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An analysis is presented for a recently proposed finite element method for the Reissner—
Mindlin plate problem. The method is based on the standard variational principle,
uses nonconforming linear elements to approximate the rotations and conforming linear
elements to approximate the transverse displacements, and avoids the usual “locking
problem” by interpolating the shear stress into a rotated space of lowest order Raviart-
Thomas elements. When the plate thickness ¢ = O(h), it is proved that the method
gives optimal order error estimates uniform in t. However, the analysis suggests and
numerical calculations confirm that the method can produce poor approximations for
moderate sized values of the plate thickness. Indeed, for ¢ fixed, the method does not
converge as the mesh size h tends to zero.

1. Introduction

The purpose of this paper is to study a low order finite element scheme proposed
by Onate, Zarate, and Flores [15] for the approximation of the Reissner—-Mindlin
plate equations. The main difficulty in the finite element approximation of these
equations is the problem of “locking,” which results in poor approximations for
thin plates, and the scheme proposed in [15] is one of several which have been
proposed to overcome locking. An attractive feature of this method is that it uses
only linear finite elements. In this paper we prove that when ¢ = O(h), h being the
finite element mesh size, the method attains optimal order accuracy, giving good
approximations and avoiding the locking problem. However, as our analysis suggests
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and we confirm by means of numerical calculations, when ¢ is large compared to h
(the case of moderately thick plates), the method does not work well. Indeed, the
method is not convergent in the classical sense, i.e., when h tends to zero with ¢
fixed.

The Reissner—-Mindlin models determines functions ¢ and w, which are defined
on the middle surface 2 of the plate and approximate the rotation vector and
transverse displacement, respectively, as the minimizers of the energy functional

/\—2
J(qb,w):%/QCé’czS:é‘gb—l— t2 /Q|¢—gradw|2—/ﬂgw

over a subspace of H(2) x H'(Q) incorporating essential boundary conditions.
Here £ ¢ denotes the symmetric part of the gradient of ¢, g the scaled transverse
loading function, ¢ the plate thickness, and A = Ek/2(1 + v) with E Young’s
modulus, v the Poisson ratio, and k the shear correction factor. For all 2 x 2
symmetric matrices 7, C is defined by
E
Cr = m[(l —v)T +vitr(r)I].

As is now well understood, standard finite element methods for the Reissner—
Mindlin plate, which approximate ¢ and w by the minimizer of the above energy
functional over a finite element subspace of H(Q) x H'(), usually do not con-
verge uniformly with respect to the plate thickness. Rather they are plagued by a
deterioration of accuracy as t tends to zero, known as locking. Many of the meth-
ods which have been proposed to overcome locking take the following form. The
approximate solution (¢p,wp) is determined in a finite element space V;, x W), as
the minimizer of a modified energy functional

—2
Jn(p,w) = 1/ CEDP:EP+ Al / |Rh¢—gradw|2—/gw. (1.1)
2 Ja 2 Ja Q
The modification consists of the incorporation of the “reduction operator” Ry, :
Vi, — Ty, where T}, is an auxiliary finite element space and Ry, is typically either
an interpolation operator or an L?-projection operator. The finite element spaces
Vi, and W, may be either conforming or nonconforming. If they are nonconforming
the differential operators in (1.1) are of course applied element-by-element. Table 1
exhibits four such methods which use triangular finite elements of relatively low
order.

In the element diagrams in the table, the filled circle, open circle, and arrow are
used to denote degrees of freedom. The filled circle denotes the value of both compo-
nents of a vector quantity at the node, the open circle the value of a scalar quantity
at the node, and the arrow the value of the tangential component of a vector quantity
at an edge node. Thus three different spaces W), are depicted: standard Lagrange
elements of degree one for the methods of Durdn-Liberman and Onate—Zarate—
Flores, Lagrange elements of degree two for the method of Brezzi—Fortin—Stenberg,
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Table 1. Finite element schemes for the Reissner-Mindlin
plate based on the reduced energy functional (1.1).

Vi R, Reference

B, Arnold, Falk [3]

11, Brezzi, Fortin, Stenberg [8]

II, Durén, Liberman [10]

II, Onate, Zarate, Flores [15]

B
>
S

and nonconforming piecewise linear elements for the method of Arnold-Falk. For
V}, the spaces are less standard (although they are all recognizable as finite ele-
ment spaces which have been used to approximate the velocity for Stokes flow).
For the Arnold—Falk method this is the space of continuous piecewise linears vec-
torfields augmented by cubic bubbles, for the Brezzi—Fortin—Stenberg method the
space of continuous piecewise quadratic vectorfields augmented by cubic bubbles,
for the Durdn-Liberman method the subspace of continuous piecewise quadratic
vectorfields for which the normal component is linear on each edge, and for the
Onate—Zarate—Flores method, the space of nonconforming piecewise linear vector-
fields. The third and fourth columns in Table 1 show the range 'y, of the reduction
operator Ry, and the operator itself. For the Arnold—Falk method, I'y, is the space
of piecewise constant vectorfields and the reduction operator is the L?-projection,
that is, the element-wise averaging operator. For the Durdn—Liberman method and
the Onate—Zarate—Flores method, I';, is the lowest order Raviart—-Thomas subspace
of H(rot). That is, it is the space of piecewise linear vectorfields for which the tan-
gential component is constant on each element edge and continuous from element
to element. For these methods, the reduction operator is the natural interpolation
operator associated with this space. For the method of Brezzi, Fortin, and Sten-
berg, T'y, is the Raviart-Thomas approximation to H (rot) of one order higher, and
Ry, the corresponding interpolant.

The Arnold—Falk method was the first Reissner—Mindlin element computable in
the primitive variables ¢ and w which was proved to converge with optimal order,
uniformly with respect to the plate thickness. In [8] Brezzi, Fortin, and Stenberg,
following up on the work in [6], presented an approach for devising and verifying
locking-free Reissner—Mindlin elements, and as an application devised several fami-
lies of such elements. Assuming uniform regularity of the solution they proved that
these elements converge with optimal order uniformly in ¢. The second method
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depicted in Table 1 is the simplest treated there. The Duran—Liberman method is
a simpler method which also fits within the framework of [8] and so converges with
optimal order uniformly in ¢. The Onate—Zarate—Flores method was introduced in
[15] and good performance shown through numerical tests. It is appealing because
of its simplicity, but, in contrast to the other elements depicted in the table, it has
not been proven to be locking-free. In this paper we analyze the convergence of
this method. Our approach is strongly influenced by that [8], but we must also
consider the effect of the additional consistency error owing to the nonconformity
of the approximation for ¢. We shall show, among other estimates, that

¢ — dullo + llw — wrllo < Cmax(h?, )| gllo-

Thus, we have optimal order convergence in L? for both variables if the plate thick-
ness t tends to zero as least as quickly as the mesh size h. However this estimate
does not even establish convergence of the method in the classical sense, that is,
when the mesh size tends to zero while the plate thickness is held fixed. In fact, we
show by means of a numerical example that such convergence does not hold.

Before closing this section, we recall another important approach to the devel-
opment of low order locking-free finite element schemes: the use of stabilization
techniques. These are not based on the reduced energy functional (1.1), but rather
on a modification of it in which the coefficient t=2 is relaced by (t? + ah?)~! for a
suitable constant a. A method proposed by Duran, Ghioldi, and Wolanksi [9] and
simultaneously by Franca and Stenberg [13] uses the same elements as the method of
Arnold and Falk, except that the bubble functions are not included in the space Vj.
In both works it is shown that this choice of spaces results in a uniformly optimal
order method when used with the stabilized energy functional. In fact, as discussed
in [1], essentially the same scheme results by using static condensation to eliminate
the bubble function in the method of [3]. A similar stabilized method was proposed
by Pitkéranta [16], except that the transverse displacement was approximated by
conforming quadratics instead of nonconforming linears, and no reduction operator
is needed. A simpler stabilized method has been recently proposed and analyzed by
Brezzi, Fortin, and Stenberg [8]. This uses continuous piecewise linear elements for
both V;, and W}, and the reduction operator is Iy, the interpolation into the low-
est order Raviart—Thomas space. Finally, a variety of methods have been proposed
and analyzed using more involved modifications of the energy function to achieve
stabilization. Cf. [14] and [17].

In the next section, we present a mixed formulation of the Reissner—-Mindlin
problem which will facilitate the analysis of the Onate-Zarate—Flores method. In
§ 3 we prove optimal order error estimates for the case when t < Ch. An interesting
relationship between the Onate—Zarate—Flores method and the Morley method for
the approximation of the biharmonic problem is established in § 4. Finally, in § 5,
we present the results of some numerical computations which show that for ¢ fixed,
the method does not converge as the mesh size h tends to zero.
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2. Variational formulations

For simplicity we henceforth assume that the domain € is a convex polygon and
restrict our attention to the case of a (hard) clamped plate. The rotation vector
and transverse displacement may then be determined as the unique solution to the
following weak formulation.

Find (¢,w) € H' x H* satisfying:

(CEP.E) + M (¢ — gradw, ¢ —grad p) = (g, ) for all (v, u) € H' x H'.

The space H' denotes the usual Sobolev space of square integrable functions on
Q which vanish on 99 and which possess square integrable first derivatives, and
H' denotes the corresponding space of 2-vector-valued functions. (We use boldface
type to denote vector-valued analogues of spaces and operators generally.) The
parentheses denote the L? (or L?) inner product. In view of the analysis to follow
we also recall the definition of the differential operators

curlg = () sotw = (0u1/0y - 0us/0x),
and the space
H(rot) = {v € L*(Q)| rotep € L*(Q),4p-s=00n 00 }.

For the precise description and analysis of the approximation scheme we intro-
duce several finite element spaces. We suppose that a quasiuniform shape-regular
family of triangulations of € is given with the characteristic mesh size h tending to
zero. For each triangulation, we define

Mg, the usual conforming piecewise linear approximation of H*, consisting
of continuous piecewise linear functions vanishing on the boundary;

M*l, the usual nonconforming piecewise linear approximation of H 1 con-
sisting of piecewise linear functions which are continuous at the midpoints
of element edges and vanish at the midpoints of boundary edges;

M?, the space of piecewise constant functions; and

T'j, the lowest order Raviart-Thomas subspace of H (rot), consisting of vector-
valued functions which on each finite element are of the form (a — by, c + bz)” for
some a, b, ¢ € R, and for which the tangential component on each element edge is
continuous from element to element and vanishes on boundary edges.

We shall use M*l, the vector analogue of the nonconforming space to approx-
imate ¢. Differential operators such as £ and rot may be applied to functions in
M*1 element by element; we shall write £, and rot, in this case.

For each of these spaces we define a projection operator mapping into the space
as follows:

I - H' N O(Q) — M, (1 — T1L4)(v) = 0 for all vertices v;
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I H' — M, [ (¢ —IIi4p) = 0 for all edges e;
Y : L2 — M°, [.(¢ —TI%4) = 0 for all triangles T;
IO} : H(rot) — Ty, [ (¢ — Hg'l,[;) -8 =0 for all edges e.
Since fe -5 is well-defined for 1 € M}, the Raviart-Thomas projection II} v is
well-defined for such 1 as well. These operators have a number of properties which

will enter the analysis below and which we now collect. First they give optimal
order approximation:

[t = Thllo + hllvp — e[l < CR2|[Y)l2, forallyy € H'NH?,  (2.1)
v = TWllo + Al — bl < CR?[[¢hlla,  for allp € H' N H?,  (2.2)
[ = TI94pllo < Ch|¥]1, for ally € HY, (2.3)

| — TILp|lo < Chlj|l1, for all ¢ € H' N H(rot), (2.4)

[ — I4pllo < Chllpll1n, for all 4 € M, (2.5)

where we use the definition

113 5 = 19115 + Il grad,, 3.

Next, we recall the well-known commutativity property of the Raviart—-Thomas
projection,
rot I} = TI) rot ¢y for all ¢p € H', (2.6)

and its analogue for 1 € Mi, which takes the form
rot IT} 4 = rot, @b for all ¢ € M*1 (2.7)
The analogous property also holds for the projection onto the nonconforming space
M}
roty, I ap = 9 rotep for all 4 € H'. (2.8)

The operator curly, : M® — I}, is defined by the equation

(curly, ¢,v) = (g,rot¢p) for all p € T'y,. (2.9)

Using it we may state the following discrete analogue of the Helmholtz decomposi-
tion (cf. [8, Lemma 3.1]).

Lemma 2.1.
'y, =grad MS @& curl, M.

This is an L? orthogonal decomposition.

The approximation scheme of Onate, Zarate, and Flores uses Mj as an approx-
imation of the space H' for the rotations and Mg as an approximation of the space
H' for the displacements. In addition it makes use of the interpolation operator
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IT} as a reduction operator. Thus the discrete solution (¢p,wp) € Mi X M01 is
determined by the equations

(CEL dn, Enp) + M2(IT}, Py, — grad wy,, I}, — grad )
= (g,p) forall (¥, p) € M} x M}. (2.10)

To analyze the scheme, we follow [8] to obtain an alternate weak formulation of
the continuous Reissner—-Mindlin problem. First we use the Helmholtz decomposi-
tion to write

M %(gradw — ¢) = grad r + curlp

with r vanishing on 992 and p normalized to have mean value zero. Next we intro-
duce the auxiliary variable e = curlp. Tt is then easy to check that (r, ¢, p, a,w) €
H' x H' x L? x H(rot) x H! satisfies the following equations:

(grad r,grad i) = (g, ) for all p e H, (2.11)

(CE P, E9) — (p,rotyp) = (gradr,¢p) for all ¥ € H, (2.12)
—(rot @, q) — A3 (rota,q) =0 for all ¢ € L2 (2.13)

(a,8) — (p,rot &) =0 for all § € H(rot), (2.14)
(gradw,grads) = (¢ + A\ 't>gradr,grads) forallse H'.  (2.15)

Note that we use a circumflex over a space to denote the subspace consisting of
functions of mean value zero.

As observed in many papers on the subject, the two Poisson problems (2.11) and
(2.15) decouple from this system. To study the remaining equations (2.12)—(2.14),
we follow Brezzi, Fortin, and Stenberg [8] and define A : [H' x H(rot)] x [H' x
H(rot)] — R and B : [H* x H(rot)] x L? — R by

A, a;9,8) = (CE D, Ep) + X' (a, 8),
B(4,6;q) = —(rot 1, q) — A" H2(rot 8, q).

With respect to the t-dependent norm
I, 8111 = Nl + ¢2[18]13 + ¢*]| rot 83

on H' x H (rot) and the usual norm on L2, the forms A and B are bounded
uniformly in ¢. Note that for the exact solution we have av = curlp and t?rot o =
—Arot @, so ||, a|? = ||p]|3 + A?|| rot ¢]|3 + ¢2|| curl p||3. The continuous problem
(2.12)—(2.14) can then be cast into the form:

Find (¢, ) € H' x H(rot) and p € L? such that

A(p,c;4,8) + B(x,8;p) = (gradr,+p) for all (,8) € H' x H(rot),
(2.16)

B(¢p,a;q) =0 forallge L2 (2.17)
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This problem is a saddle point problem of the form considered by Brezzi in [7]. The
two hypothesis of Brezzi’s theorem, which we now state, are easily verified using
Korn’s inequality for the first and simply choosing § = 0 in the second.

(B1) There exists v > 0 independent of ¢ such that

A, 8;9.8) > 1|l ||

for all
(1,8) € Z = { (1,8) € H' x H(rot) | B(,8:q) =0 for all ¢ € L }

:{(¢75) € H' x H(rot) |\ "#?rot d = —rotw}.

(B2) There exists v > 0 independent of ¢ such that

. B(,0;q)
inf sup — >
gei? (,8)cE x E(ror) 1% 8l1allo

We note for future reference the following regularity results for (2.11)—(2.15).
The bounds for r, w, ¢, and p are proved in [3] and those for a follow from the
equations a = curlp and t?rot & = —Arot ¢. There exists a constant C' indepen-
dent of ¢ such that

7l + llwlls + @l + NIl + tlpllz + llelo + tlels + ¢ rot exlly < C”QHEL :
2.18

I7ll2 + [lwllz < Cligllo- (2.19)

We now derive the discrete version of (2.11)-(2.15). Let (¢pp,wn) solve (2.10).
Then grad wy, and ITY 1 @n belong to I'y,, so we invoke Lemma 2.1 to write

M2 (grad wy, — I}, ¢1,) = grad ry, + curly, py,

with 7, € MO and pp € MO, Set oy, = curly, pp, € T'y. Usmg (2 9) and (2.7), it is
then easy to see that the quintuple (7, ¢p, ph, an,wn) € MO X M1 x MO x T, x MO
satisfies

(gradry,, grad ;1) = (g, 1) for all p € M, (2.20)

(CEn dn, Enp) — (pn,roty ) = (gradry,, ML) for all b € M), (2.21)
—(roty, @n,q) — X\ M3 (rot ap,q) =0 for all ¢ € MO, (2.22)
(ap,0) — (pp,rotd) =0 for all 6 € Ty, (2.23)

(grad wy, grad s) = (IT} ¢y, + A\~ 't? grad ry,, grad s) for all s € M. (2.24)

Once again the main part of the analysis deals with equations (2.21)—(2.23),
which we may rewrite in standard form:
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Find (¢n, ap) € Mj x T, pn € M° such that

Ap(dn, an;ab, 8) + By(v, 8;p) = (grad 7y, hap)  for all (,8) € M} x Ty,
(2.25)

By (¢pn,an;q) =0 forall g € MO, (2.26)

where

Ap(p,0519,8) = (CEL D, Ent) + A 12 (e, 8),
B, (v, 8;q) = —(rotp ¥, q) — A3 (rot 8, q).

Note that A;, and By, are defined just as A and B except that £ and rot are replaced
by the piecewise defined operators £ and rotp when applied to functions in the
nonconforming space M.

3. Error estimates

In the preceding section, we reduced the continuous Reissner—Mindlin system to
the saddle point problem (2.16)—(2.17), and the Onate—Zarate—Flores method to the
discrete analogue of this problem, (2.25)—(2.26). The well-posedness of (2.16)—(2.17)
followed easily from the continuous Brezzi conditions (B1) and (B2). A seemingly
natural way to proceed with the error analysis would be to establish the discrete
analogues of the Brezzi conditions for the discrete problem (2.25)—(2.26), and then
to apply standard arguments from the theory of mixed methods. However this
approach fails, because the discrete analogue of condition (B1) does not hold. To
understand why the condition fails in the discrete case even though it holds in the
continuous case, recall that the continuous result was a simple consequence of Korn’s
inequality. However the discrete analogue of Korn’s inequality for nonconforming
linear elements, that is, the statement that

| grad,, ¥[lo < C|| Envllo for all 9 € M,

is known not to be true (cf. [11] and [12]). All is not lost, however. The dis-
crete analogue of condition (B1) requires coercivity of the form Ajp only over the
subspace Z; of Mj x I'y, which is defined in equation (3.3) below. But, as we
show in Lemma 3.2 below, such coercivity does hold with a constant « of the form
cmin(1,h?/t?). Thus, if t = O(h), v is O(1), while for fixed ¢, v tends to zero as h
tends to zero. This observation is key to understanding both the good performance
of the method when ¢t = O(h) and its failure to converge for fixed ¢ as h tends to
Zero.

From the strong form of equation (2.16), we obtain, using integration by parts,
that

Ay(6.06.8) + By(ah,85p) = (grad o) + 3 [ ((CE @t ps]-
T Jor

for all (1, 8) € M} x T,



10 Analysis of a Finite Element for the Reissner—Mindlin Plate

Combining this equation with equation (2.25) gives

An(@n, an; 9, 8) + Bu(v, 6;p1) = An(@, o, 0) + Bi(v, 6;p)
+(grady, TT}w) — (gradrw) - 3 [ [(CEo)m+ps]-
T Jor
for all (,8) € M} x T, (3.1)
whence
Ah(HZ(p_(phv H}:a_ah; 11177 5)+Bh(¢a 57p_Ph) = Ah(HZ(ﬁ_(ﬁv Hga—av "7[); 5)
— (grad ry,, I} %) + (grad r, ) + Z/ (CEP)n+ps] -y
T Jor
for all (,8) € M} xT;. (3.2)

We now prove a sequence of lemmas which allow us to derive error estimates from
(3.2). For the first two we define

Z}LZ{(’(/),J) 61\4*1 x 'y, | Bp(¥,8;9) =0 for allqEMO}

o . (3.3)
= { (1,8) € M} x T, | \"'*rot § = rotp 4 for all g € M° } .
We note that if (¢, d) € Zp,, then
Bu(,8;q) =0 for all ¢ € L% (3.4)

Lemma 3.1. The solutions of (2.11)(2.15) satisfy (IL; ¢, I, ) € Z;,. The solu-
tions of (2.20)—(2.24) satisfy (¢n, an) € Zp,.

Proof: The second statement is immediate from (2.22). To verify the first, we use
(2.8), (2.13), and (2.6) to obtain

rot, I ¢ = TIY rot ¢ = — A" 1210 rot e = — A~ rot I}, .0

Lemma 3.2. There exists v > 0 independent of i and ¢ such that

An(3,8;9,8) = y[min(1,22/2)[9][3 , + | € (I + 2[10][5 + h*¢2|| rot &[]
for all (¢, 0) € Z.

Proof: First we recall the discrete Poincare inequality (see, e.g., [3]),
lllo < Cllgrad,, 9llo for all 4 € M,

which, together with the differential identity

1 0 1
gradh¢:8}L¢+§rOt}Lw(_l 0>7
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implies that

[91,n < C(| Envllo + || rotn llo) for all 9 € My (3.5)

Using an inverse inequality and then (3.3), we get that

An(,8;9,8) > 7 (|| En )12 + £2]6]12)
> (]| En g + 2118]15 + h*t3| rot 8]|3)
> v3([| En ¥II§ + 2116115 + B2t3 (| rot 83| + A2 /¢ ot ]|3),

where the ~; are positive constants independent of h and ¢. The desired estimate
then follows from (3.5). O

Our next lemma is a standard bound on the consistency error due to the non-
conformity of M} as an approximation of H'. For a proof see, e.g., [3].

Lemma 3.3. There exists a constant C' independent of h such that

Z/QT[(C5¢)R +ps]- | < Ch(l[ll2 + lIpll)lIll1,n

forall € H2, p € H', and ¢ € M},

Next we bound the consistency error attributable to the reduction operator and
the approximate forcing function in (2.21).

Lemma 3.4. There exists a constant C independent of h such that if for some
g € L?, r € H! satisfies (2.11), r, € M} satisfies (2.20), and 1 € M}, then

|(gradr, %) — (grad ry, IL,4)| < Chl|r|2[|3] 1.1

Proof: Clearly

|(gradr, 1) — (grad rp,, I}ap)| = |(grad[r — rp], %) + (grad rp,, ¥ — I} 1)|
< [l = rallsllello + lIrall1lle — TL,3p]o.

In view of (2.5) and the obvious estimates
Iralle < Clirllys e =ralls < Chllr|2,

the lemma follows. [J

We are now ready to prove the basic energy estimate for the method.
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Theorem 3.5. There exists a constant C' independent of h and t such that

16 = @nllin + 2] rot(a — an)llo < Chmax(1,t*/h?)|lgllo,
[ €n(d — dn)llo + tla — anllo < Chmax(1,¢/h)]|gllo-

Proof: Choosing (,d) = (II;¢ — ¢, I, — a,) in (3.2) and using (3.4) and
Lemma 3.1 we get that
Ap (I, — ¢, M — an; I — ¢, I — @)
= Ap(IL,¢ — ¢, I, — o I — 1, I — ) (3.6)
— (grad 7, I}, [IT¢ — ¢]) + (grad s, IT;¢p — n)

+;/8T[<cs¢>n+ps] (¢ — én).

Applying Lemma 3.3, Lemma 3.4, Schwarz’s inequality, and the approximation error
bounds (2.2)—(2.4), the terms on the right hand side may be bounded above by

Ch(l[@llz + lIpll + 1712 + e ) (T, — nll1,n + tTT, & — e lo)
< Chllgllo(I ;¢ — @nl1,n + T, — aun o),
where C' is independent of i and ¢ and we have invoked the regularity estimates

(2.18)—(2.19). On the other hand, Lemma 3.2 furnishes a lower bound for the left
hand side of (3.6):

~[min(1, B /8) [T — dnll3 1 + | En (T8 — Pr) 1§ + ¢ M — e
+ B2t2|| rot (I}, — ) ||2].
Combining these two bounds and performing some simple manipulations we get
I — dnllrn + ¢ rot (I, & — ) [lo < Chmax(1,2/h?)||gllo,
| En(IT5 — @n)llo + M — anlo < Chmax(1,t/h)|g]lo.
Now,
|6 — I}l + tl]ex — IL, e[l + ¢|| rot(ee — I ) [lo < CRllg]o,

as follows from the (2.2)—(2.4), (2.6), and (2.18). The theorem then follows using
the triangle inequality. O

We now consider L? estimates. As is usual, we first define an appropriate dual
problem. For d € L?, let (¢, p?, a?) € H' x L? x H(rot) satisfy

(CEPL,E) — (ph,rot ) = (d,vp) for all ¥ € H, (3.7)
—(rot ¢¢,q) — t*(rota?,q) =0 for all ¢ € L2
(a?,8) — (p%,rot &) =0 for all § € H(rot), (3.9)
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and let w? € H' be determined by
(gradw?, grad s) = (¢% grads) for all s € H'. (3.10)
Then, from [3, Theorem 7.1], we have the following regularity result.
ol + 16?2 + 15l + elp?lla + o + El rotally < Clldo.  (3.11)

Before using this dual problem to obtain L? estimates, it will be convenient to
first establish two approximation results. The first deals with an approximation
property of IT}, when applied to functions of a special form and the second bounds
the consistency error attributable to the reduction operator and the approximate
forcing function in a manner different from Lemma 3.4.

Lemma 3.6. Suppose that 1 € E[l, uwE H! NH?, 2 € H? and
M~ %(grad pu — 1) = grad s + curl g
for some s € H' N H? and ¢ € H2. Then

|(grad 2,4 — IL,%)| < Chmax(h, t)|z]|2[|ull2 + t([sll2 + [la]l2)]-

Proof: First observe that for each edge e joining vertices a and b, Hl}: grad p is an
element of I'y, satisfying

/e(HEgradu)-s:/egradws:/du/ds:u(b)—u(a)

€

— M0}p(t) - Wita) = [ (W) ds = [ grad s

€ €

Since gradIl}u € T'), and from the above, has the same values at the degrees of
freedom as IT} grad y, we get

T} grad = grad IT}, ;1. (3.12)

Using this fact, we have

(grad z, grad p — IT}, [grad y])

— A" '?(grad z, [I — I1}|[grad s + curl q])
—(Az,u—Tp) — A 't?(grad z, [I — I}, |[grad s + curl ¢])
12l2llpe = T pello + C#2|l2[|1 | (X — TL, ) (grad s + curl g)fo
ClR?ull2llzll2 + Rzl (lIsll2 + llgll2)]

Chmax(h, t)||z]l2[l|ull2 + t(lIsll2 + ll¢ll2)].0

(grad z, ¢ — IT}9)

ININCIA
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Lemma 3.7. Suppose that for some g € L2, r € H! satisfies (2.11) and 7y, € M01
satisfies (2.20) and that (¢, p?, a?,w?) satisfies the above dual problem. Then
there exists a constant C' independent of h such that

|(grad 7, 1T} ¢") — (grad 7y, I IT;,¢)| < Chmax(h, 1) gllo|d]fo-

Proof: We first observe that HEHZ(ﬁd = H£¢d. Hence,
(grad rIT;¢") — (grad ry, I, 1T;,¢7)
= (grad[r — ), II;¢") + (grad 1, IT;,¢" — IL, IT;¢)
— (grad]r — ), I — ) — (r — ., div )
+ (grad ry, IT;, ¢ — I}, IT;,¢7)
= (grad[r — ], ;0% — ¢%) — (r — rp,, div @) + (grad ry,, I} 0% — %)
+ (grad[r, — 1], ¢ — I, ¢%) + (grad r, ¢* — 1T}, 7).

Applying standard estimates, we obtain

|(grad 7, 1T} ¢") — (grad 7y, I IT;¢%)| < Ch?||r]|2]|¢7]2 + |(grad 7, ¢ — T}, ¢7)]
< Ch?|gllolldllo + [(grad r, ¢* — IT, 7).

To estimate the last term, we observe that from (3.7)-(3.10), it follows that ¢? has
the Helmholtz decomposition

grad w? — ¢ = A714¢2 curl p?.

d

Applying Lemma 3.6 with ¢ = ¢, u = w?, 2z =1r, s =0, ¢ = p% and the a priori

estimates (2.19) and (3.11), we get
(grad r, ¢* ~IL,¢")| < Chmax(h, t)||r|2[|lo” |2 +[[p*|l2] < Chmax(h,t)llgllol|d]lo.

Combining these results establishes the lemma. [0

Using this result, we now prove the first of our L? estimates.

Theorem 3.8.
I — @nllo < Cmax(h?,t%)||gllo-

Proof: Integrating the strong form of (3.7) by parts, we obtain
(da ¢ - ¢h)
—(CE#E1l0 - o)~ (0 ronlo—anl) - X [ [CE@ntpsl- (0 on)
T
Now observe that using (2.13), (2.22), and (3.9), we get

(p, rotn[¢p — ¢n]) = =A% rotla — an]) = —A (@ — an)
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so that we may rewrite the equation above as
(d, ¢ — dn) = An(9?, a’s ¢ — P, — ) — Z/d [CEP'n+p's]- (¢ — dn).
T JOT

By Lemma 3.1, (IT} ¢, II} a?) € Z;, and hence from (3.4), B, (IL; ¢%, II} a; ¢) = 0
for all ¢ € L2(2). From (3.1), we then obtain

An(p — bn, o — ap; M0 T )

— _(grad ry, TITTE; ) + (grad r, ;;¢d)+z/ (CEd)n + ps] - T, .
T orT

Combining these results, we obtain
(d, ¢ — bn) = An(¢? — ;0% — ;¢ — dn, a0 — )
+30 [ (Ceomps)- (gt - o)
T Jor

- sz/BT(Cf:qbdnwds) (6— én)
+ (gradr, HZ(bd) — (grad ry, H£H2¢d).

Setting d = ¢ — ¢, and applying standard results for nonconforming methods,
Theorem 3.5, and Lemma 3.7, we obtain:

I — onllg < C [l En(d? = T, 0M) o]l En(@ — @n)llo + t*[la — I a’(lo]| e — exnllo
+h(|[gll2 + Iplh) || grad,, (IT; ¢ — ¢*)llo
+h(lll2 + lIp"l1) 1l grad,, (¢ — ¢n)llo
+(grad r, IT;¢") — (grad 7, I, IT; %) |
< C [hmax(h, )([¢%]l2 + tle|[)llgllo + A (|2 + lIpll) ]2
+max(h?,%)(|¢l2 + 1p°111)llgllo + hmax(h, ) gllolld]lo] -

Applying (2.18) and (3.11) completes the proof. O

From these results, we easily obtain the following error estimate for the approx-
imation of w.

Theorem 3.9.
lw = wnlls < Clh+ max(h?,£)][lg]o-
Proof: Using (2.15) and (2.24), and then (2.11) and (2.20), we get that
(grad[Il}w — wp], grad[ll}w — wy]) = (grad[ll}w — w], grad[ll},w — wy))
+ (¢ — L ¢y, + N2 grad|r — 1], grad[IT}w — wy]).
= (grad[Il},w — w], grad[IT}w — wy))
+ (¢~ MW, + (6 — dn] + [IT}, — I][¢ — ¢1], grad[Iw — w)).
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It easily follows by standard estimates that

lo = wall < O(lw = Wwll1 + ¢ = TBllo + (|6 — Sallo + hll grad,, (¢ — ¢n)llo)
< C(hllwllz + Rl @l + max(t*, A*)gllo) < Clh + max(t*, h*)][lgllo.0

Finally, we apply another standard duality argument to obtain an L? error
estimate for w — wy,.

Theorem 3.10.
lw — wallo < Cmax(h?,t?)]g]lo-

Proof: Let z € H' and z, € M& be the respective solutions of

(grad z,grad s) = (w —wp,s) forall se H,
(grad z,, grad s) = (w — wp,s) for all s € M.

Then, using (2.11) and (2.20), we get

(w—wph,w — wp) = (grad|w — wp], grad z)
= (grad|w — wy], grad[z — 2;]) (¢ — I}, ¢y, + A\~ 't* grad[r — r1,], grad z;,)

+ (¢ — I}, 1, grad z;,)

+ (¢ — I}, ¢, grad|z), — 2])

r

h

+ (¢ — I}, grad z) + ([TL;, — I][¢p — ¢], grad z;,) + (¢ — ¢n, grad zp).

]
= (grad|w — wp], grad[z — z3])
= (grad|w — wy], grad|[z — z1])

Hence, applying Theorems 3.5-3.9, Lemma 3.6, (2.4), (2.18), and (2.19), we obtain

lw—wn 13
< (lw = wnll + [l = Tpllo) |2 = zally + [[IX}, — 1][¢p — ¢n]lloll grad 21 1o
+1l¢ — @nlloll grad 2 [lo + |(¢ — IT} ¢, grad 2)]
< Clhllw = wrlly + hlld — T, Bllo + hl| grad,, (¢ — én)llo + 1o — @nllo]l1=]2
+1(¢ — 1L, ¢, grad )|
< Cmax(h?,1%) | g]lo] |2

Using the fact that ||z]j2 < C|lw — wp||o, we obtain the result of the lemma. O

4. Connection to the Morley method for the biharmonic equation

The method analyzed in this paper has another interesting property. For fixed h,
the method approaches a modified Morley method for the biharmonic as ¢ tends to
zero. More precisely, we shall establish the following result. Let Mf denote the sub-
space of Morley elements, consisting of piecewise quadratics which are continuous
at element vertices and vanish at boundary vertices, and whose normal derivatives
are continuous at midpoints of edges and vanish at midpoints of boundary edges.
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Theorem 4.1. Suppose (¢, wn) € M} x M} is the solution of (2.10). Then

tlir% ¢, = grad,, zp, tlir% grad wy, = Hg grad,, 2,

where z; € Mf satisfies the modified Morley equations

(C & grad,, z,, & grad, vy) = (g, hvy)  for all v, € M2 (4.1)

We note that a connection to the Morley method is observed in [15] and that
the modified Morley method given above has been previously discussed by Arnold
and Brezzi in [2] where it is shown to be essentially equivalent to the mixed method
of Hellan-Hermann—Johnson.

To establish this theorem, we will use the following relationship between the
Morley space and the space of nonconforming piecewise linear finite elements. The
proof is analogous to that of Theorem 4.1 of [12].

Lemma 4.2.
grad, M? = {1 € M} : rot, v = 0}.

Proof of Theorem 4.1: Let (¢),p%, ) w?) denote the solution of (2.21)-(2.24)
with ¢ = 0. We first show that

}in(l) obn = (;52, %ir% gradw, = grad wg.
Subtracting the limit version of (2.21)—(2.24) from the original version, we obtain

(CEnldn — DY), En ) — (pn — 1Y, oty p) =0 for all p € M, (4.2)
—(rotn[dn — V], q) — A" 2 (rot]ay, — @], q) = A2 (rot @, q) for all g € M,

(4.3)

(an, —al,8) — (pr, — p),r0t8) =0 for all § € Ty, (4.4)

(grad|wy, — )], grad s) = (II} [) — @] + A\~ 't> grad ry, grad s) for all s € M.
(4.5)

Choosing ¥ = ¢y — @Y, ¢ = pY — pn, and § = A" 't?*(a, — @) and adding the first
three equations, we obtain

(CEnldn — B3], Enlpn — P)) + A 12 (an — ), o — @)
= A_ltz(rOt a%,p% - ph) = A_th(a?m ap — a(i)z)

It follows easily that lim; .o Ex[dn — @9] = 0. Using (4.2) and the properties of
the Mj — MO Stokes element, it is easy to show that lim;_opj) — pp, = 0. It then
follows from (4.4) that lim;_.g o, — @) = 0. From (4.3), we can then conclude that
lim¢ o rotp, [@n, — @9 = 0 and hence that lim;— ¢p, — @9 = 0. Finally, we conclude
from (4.5) that lim;_owp, — w) = 0.
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To complete the proof, we show that ¢\ = grad,, z; and grad w% = Hl}: grad;,zp,
where z, € M2 satisfies the modified Morley equation (4.1). Now using (2.22) with
t=0, (2.7), and (2.9), we have for all piecewise constant g, that

0 = (rots @), qn) = (rot T, @), q) = (I}, @), curly qp).

Using the above, Lemma 2.1, and (2.24) with ¢ = 0 it easily follows that grad i =
H£¢2. Now §ince roty, (b% = 0, we may use Lemma 4.2 to write (;52 = grad,, zp,
where 2z, € M2. Thus, it only remains to show that zj satisfies (4.1). Choosing
Y, = grad, vy, for v, € Mf and noting that ¥ € Mi and roty ¢, = 0, we get
from (2.21) with ¢ = 0, that

(C&n qb%, Engrad,, vy) = (grad ry, HE grad,, vp,).

Now observing that (3.12) is also valid when grad p is replaced by grad,, v;, (the
proof is unchanged), we have

I} grad, v, = grad IT} vy,.
Then using (2.20), we get
(CEn ¢p,Engrad,, vy) = (grad ry, grad Il vn) = (g, 1},0n).

Hence, z, € M2 satisfies (4.1). O

5. Numerical Results

The error estimates derived in the previous section show that when ¢t = O(h),
the method gives optimal order error estimates for all the variables, independent
of t. Thus, we do not have a locking problem in the usual sense. However, when
h is small compared with ¢, the error estimates deteriorate and do not show the
convergence of the method for fixed t as h — 0. In this section, we present the
results of some numerical computations to show that this failure of convergence is
not a problem with the proof, but a problem with the method.

The example we consider is a circular plate which is clamped on its edge and
loaded by g = cos (we use polar coordinates r and 6 to describe the problem and
its solution, but compute in Cartesian coordinates). Exploiting symmetry we need
only discretize one quarter of the domain, and thus the computational domain is
the quarter of the unit circle contained in the first quadrant. Essential boundary
conditions ¢1 = ¢2 = w = 0 are imposed on the curved portion of the boundary,
while on the vertical segment of the boundary the only essential boundary conditions
imposed are ¢ = w = 0 and on the horizontal segment of the boundary only ¢ = 0
is imposed. For the Young modulus, Poisson ratio, and shear correction factor we
take E =1, v = 0.3, and k = 5/6, and for the thickness we take the three values
t =1, 0.1, and 0.01. For each value of the thickness we computed on a sequence
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Fig. 1. An intermediate mesh with 256 elements.

of six meshes with 4, 16, 64, 256, 1024, and 4048 elements. The fourth mesh, with
256 elements, is shown in Fig. 1.

The exact solution of this problem can be expressed in terms of a modified Bessel
function [4], and thus we can compute the exact error in the numerical solution. The
solution has a boundary layer, but it is too weak to interfere with the convergence
of linear elements (all three component are bounded in H? uniformly with respect
to t [5]). The first graph in Fig. 1 is a log-log plot of the L2-errors as a function
of meshsize for the transverse displacement and the first component of rotation
(the error for the second component is very similar). Note the apparent optimal
second order convergence of all three components when ¢ = 0.01, but evident lack
of convergence when ¢t = 1. In the case t = 0.1 there is reasonable convergence for h
not too small, but the convergence slows significantly when h decreases, especially
for the rotation.

For sake of comparison, the performance of two other elements for the same prob-
lem are shown. The second plot in Fig. 2 depicts the performance of a straightfor-
ward discretization using conforming piecewise linear elements for both the rotation
and the displacement. This method suffers from locking. Thus the apparent con-
vergence is good for ¢ large, but poor for ¢ small (precisely the opposite as for the
Onate—Zarate—Flores method). The final plot in Fig. 2 depicts the performance of
the Arnold-Falk element. This is a truly locking-free element, in the sense that op-
timal order convergence can be proven to hold uniformly for ¢ € (0,1]. The robust
performance of this element is clear in the plot.

Acknowledgement

The first author was supported NSF grants DMS-9205300 and DMS-9500672 and
by the Institute for Mathematics and its Applications. The second author was
supported by NSF grants DMS-9106051 and DMS-9403552.



20 Analysis of a Finite Element for the Reissner—Mindlin Plate
T LI \‘ T LI \‘
1071 =
1072 £ E
1073 £ E
107 E
1075
T L \\‘
107t ;Q 51071 =
= — E = E
S S I 1
_ Z
1072 o—=2 & § = ° ° 102 E
F T E F 3
o /></ /% 1 o 1
L P 2 7 L 7
1078 e X /g;/' = 1078 E =
E <7 — 1=1.00 1 E E
C g 7 - - %= 0.10 7 C ]
10 % =001 1ok =
g °© W E g E
C < ] C ]
10—5 L L1 | \\‘ L L1 | \\‘ 10—5 L L1 | \\‘ L L1 | \\‘
1071 100 101 100
Fig. 2. Plots of L?-errors versus meshsize for the Ofiate-Zarate-Flores method, a standard

method using conforming linear elements, and the Arnold—Falk method.

References

1. D. N. Arnold, Innovative finite element methods for plates, Mat. Apl. Comput. 10
(1991) 77-99.

2. D. N. Arnold and F. Brezzi, Mized and nonconforming finite element methods: imple-
mentation, postprocessing, and error estimates, RATRO Modél. Math. Anal. Numér.
19 (1985) 7-32.

3. D. N. Arnold and R. S. Falk, A uniformly accurate finite element method for the
Reissner—-Mindlin plate, SIAM J. Numer. Anal. 26 (1989) 1276-1290.

4. D.N. Arnold and R. S. Falk, Edge effects in the Reissner—Mindlin plate theory, in Ana-
lytical and Computational Models for Shells, eds. A. K. Noor, T. Belytschko,
and J. Simo (American Society of Mechanical Engineers, 1989), pp. 71-90.

5. D. N. Arnold and R. S. Falk, Asymptotic analysis of the boundary layer for the
Reissner—-Mindlin plate model, SIAM J. Math. Anal. 27 (1996) 486-514.

6. K. J. Bathe, F. Brezzi, and M. Fortin, Mized-interpolated elements for Reissner—
Mindlin plates, Internat. J. Numer. Methods Engrg. 21 (1989) 1787-1801.

7. F. Brezzi, On the existence, uniqueness and approximation of saddle point problems
arising from lagrangian multipliers, R.A.I.R.O. Anal. Numer. 8 (1974) 129-174.

8. F. Brezzi, M. Fortin, and R. Stenberg, Error analysis of mized-interpolated elements

for Reissner—Mindlin plates, Math. Models and Methods in Applied Sciences 1 (1991)
125-151.



10.

11.

12.

13.

14.

15.

16.

17.

Analysis of a Finite Element for the Reissner—Mindlin Plate 21

R. Durédn, A. Ghioldi, and N. Wolanksi, A finite element method for the Mindlin—
Reissner plate model, STAM J. Numer. Anal. 28 (1991) 1004-1014.

R. Durén and E. Liberman, On mized finite element methods for the Reissner—Mindlin
plate model, Math. Comp. 58 (1992) 561-573.

R. Falk, Nonconforming finite element methods for the equations of linear elasticity,
Math. Comp. 57 (1991) 529-550.

R. Falk and M. Morley, Fquivalence of finite element methods for problems in elasticity,
SIAM J. Numer. Anal. 27 (1990) 1486-1505.

L. P. Franca and R. Stenberg, A modification of a low-order Reissner—Mindlin plate
bending element, The Mathematics of Finite Elements and Applications VII, ed. J. R.
Whiteman (Academic Press, 1991), pp. 425-436.

T. J. R. Hughes and L. Franca, A mized finite element formulation for Reissner—
Mindlin plate theory: Uniform convergence of all higher order spaces, Comp. Meths.
Appl. Mech. Engrg. 67 (1988) 223-240.

E. Onate, F. Zarate, and F. Flores, A simple triangular element for thick and thin
plate and shell analysis., Int. J. Numer. Method. Engrg. 37 (1994) 2569-2582.

J. Pitkdranta, Analysis of some low-order finite element schemes for Mindlin—Reissner
and Kirchoff plates, Numer. Math 53 (1988) 237-254.

R. Stenberg, A new finite element formulation for the plate bending problem, in As-
ymptotic Methods for Elastic Structures, ed. L. Trabucho (de Gruyter, 1993),
pp. 209-221.



