still be possible to verify S1.
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