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We construct rst-order, stable, nonconforming mixed nite elements for plane elasticity
and analyze their convergence. The mixed method is based on the Hellinger{Reissner
variational formulation in which the stress and displacement elds are the primary un-
knowns. The stress elements use polynomial shape functions but do not involve vertex
degreesof freedom.
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1. Intro duction

Mixed nite elemert methods for linear elasticity are basedon approximations of a
stress-displacemen system derived from the Hellinger{Reissner variational princi-
ple.If andu denotethe stressand displacemen elds engenderedoy a body force
f acting on a linearly elastic body which occupiesa planar region , and which
is clamped at the boundary @, then the pair ( ;u) can be characterized as the
unique critical point of the functional

z 1
J(;v)= §A » o +dv v f v dx: (1.2)

Here takesvaluesin the spaceS= Rsym of symmetric tensorsand u in R?, while
the given compliancetensor A = A(x) : S! Sis bounded and symmetric positive
de nite uniformly for x 2

295
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A mixed nite elemert method requires the construction of a pair of nite
elemen spaces, , and V,, for the approximation of the stressand the displacemen,
which are properly related in the sensethat they satisfy the stability conditions for
mixed methods 8’ Although there are a number of well-known stable mixed nite
elemert pairs known for the analogousproblem involving vector elds and scalar
elds, the combination of the symmetry and cortin uity conditions of the stress eld
represernts a substartial additional dicult y. In fact, until recertly the only stable
pairs known usedcomposite elemerts, in which V;, consistsof piecewisepolynomials
with respect to one triangulation of the domain, while |, consists of piecewise
polynomials with respect to a di erent, more re ned, triangulation. 3:%:10:16

In a recert paper® we constructed a new family of stable elemens for the
Hellinger{Reissnerformulation. Thesespacesconsistof piecewisepolynomials with
respect to a single arbitrary triangular subdivision of . The simplest and lowest
order spacesn this family consistof discortin uous piecewiselinear vector elds for
velocity, while the space  consistslocally of the spanof piecewisequadratic matrix
elds and the cubic matrix elds which are divergence-freeHence,it takes24 stress
and six displacemen degreesof freedomto determine an element of , V, ona
giventriangle. We also constructed a simpler rst-order elemert pair with 21 stress
and three displacemen degreesof freedomper triangle. All these elemeris involve
vertex degreesof freedomfor the stress eld. This implies cortin uity of the stressat
the vertices, which is not required by the mixed variational principle, and is undesir-
able for certain implementational approaches.However, as shown in Ref. 5, vertex
degreesof freedom are unavoidable for conforming nite elemerts with cortinuous
shape functions.

Motiv ated by the unavoidable complexity of conforming mixed elemens, and,
in particular, their requirement of vertex degreesof freedom,in this paper we con-
struct and analyze some simpler nonconforming elemens. First, we presert an
elemen with 15 local degreesof freedomfor the stressand six for the displacemen.
This elemert is closelyrelated to the composite nite elemert method proposedin
Refs.10and 16. In fact, the degreesof freedomare identical. For both methods the
dimension of the discrete systemis 9jTj + 4jej, wherejTj and jej denotethe number
of triangles and edgesof the triangulation, respectively. However, for our elemen
there is no needfor a re ned triangulation to represen the discrete stressshape
functions. For the secondelemen we propose,the local degreesof freedomfor
and V,, are further reducedto 12 and 3, respectively, while the global dimension
is reducedto 3jTj+ 4jej. Hence,the size of the discrete system s reduced by ap-
proximately 40%. For this reduced elemen the velocity spaceis simply the space
of piecewiserigid motions.

In the original continuous problem the critical point ( ;u) of the Hellinger{
Reissnerfuctional J is sought amongall ( ;v) 2 H(div; ;S) L2?( ;R?). Here
H(div; ;S) denotesthe spaceof square-irtegrable symmetric matrix elds with
square-irtegrable divergence while L?( ; R?) is the spaceof square-irtegrable vec-
tor elds. Equivalertly, ( ;u) 2 H(div; ;S) L?( ;R?)is the unique solution to
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the foIIowéng weak formulation of the elasticityzsystem:

(A +div u+div v)dx-= f vdx;

(:v) 2 H(div; ;9 L2 ;R?»: (1.2

Once  H(div; :;S) andV, L?( ;R?) are chosen,the corresponding con-
forming mixed nite elemen method determines an approximate stress eld
and an approximate displacemen eld uy asthe critical point of J over V.
Equivalertly, the pair ( h;un) 2 VW, is determined by the weak formulation
(1.2), with the test spacerestricted to 1, V.
The methods discussedin this paper are nonconforming in that the trial space
h IS not contained in H(div; ;S) becausethe required continuity of the normal
componert acrosselemen edgesis not imposed. The functional J is extended
to n VW, by replacing the divergenceoperator by divy, the divergenceapplied
elemen by elemen, and then the approximate solution ( ;uyn) is determined as
the critical point of the extendedfunctional over V. As we shall see,su cien t
inter-elemert cortinuity is enforcedto ensurecorvergenceof the method.

As in the conforming case the subspaces , and V;, haveto be properly related.
To ensurethat a unique critical point exists and that it provides a good approx-
imation of the true solution, they must satisfy the stability conditions from the
theory of mixed methods®’ Hence, there should exist positive constarts ¢;;c,,
independert of the meshparameter h, sud that

R
(A1) If 2 psatises divy, vdx= Oforallv2 WV, thenk I&,(divh) cik ki 2.
(A2) For all v 2 V4 there exists nonzero 2  with divp,  vdx
ok ky (divh)kaLz-

Herek ky (divy) = (k kEz + kdivp, kfz)lzz.

The lack of simple stables choicesof mixed elemeris for the Hellinger{Reissner
functional hasled to the construction of a collection of methods basedon modi ed
variational principles in which the symmetry of the stress{tensoris enforcedonly
weakly or abandonedaltogether. Methods of this type are discussed,for example,
in Refs. 1, 2, 4, 12{15. Seealso the discussionin Ref. 5.

2. Notation and Preliminaries

We denoteby HK(T;X) the Sobolev spaceconsisting of functions with domain T
R?, taking valuesin the nite-dimensional vector spaceX , and with all derivatives
of order at most k square-irtegrable. For our purposes,the range spaceX will be
either S, R?, or R, and in the latter casewe write simply H*(T). We will generally
write k kg instead of k kg« (1.x ). We similarly denote by Py (T; X) the spaceof
polynomials on T with degreeat most k.

The symmetric part of the gradient of a vector eld v, denoted"v, is given by
"v = [grad v+ (grad v)T]=2. If is a symmetric matrix eld then its divergence,
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div , is the vector eld obtained by applying the ordinary divergenceoperator to
ead row. Hence,if is piecewisesmooth matrix eld, then 2 H(div; ;9) if and
only if n is continuous acrossthe interface, wheren is a nonzerovector normal to
the interface. The Airy stressfunction assaiated to a scalar eld qis given by

1
@q @q
_ Q@ CC R
Jq= :
d@q @q
cgle] @2
Note that, on @
_ @ .aT - @ T _ @q.
(Jgn = @curlq, n' (Jgn = @ t'(Jgn= @
where curlg = ( @=@; @=@) and n and t are the unit normal and tangent

vectors.

Throughout the paper we assumethat the elastic domain is a simply con-
nected polygon. Any smooth vector eld on may be realized as the divergence
of a smooth symmetric matrix eld. For example, we may extend the vector eld
smoothly to a larger smoothly bounded domain, and then solve the equations of
elasticity there with the extendedvector eld asbody forces.The sameargumen
shaws that any vector eld in L?( ;R?) may be realized as the divergenceof a
matrix eld in H( ;9S), a fact we will use below. Further, a smooth symmetric
matrix eld on a simply connecteddomain is divergence-freef and only if = Jq
for somesmooth function g. The potential q is determined by up to addition of
a linear polynomial. These considerations are summarized by the statemernt that
the following sequencds exact (i.e., that the range of each map is the kernel of the
following one):

0! Py() t ct() T ct(:9 % ct(;rR) ! 0:

We remark that this exact sequenceis related, although rather indirectly, to the
de Rham sequencefor the domain of ; seeRef. 8. We have stated it in terms of
in nitely di erentiable functions, but analogousresults hold with lesssmoothness.
For example, the sequence

0t Pi() ! HE) T H@v; ;9 W LA(RY) 10 2.1)

is alsoexact. There is a polynomial analogueof the sequenceaswell: for any integer
k  0the sequence

0! Pi() ! Pus() 1 Pea( ;9 VY P(R) 1 O (2.2)

is exact. (T o verify the surjectivity of the nal divergence,t su ces to count dimen-
sionsand usethe exactnessof the sequenceat the other points.) As was explained
in Ref. 5, a key ingredient in the developmen and analysis of mixed methods for
elasticity is a discrete analogueof the exact sequenceg(2.1) which is appropriately
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related to it. As we shall seebelow, both methods studied here admit such an exact
sequence.

3. The Finite Element Spaces

In this sectionwe presen our rst nonconforming nite elemen method. First we
describe the nite elemens on a singletriangle T . De ne

f 2Py(T;9jn n 2 Py(e); for eah edgee of Tg;

.
Vr = Py(T;R?): (3.1)

Here,n is a unit normal vector to e. The spaceVr hasdimensionsix and a complete
set of degreesof freedomis given by the value of the two componerts at the three
nodes interior to T. The space 1 clearly has dimension at least 15, since the
dim P,(T;S) = 18 and the condition that n n 2 P3(e) on eah edgerepreserts
three linear constraints. We now exhibit 15 degreesof freedom 1 ! R and show
that they vanish simultaneously only when = 0. This implies that the dimension
of 1 is precisely 15, and that the degreesof freedom are unisolvert. The degrees
of freedomare

the valuesof the momerts of degree0 and 1 of the two normal componerts of
on eat edgee of T (12 degreesof freedom)

the value of the three componerts of the momert of degree0 of on T (three
degreesof freedom)

therwise stated, we determine 2 R by giving the values of Re( n)ds and
.( n)sds for all edges,and the value of . dx. (Here s is a parameter giving the
distanceto one of the end points of e.) Note that the degreesof freedomassaiated
to an edgedo not determine n on that edge. Therefore, this approac will not
lead to a conforming approximation of H (div ;S). Howewer, the componert n  n
is determined by the degreesof freedom assaiated to the edge,and also the two
lowest order momerts of t n, wheret is a unit vector tangential to e. As we
shall seebelow, this weak corntinuity of the functions in the nite elemen spaceis
su cien t to de ne a corvergert nonconforming nite elemert method.

The elemen diagramsin Fig. 1 are mnemonic of the degreesof freedom.

Lemma 3.1. If the 15 degrees of freedom just given all vanish for some 2 7;
then = 0:

Pro of. For an\év 2 P1(T;S) we have
Z z

(div ) vdx = D'vdx + n vds: 3.2)
T T (@)

However, from the degreesof freedomwe concludethat both integrals on the right-

hand sideare zero. Thus is divergence-freeand hence = Jqfor someq 2 P4(T);

cf. (2.2). Adjusting by a linear function, we may take q to vanish at the vertices.
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v od

Fig. 1. Element diagrams for the stress and displacement elemerts.

Now @o=@? = n n = 0 on ead edge,whenceq is identically zeroon @ . This
implies that g = pby, wherep 2 P1(T) and by is the cubic bubble function on
T (the unique cubic polynomial achieving a maximum value of unity on T and
vanishing on @ ). Hence,on eac edgee,

@ _ @r

@ Pa P

where by, is a quadratic polynomial on e vanishing at its endpoints. Since n t =
@B=@@ = @ph.)=@ is orthogonal to P;(€), we must have that phs is orthogonal
to Po(e), and therefore p hasa root in the interior of eac edgee. Howewer, since
p is linear this implies that p 0, and hence 0. O

Having given a unisolvent set of degreesof freedomfor V and 1, our nite
elemen spaceis assenbled in the usual way. Let fT g be a family of shape regular
triangulations of , i.e.ead Ty, isasetof closedtriangles with union  and sud that
any two distinct non-disjoint elemens of T, meetin a commonedgeor vertex. The
parameter h is the maximal diameter of the triangles in Ty. To ead triangulation
Th, the assaiated nite elemeri elemert spaceV, is then the spaceof all piecewise
linear vector elds with respect to this triangulation, not subject to any inter-
elemen cortinuity conditions. The space 1, is the spaceof all matrix elds which
belong piecewiseto 1, subject to the continuity conditions that the two lowest
order momernts of the normal componerts are cortin uous across mesh edges. Of
coursethis condition is not su cien t to imply that , is a subsetof H (div; ;9S),
sincet n is not continuous acrossedges.Therefore, this choice of spacesleadsto
a nonconforming nite elemen discretization of the elasticity system (1.2).

The global degreesof freedomfor the assenbled nite elemen space |, are the
momerts of degreed) and 1 of the normal componerts on all the meshedgesand the
valuesof the momerts of degreeQ for all componerts on all the meshtriangles. These
functionals de nes a corresponding interpolation operator  :H( ;S9! 4 by

Z

( h )n vds= 0 for all edgese andall v2 Pi(e;R?): (3.3)
e

Z
( h )dx = 0 for all triangles T : (3.4)
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Fig. 2. A nonconforming approximation of H2().

We haveforany 2 H( ;S), T2 Ty, andv 2 Vg, that
Z Z z
div( h) vdx = ( ho)tvdx + ( h )n vds:
T T ar
The right-hand side vanishesin view of (3.3) and (3.4). This veri es the commuta-
tivit y property

dth hn =P div ) (3.5)

where P, : L?( ;R?) ! V, is the orthogonal projection, and div,, denotesthe
divergenceoperator de ned locally on ead triangle. A useful consequencef (3.5)
is that divy, nh = V. Indeed,givenany v2 Vi, wemay nd 2 HY( ;S) sud that
div. =v,andthen | 2 4, satisesdivh n = Phv=v.

The piecewise-diergence-freeelemerts of the space | can also be explicitly
characterized. On a triangle T let

Qr = g2 P4(T; R)jgt 2 P3(e;R) for each edgee of Tg:

This spacehas dimension 12 and any element g2 Q+ can be uniguely determined
by the following degreesof freedom (seeFig. 2):

the valuesof g and the two rst-order partial derivativesof q at ead vertex (nine
degreesof freedom),

the valuesof the momert of degree0 of the normal derivative of g on eat edge
e of T (three degreesof freedom).

The assaiated nite elemern spaceQy, de ned with respect to the triangulation
T, is a subspaceof H1(), but not a subspaceof H?(), sincethe normal deriva-
tive is not cortinuous acrossthe edges.Howewer, the normal derivative is weakly
cortinuous on eat edge,and the spaceQ; hasbeenproposedasa nonconforming
approximation of H?(), seeRef. 11

It is straightforward to ched that the piecewise Airy stress function, Jy,
maps Qp into the space of piecewisedivergence-freeelemens of . The rela-
tionship betweenQn and 4 is even more intimate. De ne a projection operator
Ih : CY() ! Qn by requiring that the vertex values of 1q, the vertex values



February 28,2003 16:36 WSPC/103-M3AS 00250

302 D. N. Arnold & R. Winther

Fig. 3. Element diagrams for the stress and displacement of the lowest order conforming element.

of gradl g, and the edge momerts of degree0 of @l,q)=@ all be equal to the
corresponding valgesfor g. It follows that on eact edgee of the triangulation

e@gd(q ha) ds= 0

whencealso [ J(q Ing)dx = O for all triangles T. From this the commutativit y
property Jhlnhq= 1Jq can be veried easily We may then count dimensionsto
seethat the secondrow of the following diagram is exact (and hencethe diagram
is commuting with exact rows).

grad(q Ilhg)ds=
e

0 1Py rct() ety MCt(R) 1o
2 2 3 3
yld y|h y n yPh
0 I Pa() ' Qn i h o Vh 1o
(3.6)

It is instructiv e to compare the nonconforming nite elemen space p intro-
ducedabove, with alow order conforming spacewe intro ducedin Ref. 5. As recalled
earlier, the conforming stress spaceconsists of piecewisecubic matrix elds, with
piecewiselinear divergenceand normal componerts continuous acrossead edge,
and is paired with the samedisplacemen space,namely the spaceof all piecewise
linear vector elds. Hence,locally on ead triangle the spaceof stresseshas dimen-
sion 24, as comparedto 15 in the nonconforming caseabove. An elemer diagram
for the conforming spacesis given in Fig. 3, where the three bullets at ead vertex
indicates that the three componerts of the stress eld should be speci ed there.
Comparing Figs. 1 and 3, we seethat the only di erence in degreesof freedom be-
tweenthe conforming and nonconforming caseis that the vertex degreesof freedom
have beenremoved in the latter case.

4. The Nonconforming Mixed Metho d and Its Error Analysis

The nonconforming mixed nite element method we proposeto discretize (1.2)
reads:
Find ( p;un) ZZ h Vi sud that

(A n: +divy uy)dx=0; 2 n; (4.1)
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Z Z
divhy n vdx= f vdx; v2V: 4.2)

It is easyto seethat this system has a unique solution. Indeed, if f = 0, then we
may take = | andv = u, and subtract to concludethat , = 0, and then use
the surjectivity of div, : ! W, to concludethat u, = O.

Key to the analysis of the new nonconforming nite elemert method are the
properties of the interpolation operators 1 and P, mapping into  and Wy,
respectively. Note that the interpolation operator 1 is local with respect to trian-
gulation T, and locally it preseneslinear matrix elds. Hence, using the matrix
Piola transformation and a standard scaling argument, we obtain

K n ko ch™k kpn; 1 m 2: (4.3)
SeeRef. 5 for details. In particular we concludethat
K h ko ok ky: (4.4)

We also note that for the orthogonal projection operator P,, onto discortinuous
piecewiselinear vector eld we have the obvious error estimates

kv Ppvkg ch™kvkn; O m 2: (4.5)

Note that the stability conditions (Al) and (A2) are easily veried. The former
holds with ¢; = 1 sincedivy, , V;, and the latter follows from (3.5) and (4.4) by
invoking the fact that for eachv2 Vy, L?( ;R?) thereis 2 H( ;9 sud that
k ki ckvkp anddivy, n =div =v.

We now state and prove preciseerror estimatesfor the nonconforming method
(4.1){(4.2). The proofswill not be basedon (A1) and (A2), but instead will appeal
directly to the properties of the spacesand of the interpolation operators which
imply these conditions.

Theorem 4.1. Let ( ;u) be the unique critical point of the Hellinger{R eissner
functional over H(div; ;S) L2?( ;R?) andlet ( h;un) 2 1n Vi be unique
solution of (4:1){ (4:2); where  and V, are the sppcesde ned in Sec. 3: Then

k hkO Chkukz;
kdiv div pko ch™kdiv mk; 0 m 2;
ku unkg chkuk;:

Pro of. For the exactsolution,u2 H( ;S) and"u = A . Multiplying by 2 4,
integrating overzeam elemen by parts, and summing over the elemers we nd that

(A : +divy u)dx= En(u; ); 2 n; (4.6)
where the consistencyerror En(u; ) is dezned as

En(u; )= ek, [t nlu tds;

e
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with the sum taken over the set of all edges,E,, of the triangulation Ty,. Here we
usethe notation [t n] to denotethe jump of the quantity t n acrossthe edgee,
i.e. the di erence of the tracestaken from the two triangles sharing the edge.From
the equilibrium equation divu = f, we immediately have

div  vdx= f vdx; v2VW: 4.7)

Subtracting (4.6){(4.7) from this the discrete system (4.1){(4.2), and using the

fact that divy, V4, we obtain
4

[A( n): +divp  (Phu o up)ldx=En(u; ) 2 n; (48)
Z
(div divh ) vdx=0; v2VW: (4.9)

The secondequation immediately implies that
dth h = Pp div = dth h (4.10)

wherethe last equality comesfrom (3.5). Hence,from (4.5), we immediately obtain
the desirederror bound for div

kdiv  divh nko= k(I Pn)div ko ch™kdiv km; O m 2: (4.11)

Taking = h in (4.8) and invoking (4.10) we obtain
z
A( h) 1 ( n h)dx = Ep(u; n h)

from which it easily follows that
k hkf\ k h kf\ + 2Eh(u; h h); (4.12)

R
wherek kZ := A : dx. Sincethe norm k ka is equivalert to the L2-norm it
follows from (4.3) that

k h kn ch"k kn; 1 m 2: (4.13)

In order to estimate En(u; ), for 2 1, let e2 B, bean edgeand 2 P,(e) be
givenby =t n]. Since hasmeanvalue zeroon eit followsthat by a standard

scaling argumert that
Z

e
where jgj is the length of eand T and T* are the two triangles meeting e. Fur-
thermore, by shape regularity and scalingwe getthat k koe cigj 2k ko1 7+ .
Hence,we obtain the bound

JEn(u; )j ck kokuky: u2HY( :R?; 2 g



February 28,2003 16:36 WSPC/103-M3AS 00250

Nonconforming Mixed Elements for Elasticity 305

In addition, E,(v; ) = 0 for any continuous piecewiselinear vector eld v. There-
fore, we obtain the estimate

En(u; )= En(u uj; ) chk kokuks; (4.14)

where u}, is the interpolant of u into contin uous piecewiselinears. From (4.12) and
(4.13) we can therefore concludethat

k nk ch(k ki + kuks)  chkuk;:
In order to establishthe error estimate for the displacemen, we recall that
ku Ppuko ch?kuk;:
Therefore, the desired estimate will follow from the bound
kPhu unkg chkuk,: (4.15)

Let 2 HY( ;9 satisfydiv = Phpu up with k k;  ckPhu  upko. Then, in light
of the commutativit y property (3.5) and the bound (4.4), div, » = Ppu un and
k n ko ckPru unko. Hence,using (4.1), (4.6), and the estimate (4.14),

z

kPhu Un k2 = dth h (Phu Uh) dx

Z
= A( h): n dx+ En(u; n)

c(k hko + hkuko)kPhu  upko:
Thus
kPhu upko c(k hko + hkukz)  chkuks;
establishing (4.15). O

5. A Simplied Elemen't

In the nal section of the paper we briey discussa simpli cation of the noncon-
forming element ( n; Vi) studied above. The reducedvelocity space,¥h, will only
contain discortin uous piecewiserigid motions, i.e. ¥t = RM (T), where RM (T) is
the span of Po(T;R?) and the linear vector eld ( X»;X1). The local stressspace,
"1, is given by

“r=f 2 <jdiv 2 RM(T)g:

Now, the spaceof rigid motions is precisely the kernel of the symmetric gradient
operator ". Therefore, a simple modi cation of the proof of Lemma 3.1 shaows that
dim "1 = 12 and that a unisolvert set of degreesof freedomis given by the values
of the momernts of degree0 and 1 of the two normal componerts of on ead edge
e of T. An elemen diagram for the pair ("n; %) is givenin Fig. 4.
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/N

I

Fig. 4. Element diagrams for the reduced nonconforming element.

The divergence-freeelemerts of ", will be the sameas the divergence-freeele-
ments of 1. Furthermore, the assaiated interpolation operators, 1, and Py, still
satis es the commutativit y property (3.5), and hencethe obvious analog of the
complete diagram (3.6) holds for the reduced spaces.Here the interpolation op-
erator “, : HX( ;S) 7! "} is de ned by the degreesof freedom as above, while
Pn 1 L2( ;R2) 7! V4 is the orthogonal projection. Since "1, preseneslinear matrix
elds locally, the estimates (4.3) and (4.4) still holds for ",,. However, we should
note that the space” 1 is not invariant under Piola transforms. Therefore, a di er-
ent scaling argumert is required to prove these properties, for example by scaling
to a similar element of unit diameter using translation, rotation, and dilation, and
using a compactnessargumert.

Since the Po(T;R2) ( Vr ( Pi(T;R?) the projection operator Py, will only
allow a rst order approximation in L2, i.e. the estimate (4.5) is reducedto

kv Pnvko ch™kvkn,; O m 1:

By following closelythe derivation of the previous sectiontheseinterpolation errors
leadsto the following error estimatesfor the reduced method:

k h ko chku k2 )
kdiv div nko ch™kdiv knm; O m 1;
ku unko chkuk;:

We obsene that, comparedto the estimates given in Theorem 4.1 for the non-
reducedmethod, only the estimate for the error in the divergencehave beenweak-
end, while the size of the discrete system has beenreducedby approximately 40%.
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