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New first-order formulation for the Einstein equations
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We derive a new first-order formulation for Einstein’s equations which involves fewer unknowns than other
first-order formulations that have been proposed. The new formulation is based or-fhel&composition
with arbitrary lapse and shift. In the reduction to first-order form only eight particular combinations of the 18
first derivatives of the spatial metric are introduced. In the case of linearization about Minkowski space, the
new formulation consists of a symmetric hyperbolic system in 14 unknowns, namely, the components of the
extrinsic curvature perturbation and the eight new variables, from whose solution the metric perturbation can
be computed by integration.
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I. INTRODUCTION Here dy:=d,—b'4, is the convective derivative, indices are
raised and lowered using the spatial metric componkejts
Many ways have been proposed to formulate Einstein'sand the omitted terms are algebraic expressions irhthe
equations of general relativity in a manner suitable for nutheir spatial derivatives;h;;, and the extrinsic curvature
meric computation. In this paper we introduce a new firstcomponentsk,] , and also involve the lapseand shift com-
order formulation for Einstein’s equations. This system in-ponentsb'. The f,,,,, which depend on the first spatial de-
volves fewer unknowns than other first-order formulationsrivatives of the spatial metric, satisfy the same symmetries as
that have been proposed and does not require any arbitraiy the linear case, and so represent eight unknowns.
parameters. In the simplest case of linearization around As is common, our derivation will start from the
Minkowski space with constant lapse and vanishing shift, theArnowitt-Deser-Misner 31 decomposition[1]; see also
system has the simple form [2]. The ADM approach introduces a system of coordinates
t=Xg,X1,X2,X3, With t a timelike variable and thg, space-
like fori=1,2,3, and encodes the four-metric of spacetime as
—atKij=a')\|(ij), — INji = I K - (1) a time-varying three-metric on a three-dimensional domain
V2 V2 together with the lapse and shift, which are scalar-valued and
three-vector-valued functions of time and space, respectively.

Here «;; is the extrinsic curvature perturbation, a symmetricSpecifically, the coordinates of the four-metric are given by
tensor, and\;j is a third-order tensor which is antisymmet-

ric with respect to the first two indices and satisfies a cyclic Joo=—a’+ bibjh”, goi=bi, gij=hj.
identity, with the result that the system above is symmetric
hyperbolic in 14 unknowns. Here a denotes the lapse, thg are the components of the

Our approach applies as well to the full nonlinearshift vectorb, and theh;; are the components of the spatial
Arnowitt-Deser-Misner(ADM) system with arbitrary lapse metric h. As usual, roman indices run from 1 to 3 arful'}
and shift. We work with the actual lapse, rather than a dendenotes the matrix inverse t(). Let D; denote the cova-
sitized version. In the nonlinear case the system involves 20ant derivative operator associated with the spatial metric
unknowns and can be written and set

—2ak 9b° 1 1
doly = = 2ak; + Zhs b, Kij = — 55 9ij + 7 Dby »

iaok-:ah hygy £ M 4. the extrinsic curvature. Then the ADM equations for a
! men ' vacuum spacetime are
&th,JI—Zak,J-i—ZD(le), (2)

1
— dofimn=51(ak) min+
vz “ofimn = (@K)myn kij=alR;; + (K)kij— 2k k!]+b'Dk;; +ky D;b'

+k|jDib|_DiDja, (3)

*Electronic address: alekseen@math.umn.edu i i i
"Electronic address: arnold@ima.umn.edu Ri+ (ki) “—k;;k" =0, (4

0556-2821/2003/68)/0640136)/$20.00 68 064013-1 ©2003 The American Physical Society



A. M. ALEKSEENKO AND D. N. ARNOLD PHYSICAL REVIEW D 68, 064013 (2003
Dik;; —D;kl=0. (5) (Py)i=0, ®)

Here R denotes the spatial Ricci tensor, whose components & kij— 9k} =0. 9)
are given by second-order spatial partial differential opera-
tors applied to the spatial metric components. Also indicedlere Py is the linearized Ricci tensor, with components
are raised and traces taken with respect to the spatial metrigiven by
We have used the notation of indices in parentheses to denote L X L 1
the symmetric part of a tensorD;b;y:=(D;b;+D;b;)/2. _ | | | |
Later we will similarly use bracketed indices to denote the (P V)i =2 WINF KI5 TN T 5N
antisymmetric part and sometimes bars to separate indices, (10
so, as an examplel; ;i = (Ujji — Ukji1)/2. _ . _
Equations(4) and (5), called the Hamiltonian and mo- In these expressions, and in general when we deal with the
mentum constraints, do not involve time differentiation. Thelinearized formulation, indices are raised and lowered with
first two equations are the evolution equations. A typical apfespect to the Euclidean metricitf, so, for exampleg' and
proach is to determine the lapse and shift in some way, find; are identical.
relevant initial data foh andk satisfying the constraint equa-  In order to reduce the linearized ADM system to first-
tions, and then solve the evolution equations to determine therder symmetric hyperbolic form, we first develop an iden-
metric and extrinsic curvature for future times. The con-tity for Py valid for any symmetric matrix field. It is useful
straint equations may or may not be explicitly imposed dur+o introduce the notations for the six-dimensional space of
ing the evolution. For exact solutions of the evolution equa-Symmetric matrices aritl for the eight-dimensional space of
tion with initial data exactly satisfying the constraints, thetriply indexed arrays\;; ) which are skew symmetric in the
constraints are automatically satisfied for future times. first two indices and satisfy the cyclic propenty;, +wjy;
The system of evolution equations fbrand k is first +w,;;=0.
order in time and second order in space. They are not hyper- We define the operatoM: C*(RR3,5)—C*(R*,R3) by
bolic in any usual sense, and their direct discretization seem@iu),=d'u;, — aiul . [Note that the linearized momentum
difficult. Therefore, many authoif8—6] have considered re- constraint(9) is simply Mx=0.] From the definition(10),
formulations into more standard first-order hyperbolic sys-we have
tems. Typically these approaches involve introducing all the
first spatial derivatives of the spatial metric components, or | 1
quantities closely related to them, as 18 additional un- (Py)ij=—ddnypit 5d(My);. 1D
knowns. The resulting systems involve many variables,
sometimes 30 or more. In the formulation proposed here, WRjow, for any vector-valued function, we have
introduce only eight particular combinations of the first de-
rivatives of the metric components. (9ivl.:(9lvj§“ =2(?'v[j5|]i+r9'v|5i,— )
In the next section of the paper we present our approach
as applied to a linearization of the ADM system. This allowsApplying this identity to Eq.(11) with v =My we get
us to demonstrate the basic ideas with a minimal of technical
complications and to rigorously establish the relationship be- | 1,
tween the new formulation and the ADM system. In the third ~ (P¥)ij ==Lyt (My)pdjil+ 55 (M),6j; -
and final section of the paper we carry out the derivation in (12)
the case of the full nonlinear ADM system.
Define the operatorsL: C*(R3,S)—C*(R3T) and
IIl. SYMMETRIC FORMULATION L*: C*(R®,T)—C"(R*,5) by
FOR THE LINEARIZED SYSTEM (Lu)lji — Uy, (L*W)ij _ _67|W|(ij) '
We linearize the ADM equations about the trivial solution
obtained by representing Minkowski spacetime in Cartesiafdne easily verifies that operatoksand L* are formal ad-
coordinates: h;j=4;;, kjj=0, a=1, bj=0. Consider a per- joints to each other with respect to the scalar products
turbation given byh;;=48;+ v, kj=xij, a=1+a, by  (Uv)=[ upePldx and(z,w)= [ z,,,wPdx in the spaces
=B;, with the v, «j;, @ and B; supposed to be small. C”(R®S) andC”(R®T) respectively. Introducing
Substituting these expressions into the ADM system and ig-
noring terms which are at least quadratic with respect to the 1
¥, kij » @, and; and their derivatives, we obtain the linear Njji=— ‘E[(L')’)Iji +(My)pdjil, (13)
system we shall study:

we can then restate E(L2) as
hYij = — 2K+ 29 By (6)

1
L= N 4+ =g .
ﬁtKij:(P')’)ij_aif?jay 7) (P'Y)lj V29 )\IJ|+2(9(M')’)I5|J-
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(The reason for the factor of2 will become apparent first-order symmetric hyperbolic systefd5),(16). Finally,
shortly) Taking symmetric parts, the last equation becomesdefiney by Eq. (18). Then the ADM systen{6)—(9) is sat-
isfied.

Proof. Equation(6) follows from Eq.(18) by differentia-
tion.

Next we verify the momentum constraif®). To do so we

We are now ready to introduce our first-order symmetricwill show that u:=M « satisfies a second-order wave equa-
hyperbolic formulation. The unknowns will bex  tion, and thatu(0)=d,x(0)=0. Indeed,u(0)=0 by as-
e C*(IR3,9) and\ e C*(R3,T), so the system has 14 inde- sumptions. To see thaw(0)=0, we apply the operatdvl
pendent variables in all. Substituting E44) in Eq. (7) and  to Eq. (15 and use the fact tha¥l annihilates the Hessian
noting that d'(M y)|:(Py)l=O by the linearized Hamil- g;d;« for any functiona. Therefored,u=—v2ML*\. Us-
tonian constraint8), we obtain an evolution equation far  ing Eq. (14) and the assumption that satisfies the Hamil-

tonian constraint at the initial time, we find that

1
(P'Y)ij:_‘/z(l—*)\)ij+Eal(M'Y)Iaij- (14

&tKij=—1/§(L*)\)ij—&iaja. (15)

1
To obtain an evolution equation for, we differentiate Eq. dpi(0)=(MPy(0));=— Eﬁiﬁl(M ¥(0)),=0.
(13) with respect to time and substitute E§) to eliminate
y. Simplifying and using the linearized momentum con-  Tq optain a second-order equation fey first we differ-
straint(9) we obtain entiate Eq.(15) in time and substitute Eq(16) to get a
second-order equation fa:
N =V2(L k)i — 7jji (16)
. &tZKiJ-:—Z(L*LKij)—ﬁi&ja.
where 7 can be determined fromef3);;:=4,; 8}, by
Here we have used the fact that 7=0. Apply M to the last

7ji =V2[(LeB)yji + (M eB)(1 6yyi] equation. Using the identity ML* Lx)=—d'd; (M ) y/2
1 and the fact thatM annihilates Hessians, we find that
= — (39 Bj1+ " mPB 8 — I"ImBi i) :=M « satisfies the second-order hyperbolic equation
V2
Fepi=d'gmy -

Equations(15) and (16) constitute a first-order symmetric

hyperbolic systentthis is clear, sincd. andL* are formal This is simply an elastic wave equation. Singg0)
adjoint9. It follows that (see, e.g.[7], Sec. 7.3.2 if the = =d,u(0)=0, x vanishes for all time, i.e., the momentum
lapse and the shift are sufficiently smooth, then for arbitraryconstraint is satisfied.

initial valuesk(0) and\(0) belonging toH(R?%), there exists Now (P«)}=d'(Mk);=0. Moreover,P applied toeg is

a unique solution to the systefd5) and (16) with compo- identically zero. Therefore if we app§ to Eq.(18) and take

nents inH((0,T) X R3). the trace, we find thatRy)!= (Py(0))!, which vanishes by
The Cauchy problem for the original linearized ADM sys- assumption. This verifies the Hamiltonian constra@)t
tem consists of Eqs(6)—(9) together with specific initial It remains to verify Eq(7) which, in view of Eq.(15),

valuesy(0) and«(0). The foregoing derivation shows that, if comes down to showing tha2L*\=—P+y. Since we have
y andk satisfy the ADM system anklis defined by Eq(13),  verified the Hamiltonian constraint, this will follow if we can
then x and\ satisfy the symmetric hyperbolic systefth),  establish Eq(14), which is itself a consequence of E4.3).
(16). Conversely, to recover the solution to the ADM systemwe used Eq(13) at timet=0 to initialize \, so it is suffi-
from (15), (16), the same initial condition should be imposed cjent to show that

on x and\ should be taken initially to be

1
1 5t>\|ji:_73t[(L7)|ji+(M Y 6jpil-
)\Iji(o):_5[(L7(0))Iji+(M7(0))[|5j]i]- (17 2
This follows directly from Eqgs(16) and (6). |
Oncek and \ are determined, the metric perturbatignis We conclude this section by computing the plane wave
given by solutions to the hyperbolic systefi). That is, we seek so-
lutions of the form
t
'Yij:Yij(o)_zfo("ij_a(iﬁj))- (18) i =T F(SE= M%), Ay =Ny F(St—N%g),
as follows from Eq.6). where the real numbes gives the wave speed and the unit

Theorem 1Let the lapse perturbatiom and shift pertur-  vector n; the wave direction, the polarizations; andX”i
bation 3 be given. Suppose that initial daj¢0) and«(0) are  are constant, and the profif¢t) is an arbitrary differentiable
specified satisfying the constraint equatidBx(9) at timet function.
=0. Define\(0) by Eq.(17), and determin& and\ from the Substituting these expressions into Et), we get
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~ f! _na — (N 24 __na 1
Sk T (SE=n"%) = =V2N A ) T (St %), (PWij=5[dp(hP99jug) + 3 (hP3du;q) — dp(hPIdqu;)

shiji f/(st—nx,) = —v2ny&;;if' (st—n?Xy,), — 3, (hP%9 U]
jUpa)J-

and so the system reduces to the following linear elgenvaIuRIote that, in the cash;

problem: ij=6jj» P coincides with the linear-
ized Ricci operator introduced in EGL0). In the nonlinear
Ski; = —van'y, | (19) case P is related to the Ricci tensor by the equation
= =(Ph)+c, (21
S)\”i:—\/?n[ﬁ(j]i , (20) ] i
where

with the wave speedas eigenvalues and the pairi“aj(,X,ji)
as eigenvectors. The eigenvalues of this system graul-

tiplicity 4), +1 (each multiplicity 3, and =12 (each mul- cij=— _[(’9 hP9)(d;hiq) +(dihP9) (dphg;) — (aphP9) (dgh;)
tiplicity 2). To verify this and describe the eigenvectors we <
introduce a unit vectom; perpendicular ton;, and setl; —(3ihPN (9hpg) 1+ hPINS(T 56l e — T pgslije)

=g bnamb to complete an orthonormal frame. Then the fol-

first-order differential operator im;
Iowmg solution to the eigenvalue problem can be checked byS a 3 3 13
direct substitution into Eq<19),(20): Define an operatol: C* (I ,b)—>C (R %) by

s=0: (Omylmy),  (Omyljl),  (nin;,0), (Mu);=2hP% Ui q.

This formula extends the definition of the linearized momen-
tum constraint operator introduced in the previous section.
Up to lower order terms the momentum constrait is
given by the vanishing oMk:

(0,2mpljyni+nplymy—npmy;li);
s=*x1: (ilj—mm;,=v2(nylj;li—npm;my)),

(imy +myil, Fv2(ngljymi+ngmy 1)), DPk;, — DikB=2hPD ki o= (MK);— 2hPCr!

q[pk] (22)
(|i|j+mimj ,I\/i(n“lj]li‘f'n“mj]mi));
(wherel'y,:=h"T q,J).
s==1M2:  (nglj),=nglm),  (ngmy),+ngmyn;). Finally, ~we introduce operators L: C*(R3,S)
—C*(R3,T) andL*: C*(R3,T)—C*(R3,3) by
IIl. DECOMPOSITION OF THE FULL ADM SYSTEM
. . . . (Lwiji =dgujp . (L*v)ij=—hgihy dpoP".
In this section we develop a first-order formulation of the
full nonlinear ADM system analogous to that developed forAs in the linear case, the operatdisand L* are formal
the linearized system in Sec. Il. We continue to assume thaddjoints to each other with respect to the scalar products
the underlying manifold is topologicallit® and view the (u,w)= fu”w"dx and (v,z)= fv,”Z” dx on the spaces
ADM system as equations for the evolution of a RiemanniarC”(R3,S) andC*(IR3,T), respectively.
three-metrich on R3. Thus hij, 1=<i,j<3 are the compo- Finally, we introduce the new variables
nents of the spatial metric. They form a positive-definite
symmetric matrix defined at each pointléf and varying in
time. Indices on other fields are lowered and raised usjng fimn=— E[(Lh)mnﬂ'\ﬂh)[lhm]n], (23
and the inverse matrix field".

For the components of the Riemann tensor we have and develop the analogue of the identity).

Lemma 1 The following identity is valid for the Ricci
Rijki = ;i = 3T jia = h™ (L jemliin = Cikmljin) tensor: g y
where the Cristoffel symbols are defined by = (d;hjx 1
+&jhki—¢9khij)/2 The components of the Ricci tensor are Rij=—v2(L*f )”+ ap[hpq(Mh)qh,J]Jrc,), (24)
given byR;;=hP9Ry;;, which yields .
where

1
Rij:zhpq(apajhiq+(9i‘9phqj_ﬁp&qhij_&ié,jhpq)
2)_ qmrn pl
+hpth5([‘|ps qir— pqs ”r) C C(|])+hq|hr1[‘9p(h h )]h {(Lh) I(mn)

We define a second-order linear partial differential opera-

1 1
tor P: Cw(RB’R3><3)_>C00(R3,R3><3) by + E(Mh)[lhm]n+ E(Mh)[lhn]m
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is first order inh;; . 1 2)
Proof The formula(24) is a consequence of the identity dokij = —v2a(L*f);;+ s ad [hPI(Mh)ghy]+cif,

(27)

1
—V2(L*f)ij=(Ph)ij— 5 p[hpq(Mh) hj]+c, where

(25)
ci)=a[c)+ (k) ki; — 2k; ki1+k; 9;b'+ ki ab' — D, D;a.
where
Here we used the fact that the Lie derlvatMéD Kij
. 1 +kyDjb'+k;Dib' =b'gki; + ki 9;b'+ kijg;b'. We treat the
_hqihri[‘?p(hq h™)]hP (Lh)l(mn)+§(Mh)[lhm]n second term on the rlght hand side of E@4) using the
Hamiltonian constraint4). Now,

1
+ E(Mh)[lhn]m}

-:—h”hpq((? (9 h +O7(9phq] hij_aiﬁjhpq)

To prove the identity(25) we note, first, that the operatér

. . ijhPaRrs
can be rewritten in terms of operatdrsandM as HRTRPRE(Tpsl gjr = oqdlije)

=hiThPY(g,35hg;— d;djhpq) + T hP%h's

1
(Pu)ij:_&p[hpq(Lu)qji]+Eai(Mu)jy X (T ipsl g — rpqsrm)
= h'lhpq (9 i— 0] —[ 9 llhpq h
which yields il ( hpg) 1= Lai(h )1(9phg;=djhpg)
+h”hpth5(rlps qjr — pqs |]r)
1
(Pu)ijy=— dp hPYLu)gijy 1+ Ea(i(Mu)j)y zﬁi[h”(Mh)j]"‘CS),
where

and, second, that according to the definitiorLdf, ) )
c®=—[g;(h"hPY)](dphg;— d;hpg) +hThPIN™

L*v);i=— hgihy d,(hP'hd™h™
( U)U qillrj p( Ul(mn)) (T

== ﬁp(hpqvq(ij)) - hqihrj [&p(hthm)]hplvl(mn) .
(26) Hence, due to the Hamiltonian constraint,

|ps qu pqs I]r)

To derive the identity(25) we substitute—v2f y;; for vg;; in FpLhPIMh)ghij]={dp[ NP4 MP) g1} hij +hPI(Mh)4(dph;)
Eq. (26). The first term on the right-hand side of E@6) =[kqupq_(kg)2_c5)]h”
then becomes

+hP9(Mh)q(dphij).

1
—f?p( hP% (Lh)qqij) + 5 (Mh)ghi; — E(Mh)(ihj)qD Combining all lower order terms into an expressByp, first
order inh, we reduce Eq(27) to
1
_—ﬁp[hpq(Lh)q(”)] p[hpq(Mh)thj] ﬁokij=—\/23(L*f )ij+Bij . (28

1 This is the first evolution equation of our system.

+ Eﬁp[hpq(M h)ihjyql The second evolution equation will be obtained by apply-

ing dg to the definition off (23):
l 1

__ap[hpq(l-h)q(u)] p[hpq(Mh) hl]]+ &(|(Mh) 1

dofimn=——={do(LN)imnt do[ (M h)[lhm]n]}-
1 V2

=(Ph)ij,— = dp[hPIMN)gh;i 1.

w27 A First, we note that

The substitution of-v2f,,, for v, into the second term of

Eq. (26) gives the terncy) precisely. The rest of the proof Io(LN)imn= (Ldgh)imnt 5 [(0|b ) (dshmn)
follows from the identity(21). |
We now proceed to the derivation of the new formulation —(Imb®) (dshin) 1.
of the ADM system. In Eq(3) we substitutel,+b'a, for d;
and replaceR;; with the right side of Eq(24) to get Using the fact thatNu),=2hP9(Lu),q, we then get
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do(Mh);=(Mdgh); +2(phPH)(Lh) g+ hPI(9,0%) (dshiq) Jofimn=V2[ L(aK) Jimn+V2[ M (ak) I+ Cihn
(31)
_(ﬁlbs)((gshpq)]-
where
If we use this formula to compute,[ (Mh),h,,,] and then
antisymmetrize il andm, we obtain Clhn=Cohn= V2L (LW) n+ (MW) i hyya] — 2v2[ 2kPI— wPY]

. 1 h) h) N ” hpq) X(Lh)p[|‘q|hm]n+\/2(Mh)“akm]n_\/i(Mh)“Wm]n .

17 =——[(Ld +(Ma —V2(4d

otimn V2 (LGN imn+ (M 3N} sy (%o The final step is to invoke the momentum constraint to sim-
plify the second term on the right-hand side of E§1).
Indeed, since the right-hand side of E82) vanishes,

[M(ak)]|:a(Mk)|+2hpq((9[pa)k|]q

where =2ahPIrg; K s+ 2hPY(dpa)kg -

1
X(LR)ppijgihmn— ‘E(Mh)[laohm]n_l'clﬁn)m’ (29

1 Substituting this in Eq(31), we obtain the desired second
Cl6n)1n: - E[(albs)(ﬁshmn)_(ambs)(ashM)] evolution equation:

dofimn="2[L(aK) limn* Cimn, (32

1
- ‘E hpq[(apbs)(ashq[l)hm]n_ (ashpq)(a[lbs)hm]n]- where

_ A7) S _ s
Next we use Eq(2) to relate the terms in Eq29) involv- Clmn_Clmn+‘/2[ahpqrq[pkllshmn ahpqrq[pkm]shln

mg (Z%Zttr(i)cthv(:ee)rg:/r:asm curvaturk. For the Lie derivative of +hP4( g ,2) K11 ghmn— NP 9p2) Ky ghin -

The two equationg28) and (32) constitute a first-order
2D (ibj)=b%dshij +2hg(; 9j)b. system for the unknowns;; and fi,,. This system is

coupled to the ordinary differential equati@d0) through the

termsB;; andC,,, which are algebraic combinations lof ,
dohy; = —2ak;; +2w;; , (30 dihjj .k;;, the lapsea and the shifb, and their spatial deriva-

tives. The foregoing derivation shows thathifandk satisfy
where wj; :=hg;d;,b°. Using the Leibniz rule we can then the ADM system(2)—(5), thenh, k, andf satisfy the system

Using this, Eq.(2) becomes

verify that (30),(28),(32).
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