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1. In tro duction

Mixed �nite element methods for linear elasticity are basedon approximations of a
stress-displacement system derived from the Hellinger{Reissner variational princi-
ple. If � and u denotethe stressand displacement �elds engenderedby a body force
f acting on a linearly elastic body which occupiesa planar region 
, and which
is clamped at the boundary @
, then the pair (� ; u) can be characterized as the
unique critical point of the functional

J (� ; v) =
Z




�
1
2

A� : � + div � � v � f � v
�

dx : (1.1)

Here � takesvaluesin the spaceS = R2� 2
sym of symmetric tensorsand u in R2, while

the given compliancetensor A = A(x) : S ! S is bounded and symmetric positive
de�nite uniformly for x 2 
.

295
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A mixed �nite element method requires the construction of a pair of �nite
element spaces,� h and Vh , for the approximation of the stressand the displacement,
which are properly related in the sensethat they satisfy the stabilit y conditions for
mixed methods.6;7 Although there are a number of well-known stable mixed �nite
element pairs known for the analogousproblem involving vector �elds and scalar
�elds, the combination of the symmetry and continuit y conditions of the stress�eld
represents a substantial additional di�cult y. In fact, until recently the only stable
pairs known usedcomposite elements, in which Vh consistsof piecewisepolynomials
with respect to one triangulation of the domain, while � h consists of piecewise
polynomials with respect to a di�eren t, more re�ned, triangulation. 3;9;10;16

In a recent paper5 we constructed a new family of stable elements for the
Hellinger{Reissner formulation. Thesespacesconsist of piecewisepolynomials with
respect to a single arbitrary triangular subdivision of 
. The simplest and lowest
order spacesin this family consist of discontinuouspiecewiselinear vector �elds for
velocity, while the space� h consistslocally of the spanof piecewisequadratic matrix
�elds and the cubic matrix �elds which are divergence-free.Hence,it takes24 stress
and six displacement degreesof freedom to determine an element of � h � Vh on a
given triangle. We alsoconstructed a simpler �rst-order element pair with 21 stress
and three displacement degreesof freedomper triangle. All theseelements involve
vertex degreesof freedomfor the stress�eld. This implies continuit y of the stressat
the vertices,which is not required by the mixed variational principle, and is undesir-
able for certain implementational approaches.However, as shown in Ref. 5, vertex
degreesof freedom are unavoidable for conforming �nite elements with continuous
shape functions.

Motiv ated by the unavoidable complexity of conforming mixed elements, and,
in particular, their requirement of vertex degreesof freedom, in this paper we con-
struct and analyze some simpler nonconforming elements. First, we present an
element with 15 local degreesof freedomfor the stressand six for the displacement.
This element is closely related to the composite �nite element method proposedin
Refs.10 and 16. In fact, the degreesof freedomare identical. For both methods the
dimensionof the discretesystemis 9jT j + 4jej, where jT j and jej denote the number
of triangles and edgesof the triangulation, respectively. However, for our element
there is no need for a re�ned triangulation to represent the discrete stressshape
functions. For the secondelement we propose,the local degreesof freedom for � h

and Vh are further reduced to 12 and 3, respectively, while the global dimension
is reduced to 3jT j + 4jej. Hence, the size of the discrete system is reduced by ap-
proximately 40%. For this reduced element the velocity spaceis simply the space
of piecewiserigid motions.

In the original continuous problem the critical point (� ; u) of the Hellinger{
Reissnerfuctional J is sought among all (� ; v) 2 H (div ; 
 ; S) � L 2(
 ; R2). Here
H (div ; 
 ; S) denotes the spaceof square-integrable symmetric matrix �elds with
square-integrable divergence,while L 2(
 ; R2) is the spaceof square-integrable vec-
tor �elds. Equivalently , (� ; u) 2 H (div ; 
 ; S) � L 2(
 ; R2) is the unique solution to
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the following weak formulation of the elasticity system:
Z



(A� : � + div � � u + div � � v) dx =

Z



f � v dx ;

(� ; v) 2 H (div ; 
 ; S) � L 2(
 ; R2) : (1.2)

Once � h � H (div ; 
 ; S) and Vh � L 2(
 ; R2) are chosen, the corresponding con-
forming mixed �nite element method determines an approximate stress �eld � h

and an approximate displacement �eld uh as the critical point of J over � h � Vh .
Equivalently , the pair (� h ; uh ) 2 � h � Vh is determined by the weak formulation
(1.2), with the test spacerestricted to � h � Vh .

The methods discussedin this paper are nonconforming in that the trial space
� h is not contained in H (div ; 
 ; S) becausethe required continuit y of the normal
component across element edgesis not imposed. The functional J is extended
to � h � Vh by replacing the divergenceoperator by divh , the divergenceapplied
element by element, and then the approximate solution (� h ; uh ) is determined as
the critical point of the extendedfunctional over � h � Vh . As we shall see,su�cien t
inter-element continuit y is enforcedto ensureconvergenceof the method.

As in the conforming case,the subspaces� h and Vh have to be properly related.
To ensurethat a unique critical point exists and that it provides a good approx-
imation of the true solution, they must satisfy the stabilit y conditions from the
theory of mixed methods.6;7 Hence, there should exist positive constants c1; c2,
independent of the meshparameter h, such that

(A1) If � 2 � h satis�es
R


 divh � �v dx = 0 for all v 2 Vh then k� kH (div h ) � c1k� kL 2 .
(A2) For all v 2 Vh there exists nonzero � 2 � h with

R

 divh � � v dx �

c2k� kH (div h ) kvkL 2 .

Here k� kH (div h ) = (k� k2
L 2 + kdivh � k2

L 2 )1=2.
The lack of simple stableschoicesof mixed elements for the Hellinger{Reissner

functional has led to the construction of a collection of methods basedon modi�ed
variational principles in which the symmetry of the stress{tensor is enforcedonly
weakly or abandonedaltogether. Methods of this type are discussed,for example,
in Refs. 1, 2, 4, 12{15. Seealso the discussionin Ref. 5.

2. Notation and Preliminaries

We denoteby H k (T; X ) the Sobolev spaceconsistingof functions with domain T �
R2, taking valuesin the �nite-dimensional vector spaceX , and with all derivatives
of order at most k square-integrable. For our purposes,the range spaceX will be
either S, R2, or R, and in the latter casewe write simply H k (T ). We will generally
write k � kk instead of k � kH k (T ;X ) . We similarly denote by Pk (T; X ) the spaceof
polynomials on T with degreeat most k.

The symmetric part of the gradient of a vector �eld v, denoted "v , is given by
"v = [grad v + (grad v)T ]=2. If � is a symmetric matrix �eld then its divergence,
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div � , is the vector �eld obtained by applying the ordinary divergenceoperator to
each row. Hence,if � is piecewisesmooth matrix �eld, then � 2 H (div ; 
 ; S) if and
only if � n is continuous acrossthe interface, where n is a nonzerovector normal to
the interface. The Airy stressfunction associated to a scalar �eld q is given by

J q =

0

B
B
B
@

@2q
@y2 �

@2q
@x@y

�
@2q

@x2@y
@2q
@x2

1

C
C
C
A

:

Note that, on @


(J q)n =
@
@s

curl q; nT (J q)n =
@2q
@s2 ; tT (J q)n = �

@2q
@s@n

;

where curl q = (� @q=@y; @q=@x) and n and t are the unit normal and tangent
vectors.

Throughout the paper we assumethat the elastic domain 
 is a simply con-
nected polygon. Any smooth vector �eld on 
 may be realized as the divergence
of a smooth symmetric matrix �eld. For example, we may extend the vector �eld
smoothly to a larger smoothly bounded domain, and then solve the equations of
elasticity there with the extended vector �eld as body forces.The sameargument
shows that any vector �eld in L 2(
 ; R2) may be realized as the divergenceof a
matrix �eld in H 1(
 ; S), a fact we will use below. Further, a smooth symmetric
matrix �eld � on a simply connecteddomain is divergence-freeif and only if � = J q
for somesmooth function q. The potential q is determined by � up to addition of
a linear polynomial. These considerationsare summarized by the statement that
the following sequenceis exact (i.e., that the rangeof each map is the kernel of the
following one):

0 � ! P1(
) �� ! C1 (
) J� ! C1 (
 ; S) div� ! C1 (
 ; R2) � ! 0 :

We remark that this exact sequenceis related, although rather indirectly , to the
de Rham sequencefor the domain of 
; seeRef. 8. We have stated it in terms of
in�nitely di�eren tiable functions, but analogousresults hold with lesssmoothness.
For example, the sequence

0 � ! P1(
) �� ! H 2(
) J� ! H (div ; 
 ; S) div� ! L 2(
 ; R2) � ! 0 (2.1)

is alsoexact. There is a polynomial analogueof the sequenceaswell: for any integer
k � 0 the sequence

0 � ! P1(
) �� ! Pk+3 (
) J� ! Pk+1 (
 ; S) div� ! Pk (
 ; R2) � ! 0 (2.2)

is exact. (To verify the surjectivit y of the �nal divergence,it su�ces to count dimen-
sionsand usethe exactnessof the sequenceat the other points.) As was explained
in Ref. 5, a key ingredient in the development and analysis of mixed methods for
elasticity is a discrete analogueof the exact sequence(2.1) which is appropriately
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related to it. As we shall seebelow, both methods studied hereadmit such an exact
sequence.

3. The Finite Elemen t Spaces

In this section we present our �rst nonconforming �nite element method. First we
describe the �nite elements on a single triangle T � 
. De�ne

� T = f � 2 P2(T; S)jn � � n 2 P1(e) ; for each edgee of Tg;

VT = P1(T; R2) : (3.1)

Here,n is a unit normal vector to e. The spaceVT hasdimensionsix and a complete
set of degreesof freedom is given by the value of the two components at the three
nodes interior to T . The space � T clearly has dimension at least 15, since the
dim P2(T; S) = 18 and the condition that n � � n 2 P1(e) on each edgerepresents
three linear constraints. We now exhibit 15 degreesof freedom � T ! R and show
that they vanish simultaneously only when � = 0. This implies that the dimension
of � T is precisely 15, and that the degreesof freedom are unisolvent. The degrees
of freedomare

� the valuesof the moments of degree0 and 1 of the two normal components of �
on each edgee of T (12 degreesof freedom)

� the value of the three components of the moment of degree0 of � on T (three
degreesof freedom)

Otherwise stated, we determine � 2 � T by giving the values of
R

e(� n) ds andR
e(� n)sds for all edges,and the value of

R
T � dx. (Here s is a parameter giving the

distance to oneof the end points of e.) Note that the degreesof freedomassociated
to an edge do not determine � n on that edge. Therefore, this approach will not
lead to a conforming approximation of H (div 
 ; S). However, the component n � � n
is determined by the degreesof freedom associated to the edge,and also the two
lowest order moments of t � � n, where t is a unit vector tangential to e. As we
shall seebelow, this weak continuit y of the functions in the �nite element spaceis
su�cien t to de�ne a convergent nonconforming �nite element method.

The element diagrams in Fig. 1 are mnemonic of the degreesof freedom.

Lemma 3.1. If the 15 degrees of freedom just given all vanish for some � 2 � T ;
then � = 0:

Pro of. For any v 2 P1(T; S) we have
Z

T
(div � ) � v dx = �

Z

T
� : "v dx +

Z

@T
� n � v ds: (3.2)

However, from the degreesof freedomwe concludethat both integrals on the right-
hand sideare zero.Thus � is divergence-freeand hence� = J q for someq 2 P4(T );
cf. (2.2). Adjusting by a linear function, we may take q to vanish at the vertices.
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Fig. 1. Element diagrams for the stress and displacement elements.

Now @2q=@s2 = � n � n = 0 on each edge,whenceq is identically zero on @T. This
implies that q = pbT , where p 2 P1(T ) and bT is the cubic bubble function on
T (the unique cubic polynomial achieving a maximum value of unit y on T and
vanishing on @T). Hence,on each edgee,

@q
@n

= p
@bT

@n
= pbe ;

where be is a quadratic polynomial on e vanishing at its endpoints. Since� � n � t =
@2q=@s@n = @(pbe)=@s is orthogonal to P1(e), we must have that pbe is orthogonal
to P0(e), and therefore p has a root in the interior of each edgee. However, since
p is linear this implies that p � 0, and hence� � 0.

Having given a unisolvent set of degreesof freedom for VT and � T , our �nite
element spaceis assembled in the usual way. Let fT hg be a family of shape regular
triangulations of 
, i.e. each Th is a setof closedtriangles with union �
 and such that
any two distinct non-disjoint elements of Th meet in a commonedgeor vertex. The
parameter h is the maximal diameter of the triangles in Th . To each triangulation
Th , the associated �nite element element spaceVh is then the spaceof all piecewise
linear vector �elds with respect to this triangulation, not subject to any inter-
element continuit y conditions. The space� h is the spaceof all matrix �elds which
belong piecewiseto � T , subject to the continuit y conditions that the two lowest
order moments of the normal components are continuous acrossmesh edges.Of
coursethis condition is not su�cien t to imply that � h is a subsetof H (div ; 
 ; S),
sincet � � n is not continuous acrossedges.Therefore, this choice of spacesleadsto
a nonconforming �nite element discretization of the elasticity system (1.2).

The global degreesof freedomfor the assembled �nite element space� h are the
moments of degrees0 and 1 of the normal components on all the meshedges,and the
valuesof the moments of degree0 for all components on all the meshtriangles. These
functionals de�nes a corresponding interpolation operator � h : H 1(
 ; S) ! � h by

Z

e
(� � � h � )n � v ds = 0 for all edgese and all v 2 P1(e;R2) ; (3.3)

Z

T
(� � � h � ) dx = 0 for all triangles T : (3.4)
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Fig. 2. A nonconforming approximation of H 2 (
).

We have for any � 2 H 1(
 ; S), T 2 Th , and v 2 VT , that
Z

T
div(� � � h � ) � v dx = �

Z

T
(� � � h � ) : "v dx +

Z

@T
(� � � h � )n � v ds:

The right-hand side vanishesin view of (3.3) and (3.4). This veri�es the commuta-
tivit y property

divh � h � = Ph div � ; (3.5)

where Ph : L 2(
 ; R2) ! Vh is the orthogonal projection, and divh denotes the
divergenceoperator de�ned locally on each triangle. A useful consequenceof (3.5)
is that divh � h = Vh . Indeed, given any v 2 Vh we may �nd � 2 H 1(
 ; S) such that
div� = v, and then � h � 2 � h satis�es divh � h � = Ph v = v.

The piecewise-divergence-freeelements of the space� h can also be explicitly
characterized. On a triangle T let

QT = f q 2 P4(T; R)jqjT 2 P3(e;R) for each edgee of Tg:

This spacehas dimension 12 and any element q 2 QT can be uniquely determined
by the following degreesof freedom(seeFig. 2):

� the valuesof q and the two �rst-order partial derivativesof q at each vertex (nine
degreesof freedom),

� the valuesof the moment of degree0 of the normal derivative of q on each edge
e of T (three degreesof freedom).

The associated �nite element spaceQh , de�ned with respect to the triangulation
Th , is a subspaceof H 1(
), but not a subspaceof H 2(
), sincethe normal deriva-
tiv e is not continuous acrossthe edges.However, the normal derivative is weakly
continuous on each edge,and the spaceQh has beenproposedas a nonconforming
approximation of H 2(
), seeRef. 11.

It is straightforward to check that the piecewise Airy stress function, Jh ,
maps Qh into the space of piecewisedivergence-freeelements of � h . The rela-
tionship between Qh and � h is even more intimate. De�ne a projection operator
I h : C1 (
) ! Qh by requiring that the vertex values of I h q, the vertex values
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Fig. 3. Element diagrams for the stress and displacement of the lowest order conforming element.

of gradI h q, and the edge moments of degree0 of @(I h q)=@n all be equal to the
corresponding valuesfor q. It follows that on each edgee of the triangulation

Z

e
grad(q � I h q) ds =

Z

e

@grad
@s

(q � I h q) ds = 0;

whencealso
R

T J (q � I h q) dx = 0 for all triangles T. From this the commutativit y
property Jh I h q = � h J q can be veri�ed easily. We may then count dimensionsto
seethat the secondrow of the following diagram is exact (and hencethe diagram
is commuting with exact rows).

0 � � � � � ! P1(
) �� � � � � ! C1 (
) J� � � � � ! C1 (
 ; S) div� � � � � ! C1 (
 ; R2) � � � � � ! 0
?
?
?
y id

?
?
?
y I h

?
?
?
y

Q
h

?
?
?
y Ph

0 � � � � � ! P1(
) �� � � � � ! Qh
J h� � � � � ! � h

div h� � � � � ! Vh � � � � � ! 0

(3.6)

It is instructiv e to compare the nonconforming �nite element space� h intro-
ducedabove,with a low order conforming spacewe intro ducedin Ref. 5. As recalled
earlier, the conforming stressspaceconsistsof piecewisecubic matrix �elds, with
piecewiselinear divergenceand normal components continuous acrosseach edge,
and is paired with the samedisplacement space,namely the spaceof all piecewise
linear vector �elds. Hence,locally on each triangle the spaceof stresseshas dimen-
sion 24, as compared to 15 in the nonconforming caseabove. An element diagram
for the conforming spacesis given in Fig. 3, where the three bullets at each vertex
indicates that the three components of the stress �eld should be speci�ed there.
Comparing Figs. 1 and 3, we seethat the only di�erence in degreesof freedombe-
tweenthe conforming and nonconformingcaseis that the vertex degreesof freedom
have beenremoved in the latter case.

4. The Nonconforming Mixed Metho d and Its Error Analysis

The nonconforming mixed �nite element method we propose to discretize (1.2)
reads:

Find (� h ; uh ) 2 � h � Vh such that
Z



(A� h : � + divh � � uh ) dx = 0; � 2 � h ; (4.1)
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Z



divh � h � v dx =

Z



f � v dx ; v 2 Vh : (4.2)

It is easyto seethat this system has a unique solution. Indeed, if f = 0, then we
may take � = � h and v = uh and subtract to conclude that � h = 0, and then use
the surjectivit y of divh : � h ! Vh to concludethat uh = 0.

Key to the analysis of the new nonconforming �nite element method are the
properties of the interpolation operators � h and Ph mapping into � h and Vh ,
respectively. Note that the interpolation operator � h is local with respect to trian-
gulation Th , and locally it preserves linear matrix �elds. Hence,using the matrix
Piola transformation and a standard scaling argument, we obtain

k� h � � � k0 � chm k� km ; 1 � m � 2 : (4.3)

SeeRef. 5 for details. In particular we concludethat

k� h � k0 � ck� k1 : (4.4)

We also note that for the orthogonal projection operator Ph onto discontinuous
piecewiselinear vector �eld we have the obvious error estimates

kv � Ph vk0 � chm kvkm ; 0 � m � 2 : (4.5)

Note that the stabilit y conditions (A1) and (A2) are easily veri�ed. The former
holds with c1 = 1 sincedivh � h � Vh , and the latter follows from (3.5) and (4.4) by
invoking the fact that for each v 2 Vh � L 2(
 ; R2) there is � 2 H 1(
 ; S) such that
k� k1 � ckvk0 and divh � h � = div � = v.

We now state and prove preciseerror estimates for the nonconforming method
(4.1){(4.2). The proofs will not be basedon (A1) and (A2), but instead will appeal
directly to the properties of the spacesand of the interpolation operators which
imply theseconditions.

Theorem 4.1. Let (� ; u) be the unique critic al point of the Hellinger{R eissner
functional over H (div ; 
 ; S) � L 2(
 ; R2) and let (� h ; uh ) 2 � h � Vh be unique
solution of (4:1){ (4:2); where � h and Vh are the spaces de�ned in Sec. 3: Then

k� � � h k0 � chkuk2 ;

kdiv � � div � h k0 � chm kdiv � m k ; 0 � m � 2 ;

ku � uhk0 � chkuk2 :

Pro of. For the exact solution, u 2 H 1(
 ; S) and "u = A� . Multiplying by � 2 � h ,
integrating over each element by parts, and summing over the elements we �nd that

Z



(A� : � + divh � � u) dx = Eh (u; � ) ; � 2 � h ; (4.6)

where the consistencyerror Eh (u; � ) is de�ned as

Eh (u; � ) = � e2E h

Z

e
[t � � n] u � t ds;



February 28, 2003 16:36 WSPC/103-M3AS 00250

304 D. N. Arnold & R. Winther

with the sum taken over the set of all edges,Eh , of the triangulation Th . Here we
usethe notation [t � � n] to denote the jump of the quantit y t � � n acrossthe edgee,
i.e. the di�erence of the traces taken from the two triangles sharing the edge.From
the equilibrium equation divu = f , we immediately have

Z



div � � v dx =

Z



f � v dx ; v 2 Vh : (4.7)

Subtracting (4.6){(4.7) from this the discrete system (4.1){(4.2), and using the
fact that divh � h � Vh , we obtain

Z



[A(� � � h ) : � + divh � � (Ph u � uh )] dx = Eh (u; � ) ; � 2 � h ; (4.8)

Z



(div � � divh � h ) � v dx = 0; v 2 Vh : (4.9)

The secondequation immediately implies that

divh � h = Ph div � = divh � h � ; (4.10)

where the last equality comesfrom (3.5). Hence,from (4.5), we immediately obtain
the desirederror bound for div � :

kdiv � � divh � h k0 = k(I � Ph ) div � k0 � chm kdiv � km ; 0 � m � 2 : (4.11)

Taking � = � h � � � h in (4.8) and invoking (4.10) we obtain
Z



A(� � � h ) : (� h � � � h ) dx = Eh (u; � h � � � h )

from which it easily follows that

k� � � h k2
A � k� � � h � k2

A + 2Eh (u; � h � � � h ) ; (4.12)

where k� k2
A :=

R
A� : � dx. Since the norm k � kA is equivalent to the L 2-norm it

follows from (4.3) that

k� � � h � kA � chm k� km ; 1 � m � 2 : (4.13)

In order to estimate Eh (u; � ), for � 2 � h , let e 2 Eh be an edgeand � 2 P2(e) be
given by � = [t � � n]. Since� hasmeanvalue zeroon e it follows that by a standard
scaling argument that

Z

e
�u � t ds � k� k0;e inf

� 2 R
ku � t � � k0;e � c jej1=2k� k0;ekuk1;T � [ T + ;

where jej is the length of e and T � and T + are the two triangles meeting e. Fur-
thermore, by shape regularity and scalingwe get that k� k0;e � cjej � 1=2k� k0;T � [ T + .
Hence,we obtain the bound

jEh (u; � )j � ck� k0kuk1 ; u 2 H 1(
 ; R2); � 2 � h :
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In addition, Eh (v; � ) = 0 for any continuous piecewiselinear vector �eld v. There-
fore, we obtain the estimate

Eh (u; � ) = Eh (u � uI
h ; � ) � chk� k0kuk2 ; (4.14)

where uI
h is the interpolant of u into continuous piecewiselinears. From (4.12) and

(4.13) we can therefore concludethat

k� � � h k � ch(k� k1 + kuk2) � chkuk2 :

In order to establish the error estimate for the displacement, we recall that

ku � Ph uk0 � ch2kuk2 :

Therefore, the desiredestimate will follow from the bound

kPh u � uhk0 � chkuk2 : (4.15)

Let � 2 H 1(
 ; S) satisfy div� = Ph u � uh with k� k1 � ckPh u � uhk0. Then, in light
of the commutativit y property (3.5) and the bound (4.4), divh � h � = Ph u � uh and
k� h � k0 � ckPh u � uhk0. Hence,using (4.1), (4.6), and the estimate (4.14),

kPh u � uh k2
0 =

Z



divh � h � � (Ph u � uh ) dx

= �
Z



A(� � � h ) : � h � dx + Eh (u; � h � )

� c(k� � � h k0 + hkuk2)kPh u � uh k0 :

Thus

kPh u � uh k0 � c(k� � � h k0 + hkuk2) � chkuk2 ;

establishing (4.15).

5. A Simpli�ed Elemen t

In the �nal section of the paper we brie
y discussa simpli�cation of the noncon-
forming element (� h ; Vh ) studied above. The reducedvelocity space,V̂h , will only
contain discontinuous piecewiserigid motions, i.e. V̂T = RM (T), where RM (T) is
the span of P0(T; R2) and the linear vector �eld (� x2; x1). The local stressspace,
�̂ T , is given by

�̂ T = f � 2 � T jdiv � 2 RM (T)g :

Now, the spaceof rigid motions is precisely the kernel of the symmetric gradient
operator " . Therefore, a simple modi�cation of the proof of Lemma 3.1 shows that
dim �̂ T = 12 and that a unisolvent set of degreesof freedomis given by the values
of the moments of degree0 and 1 of the two normal components of � on each edge
e of T . An element diagram for the pair (�̂ h ; V̂h ) is given in Fig. 4.
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Fig. 4. Element diagrams for the reduced nonconforming element.

The divergence-freeelements of �̂ h will be the sameas the divergence-freeele-
ments of � h . Furthermore, the associated interpolation operators, �̂ h and P̂h , still
satis�es the commutativit y property (3.5), and hence the obvious analog of the
complete diagram (3.6) holds for the reduced spaces.Here the interpolation op-
erator �̂ h : H 1(
 ; S) 7! �̂ h is de�ned by the degreesof freedom as above, while
P̂h : L 2(
 ; R2) 7! Vh is the orthogonal projection. Since �̂ h preserveslinear matrix
�elds locally, the estimates (4.3) and (4.4) still holds for �̂ h . However, we should
note that the space�̂ T is not invariant under Piola transforms. Therefore, a di�er-
ent scaling argument is required to prove these properties, for example by scaling
to a similar element of unit diameter using translation, rotation, and dilation, and
using a compactnessargument.

Since the P0(T; R2) ( V̂T ( P1(T; R2) the projection operator P̂h will only
allow a �rst order approximation in L 2, i.e. the estimate (4.5) is reducedto

kv � Ph vk0 � chm kvkm ; 0 � m � 1 :

By following closelythe derivation of the previous sectiontheseinterpolation errors
leadsto the following error estimatesfor the reducedmethod:

k� � � h k0 � chkuk2 ;

kdiv � � div � h k0 � chm kdiv � km ; 0 � m � 1 ;

ku � uhk0 � chkuk2 :

We observe that, compared to the estimates given in Theorem 4.1 for the non-
reducedmethod, only the estimate for the error in the divergencehave beenweak-
end, while the sizeof the discrete systemhas beenreducedby approximately 40%.
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