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New first-order formulation for the Einstein equations
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We derive a new first-order formulation for Einstein’s equations which involves fewer unknowns than other
first-order formulations that have been proposed. The new formulation is based on the 311 decomposition
with arbitrary lapse and shift. In the reduction to first-order form only eight particular combinations of the 18
first derivatives of the spatial metric are introduced. In the case of linearization about Minkowski space, the
new formulation consists of a symmetric hyperbolic system in 14 unknowns, namely, the components of the
extrinsic curvature perturbation and the eight new variables, from whose solution the metric perturbation can
be computed by integration.
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I. INTRODUCTION

Many ways have been proposed to formulate Einste
equations of general relativity in a manner suitable for n
meric computation. In this paper we introduce a new fir
order formulation for Einstein’s equations. This system
volves fewer unknowns than other first-order formulatio
that have been proposed and does not require any arbi
parameters. In the simplest case of linearization aro
Minkowski space with constant lapse and vanishing shift,
system has the simple form

1

&
] tk i j 5] ll l ~ i j ! ,

1

&
] tl l j i 5] [ lk j ] i . ~1!

Herek i j is the extrinsic curvature perturbation, a symmet
tensor, andl i jk is a third-order tensor which is antisymme
ric with respect to the first two indices and satisfies a cyc
identity, with the result that the system above is symme
hyperbolic in 14 unknowns.

Our approach applies as well to the full nonline
Arnowitt-Deser-Misner~ADM ! system with arbitrary lapse
and shift. We work with the actual lapse, rather than a d
sitized version. In the nonlinear case the system involves
unknowns and can be written

]0hi j 522aki j 12hs( i] j )b
s,

1

&
]0ki j 5ahmihn j] l f

l ~mn!1¯ ,

1

&
]0f lmn5] [ l~ak!m]n1¯ .
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Here ]0ª] t2bl] l is the convective derivative, indices ar
raised and lowered using the spatial metric componentshi j ,
and the omitted terms are algebraic expressions in thehi j ,
their spatial derivatives] lhi j , and the extrinsic curvature
componentski j , and also involve the lapsea and shift com-
ponentsbi . The f lmn , which depend on the first spatial de
rivatives of the spatial metric, satisfy the same symmetrie
in the linear case, and so represent eight unknowns.

As is common, our derivation will start from th
Arnowitt-Deser-Misner 311 decomposition@1#; see also
@2#. The ADM approach introduces a system of coordina
t5x0 ,x1 ,x2 ,x3 , with t a timelike variable and thexi space-
like for i 51,2,3, and encodes the four-metric of spacetime
a time-varying three-metric on a three-dimensional dom
together with the lapse and shift, which are scalar-valued
three-vector-valued functions of time and space, respectiv
Specifically, the coordinates of the four-metric are given

g0052a21bibjh
i j , g0i5bi , gi j 5hi j .

Here a denotes the lapse, thebi are the components of th
shift vectorb, and thehi j are the components of the spati
metric h. As usual, roman indices run from 1 to 3 and (hi j )
denotes the matrix inverse to (hi j ). Let Di denote the cova-
riant derivative operator associated with the spatial me
and set

ki j 52
1

2a
] thi j 1

1

a
D ( ibj ) ,

the extrinsic curvature. Then the ADM equations for
vacuum spacetime are

] thi j 522aki j 12D ( ibj ) , ~2!

] tki j 5a@Ri j 1~kl
l !ki j 22kil kj

l #1blDlki j 1kil D jb
l

1kl j Dib
l2DiD ja, ~3!

Ri
i1~ki

i !22ki j k
i j 50, ~4!
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D jki j 2Dikj
j50. ~5!

Here R denotes the spatial Ricci tensor, whose compone
are given by second-order spatial partial differential ope
tors applied to the spatial metric components. Also indi
are raised and traces taken with respect to the spatial me
We have used the notation of indices in parentheses to de
the symmetric part of a tensor:D ( ibj )ª(Dibj1D jbi)/2.
Later we will similarly use bracketed indices to denote t
antisymmetric part and sometimes bars to separate ind
so, as an example,u@ i u j uk# lª(ui jkl 2uk jil )/2.

Equations~4! and ~5!, called the Hamiltonian and mo
mentum constraints, do not involve time differentiation. T
first two equations are the evolution equations. A typical
proach is to determine the lapse and shift in some way,
relevant initial data forh andk satisfying the constraint equa
tions, and then solve the evolution equations to determine
metric and extrinsic curvature for future times. The co
straint equations may or may not be explicitly imposed d
ing the evolution. For exact solutions of the evolution equ
tion with initial data exactly satisfying the constraints, t
constraints are automatically satisfied for future times.

The system of evolution equations forh and k is first
order in time and second order in space. They are not hy
bolic in any usual sense, and their direct discretization se
difficult. Therefore, many authors@3–6# have considered re
formulations into more standard first-order hyperbolic s
tems. Typically these approaches involve introducing all
first spatial derivatives of the spatial metric components
quantities closely related to them, as 18 additional
knowns. The resulting systems involve many variabl
sometimes 30 or more. In the formulation proposed here,
introduce only eight particular combinations of the first d
rivatives of the metric components.

In the next section of the paper we present our appro
as applied to a linearization of the ADM system. This allo
us to demonstrate the basic ideas with a minimal of techn
complications and to rigorously establish the relationship
tween the new formulation and the ADM system. In the th
and final section of the paper we carry out the derivation
the case of the full nonlinear ADM system.

II. SYMMETRIC FORMULATION
FOR THE LINEARIZED SYSTEM

We linearize the ADM equations about the trivial solutio
obtained by representing Minkowski spacetime in Cartes
coordinates: hi j 5d i j , ki j 50, a51, bi50. Consider a per-
turbation given byhi j 5d i j 1g i j , ki j 5k i j , a511a, bi
5b i , with the g i j , k i j , a, and b i supposed to be smal
Substituting these expressions into the ADM system and
noring terms which are at least quadratic with respect to
g i j , k i j , a, andb i and their derivatives, we obtain the line
system we shall study:

] tg i j 522k i j 12] ( ib j ) , ~6!

] tk i j 5~Pg! i j 2] i] ja, ~7!
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~Pg! i
i50, ~8!

] jk i j 2] ik j
j50. ~9!

Here Pg is the linearized Ricci tensor, with componen
given by

~Pg! i j 5
1

2
] i]

lg l j 1
1

2
] j]

lg l i 2
1

2
] l] lg i j 2

1

2
] i] jg l

l .

~10!

In these expressions, and in general when we deal with
linearized formulation, indices are raised and lowered w
respect to the Euclidean metric inR3, so, for example,] i and
] i are identical.

In order to reduce the linearized ADM system to firs
order symmetric hyperbolic form, we first develop an ide
tity for Pg valid for any symmetric matrix fieldg. It is useful
to introduce the notationsS for the six-dimensional space o
symmetric matrices andT for the eight-dimensional space o
triply indexed arrays (wi jk) which are skew symmetric in the
first two indices and satisfy the cyclic propertywi jk1wjki
1wki j50.

We define the operatorM : C`(R3,S)→C`(R3,R3) by
(Mu) i5] luil 2] iul

l . @Note that the linearized momentum
constraint~9! is simply Mk50.] From the definition~10!,
we have

~Pg! i j 52] l] [ lg j ] i1
1

2
] i~Mg! j . ~11!

Now, for any vector-valued functionv, we have

] iv j5] lv jd l i 52] lv [ jd l ] i1] lv ld i j .

Applying this identity to Eq.~11! with v5Mg we get

~Pg! i j 52] l@] [ lg j ] i1~Mg! [ ld j ] i #1
1

2
] l~Mg! ld i j .

~12!

Define the operatorsL: C`(R3,S)→C`(R3,T) and
L* : C`(R3,T)→C`(R3,S) by

~Lu! l j i 5] [ luj ] i , ~L* w! i j 52] lwl ~ i j ! .

One easily verifies that operatorsL and L* are formal ad-
joints to each other with respect to the scalar produ
^u,v&5* upqv

pqdx and ^z,w&5* zpqrw
pqrdx in the spaces

C`(R3,S) andC`(R3,T) respectively. Introducing

l l j i 52
1

&
@~Lg! l j i 1~Mg! [ ld j ] i #, ~13!

we can then restate Eq.~12! as

~Pg! i j 5&] ll l j i 1
1

2
] l~Mg! ld i j .
3-2
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~The reason for the factor of& will become apparen
shortly.! Taking symmetric parts, the last equation becom

~Pg! i j 52&~L* l! i j 1
1

2
] l~Mg! ld i j . ~14!

We are now ready to introduce our first-order symme
hyperbolic formulation. The unknowns will bek
PC`(R3,S) and lPC`(R3,T), so the system has 14 inde
pendent variables in all. Substituting Eq.~14! in Eq. ~7! and
noting that ] l(Mg) l5(Pg) l

l50 by the linearized Hamil-
tonian constraint~8!, we obtain an evolution equation fork:

] tk i j 52&~L* l! i j 2] i] ja. ~15!

To obtain an evolution equation forl, we differentiate Eq.
~13! with respect to time and substitute Eq.~6! to eliminate
g. Simplifying and using the linearized momentum co
straint ~9! we obtain

] tl l j i 5&~Lk! l j i 2t l j i , ~16!

wheret can be determined from (eb) i jª] ( ib j ) by

t l j i 5&@~Leb! l j i 1~Meb! [ ld j ] i #

5
1

&
~] i] [ lb j ]1]m] [mb l ]d i j 2]m]@mb j ]d i l !.

Equations~15! and ~16! constitute a first-order symmetri
hyperbolic system~this is clear, sinceL and L* are formal
adjoints!. It follows that ~see, e.g.,@7#, Sec. 7.3.2!, if the
lapse and the shift are sufficiently smooth, then for arbitr
initial valuesk~0! andl~0! belonging toH1(R3), there exists
a unique solution to the system~15! and ~16! with compo-
nents inH1

„(0,T)3R3
….

The Cauchy problem for the original linearized ADM sy
tem consists of Eqs.~6!–~9! together with specific initial
valuesg~0! andk~0!. The foregoing derivation shows that,
g andk satisfy the ADM system andl is defined by Eq.~13!,
then k and l satisfy the symmetric hyperbolic system~15!,
~16!. Conversely, to recover the solution to the ADM syste
from ~15!, ~16!, the same initial condition should be impose
on k andl should be taken initially to be

l l j i ~0!52
1

&
@„Lg~0!…l j i 1„Mg~0!…[ ld j ] i #. ~17!

Oncek and l are determined, the metric perturbationg is
given by

g i j 5g i j ~0!22E
0

t

~k i j 2] ( ib j )!, ~18!

as follows from Eq.~6!.
Theorem 1. Let the lapse perturbationa and shift pertur-

bationb be given. Suppose that initial datag~0! andk~0! are
specified satisfying the constraint equations~8!,~9! at time t
50. Definel~0! by Eq.~17!, and determinek andl from the
06401
s

c

-

y

first-order symmetric hyperbolic system~15!,~16!. Finally,
defineg by Eq. ~18!. Then the ADM system~6!–~9! is sat-
isfied.

Proof. Equation~6! follows from Eq.~18! by differentia-
tion.

Next we verify the momentum constraint~9!. To do so we
will show that mªMk satisfies a second-order wave equ
tion, and thatm(0)5] tm(0)50. Indeed,m(0)50 by as-
sumptions. To see that] tm(0)50, we apply the operatorM
to Eq. ~15! and use the fact thatM annihilates the Hessian
] i] ja for any functiona. Therefore] tm52&ML* l. Us-
ing Eq. ~14! and the assumption thatg satisfies the Hamil-
tonian constraint at the initial time, we find that

] tm i~0!5„M Pg~0!…i52
1

2
] i]

l
„Mg~0!…l50.

To obtain a second-order equation form, first we differ-
entiate Eq.~15! in time and substitute Eq.~16! to get a
second-order equation fork:

] t
2k i j 522~L* Lk i j !2] i] ja.

Here we have used the fact thatL* t[0. Apply M to the last
equation. Using the identity (ML* Lk)52] l] ( i(Mk) l )/2
and the fact thatM annihilates Hessians, we find thatm
ªMk satisfies the second-order hyperbolic equation

] t
2m i5] l] ( im l ) .

This is simply an elastic wave equation. Sincem(0)
5] tm(0)50, m vanishes for all time, i.e., the momentu
constraint is satisfied.

Now (Pk) i
i5] i(Mk) i50. Moreover,P applied toeb is

identically zero. Therefore if we applyP to Eq.~18! and take
the trace, we find that (Pg) i

i5„Pg(0)…i
i , which vanishes by

assumption. This verifies the Hamiltonian constraint~8!.
It remains to verify Eq.~7! which, in view of Eq.~15!,

comes down to showing that&L* l52Pg. Since we have
verified the Hamiltonian constraint, this will follow if we ca
establish Eq.~14!, which is itself a consequence of Eq.~13!.
We used Eq.~13! at time t50 to initialize l, so it is suffi-
cient to show that

] tl l j i 52
1

&
] t@~Lg! l j i 1~Mg! [ ld j ] i #.

This follows directly from Eqs.~16! and ~6!. j
We conclude this section by computing the plane wa

solutions to the hyperbolic system~1!. That is, we seek so
lutions of the form

k i j 5k̃ i j f ~st2naxa!, l l j i 5l̃ l j i f ~st2naxa!,

where the real numbers gives the wave speed and the un
vector ni the wave direction, the polarizationsk̃ i j and l̃ l j i
are constant, and the profilef (t) is an arbitrary differentiable
function.

Substituting these expressions into Eq.~1!, we get
3-3
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sk̃ i j f 8~st2naxa!52&nl l̃ l ~ i j ! f 8~st2naxa!,

sl̃ l j i f 8~st2naxa!52&n[ l k̃ j ] i f 8~st2naxa!,

and so the system reduces to the following linear eigenva
problem:

sk̃ i j 52&nl l̃ l ~ i j ! , ~19!

sl̃ l j i 52&n[ l k̃ j ] i , ~20!

with the wave speeds as eigenvalues and the pairs (k̃ i j ,l̃ l j i )
as eigenvectors. The eigenvalues of this system are 0~mul-
tiplicity 4!, 61 ~each multiplicity 3!, and61/& ~each mul-
tiplicity 2!. To verify this and describe the eigenvectors w
introduce a unit vectormi perpendicular toni , and setl i

5« i
abnamb to complete an orthonormal frame. Then the fo

lowing solution to the eigenvalue problem can be checked
direct substitution into Eqs.~19!,~20!:

s50: ~0,m[ l l j ]mi !, ~0,m[ l l j ] l i !, ~ninj ,0!,

~0,2m[ l l j ]ni1n[ l l j ]mi2n[ lmj ] l i !;

s561: „l i l j2mimj ,7&~n[ l l j ] l i2n[ lmj ]mi !…,

„l imj1mil j ,7&~n[ l l j ]mi1n[ lmj ] l i !…,

„l i l j1mimj ,7&~n[ l l j ] l i1n[ lmj ]mi !…;

s561/&: ~n( i l j ) ,7n[ l l j ]ni !, ~n( imj ) ,7n[ lmj ]ni !.

III. DECOMPOSITION OF THE FULL ADM SYSTEM

In this section we develop a first-order formulation of t
full nonlinear ADM system analogous to that developed
the linearized system in Sec. II. We continue to assume
the underlying manifold is topologicallyR3 and view the
ADM system as equations for the evolution of a Riemann
three-metrich on R3. Thus hi j , 1< i , j <3 are the compo-
nents of the spatial metric. They form a positive-defin
symmetric matrix defined at each point ofR3 and varying in
time. Indices on other fields are lowered and raised usinghi j
and the inverse matrix fieldhi j .

For the components of the Riemann tensor we have

Ri jkl 5] jG ikl2] iG jkl1hmn~G jkmG i ln2G ikmG j ln !,

where the Cristoffel symbols are defined byG i jk5(] ihjk
1] jhki2]khi j )/2. The components of the Ricci tensor a
given byRi j 5hpqRpiq j , which yields

Ri j 5
1

2
hpq~]p] jhiq1] i]phq j2]p]qhi j 2] i] jhpq!

1hpqhrs~G ipsGq jr2GpqsG i j r !.

We define a second-order linear partial differential ope
tor P: C`(R3,R333)→C`(R3,R333) by
06401
e

y

r
at

n

-

~Pu! i j 5
1

2
@]p~hpq] juqi!1] i~hpq]pujq!2]p~hpq]quji !

2] i~hpq] jupq!#.

Note that, in the casehi j 5d i j , P coincides with the linear-
ized Ricci operator introduced in Eq.~10!. In the nonlinear
case,P is related to the Ricci tensor by the equation

Ri j 5~Ph! i j 1ci j
1) , ~21!

where

ci j
1)
ª2

1

2
@~]phpq!~] jhiq!1~] ih

pq!~]phq j!2~]phpq!~]qhi j !

2~] ih
pq!~] jhpq!#1hpqhrs~G ipsGq jr2GpqsG i j r !

is a first-order differential operator inhi j .
Define an operatorM : C`(R3,S)→C`(R3,R3) by

~Mu! i52hpq] [ pui ]q .

This formula extends the definition of the linearized mome
tum constraint operator introduced in the previous secti
Up to lower order terms the momentum constraint~5! is
given by the vanishing ofMk:

Dpkip2Dikp
p52hpqD [ pki ]q5~Mk! i22hpqGq[ p

r ki ] r
~22!

~whereGqp
r
ªhrsGqps).

Finally, we introduce operators L: C`(R3,S)
→C`(R3,T) andL* : C`(R3,T)→C`(R3,S) by

~Lu! i j l 5] [ iuj ] l , ~L* v ! i j 52hqihr j ]pvp~qr !.

As in the linear case, the operatorsL and L* are formal
adjoints to each other with respect to the scalar produ
^u,w&5*ui j w

i j dx and ^v,z&5*v i j l z
i j l dx on the spaces

C`(R3,S) andC`(R3,T), respectively.
Finally, we introduce the new variables

f lmn52
1

&
@~Lh! lmn1~Mh! [ lhm]n#, ~23!

and develop the analogue of the identity~14!.
Lemma 1. The following identity is valid for the Ricci

tensor:

Ri j 52&~L* f ! i j 1
1

2
]p@hpq~Mh!qhi j #1ci j

2) , ~24!

where

ci j
2)5c~ i j !

1) 1hqihr j @]p~hqmhrn!#hplF ~Lh! l ~mn!

1
1

2
~Mh! [ lhm]n1

1

2
~Mh! [ lhn]mG
3-4
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is first order inhi j .
Proof. The formula~24! is a consequence of the identit

2&~L* f ! i j 5~Ph!~ i j !2
1

2
]p@hpq~Mh!qhi j #1ci j

3) ,

~25!

where

ci j
3)52hqihr j @]p~hqmhrn!#hplF ~Lh! l ~mn!1

1

2
~Mh! [ lhm]n

1
1

2
~Mh! [ lhn]mG .

To prove the identity~25! we note, first, that the operatorP
can be rewritten in terms of operatorsL andM as

~Pu! i j 52]p@hpq~Lu!q ji #1
1

2
] i~Mu! j ,

which yields

~Pu!~ i j !52]p@hpq~Lu!q~ i j !#1
1

2
] ( i~Mu! j ) ,

and, second, that according to the definition ofL* ,

~L* v ! i j 52hqihr j ]p~hplhqmhrnv l ~mn!!

52]p~hpqvq~ i j !!2hqihr j @]p~hqmhrn!#hplv l ~mn! .

~26!

To derive the identity~25! we substitute2& f qi j for vqi j in
Eq. ~26!. The first term on the right-hand side of Eq.~26!
then becomes

2]pS hpqF ~Lh!q~ i j !1
1

2
~Mh!qhi j 2

1

2
~Mh!( ihj )qG D

52]p@hpq~Lh!q~ i j !#2
1

2
]p@hpq~Mh!qhi j #

1
1

2
]p@hpq~Mh!( ihj )q#

52]p@hpq~Lh!q~ i j !#2
1

2
]p@hpq~Mh!qhi j #1

1

2
] ( i~Mh! j )

5~Ph!~ i j !2
1

2
]p@hpq~Mh!qhi j #.

The substitution of2& f lmn for v lmn into the second term o
Eq. ~26! gives the termci j

3) precisely. The rest of the proo
follows from the identity~21!. j

We now proceed to the derivation of the new formulati
of the ADM system. In Eq.~3! we substitute]01bl] l for ] t
and replaceRi j with the right side of Eq.~24! to get
06401
]0ki j 52&a~L* f ! i j 1
1

2
a]p@hpq~Mh!qhi j #1ci j

4) ,

~27!

where

ci j
4)5a@ci j

2)1~kl
l !ki j 22kil kj

l #1kil ] jb
l1kl j ] ib

l2DiD ja.

Here we used the fact that the Lie derivativeblDlki j
1kil D jb

l1kl j Dib
l5bl] lki j 1kil ] jb

l1kl j ] ib
l . We treat the

second term on the right-hand side of Eq.~24! using the
Hamiltonian constraint~4!. Now,

Ri
i5

1

2
hi j hpq~]p] jhiq1] i]phq j2]p]qhi j 2] i] jhpq!

1hi j hpqhrs~G ipsGq jr2GpqsG i j r !

5hi j hpq~] i]phq j2] i] jhpq!1hi j hpqhrs

3~G ipsGq jr2GpqsG i j r !

5] i@hi j hpq~]phq j2] jhpq!#2@] i~hi j hpq!#~]phq j2] jhpq!

1hi j hpqhrs~G ipsGq jr2GpqsG i j r !

5] i@hi j ~Mh! j #1c5),

where

c5)52@] i~hi j hpq!#~]phq j2] jhpq!1hi j hpqhrs

3~G ipsGq jr2GpqsG i j r !.

Hence, due to the Hamiltonian constraint,

]p@hpq~Mh!qhi j #5$]p@hpq~Mh!q#%hi j 1hpq~Mh!q~]phi j !

5@kpqk
pq2~kp

p!22c5)#hi j

1hpq~Mh!q~]phi j !.

Combining all lower order terms into an expressionBi j , first
order inh, we reduce Eq.~27! to

]0ki j 52&a~L* f ! i j 1Bi j . ~28!

This is the first evolution equation of our system.
The second evolution equation will be obtained by app

ing ]0 to the definition off ~23!:

]0f lmn52
1

&
$]0~Lh! lmn1]0@~Mh! [ lhm]n#%.

First, we note that

]0~Lh! lmn5~L]0h! lmn1
1

2
@~] lb

s!~]shmn!

2~]mbs!~]shln!#.

Using the fact that (Mu) l52hpq(Lu)plq , we then get
3-5
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]0~Mh! l5~M]0h! l12~]0hpq!~Lh!plq1hpq@~]pbs!~]shlq!

2~] lb
s!~]shpq!#.

If we use this formula to compute]0@(Mh) lhmn# and then
antisymmetrize inl andm, we obtain
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where
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Next we use Eq.~2! to relate the terms in Eq.~29! involv-
ing ]0h to the extrinsic curvaturek. For the Lie derivative of
the metric, we have

2D ( ibj )5bs]shi j 12hs( i] j )b
s.

Using this, Eq.~2! becomes

]0hi j 522aki j 12wi j , ~30!

where wi jªhs( i] j )b
s. Using the Leibniz rule we can the

verify that

]0hi j 52aki j 22wi j .

Substituting these expressions in Eq.~29! we obtain
n-

s

06401
]0f lmn5&@L~ak!# lmn1&@M ~ak!# [ lhm]n1clmn
7) ,

~31!

where

clmn
7) 5clmn

6) 2&@~Lw! lmn1~Mw! [ lhm]n#22&@akpq2wpq#

3~Lh!p[ l uquhm]n1&~Mh! [ lakm]n2&~Mh! [ lwm]n .

The final step is to invoke the momentum constraint to s
plify the second term on the right-hand side of Eq.~31!.
Indeed, since the right-hand side of Eq.~22! vanishes,

@M ~ak!# l5a~Mk! l12hpq~] [ pa!kl ]q

52ahpqGq[ p
s kl ]s12hpq~] [ pa!kl ]q .

Substituting this in Eq.~31!, we obtain the desired secon
evolution equation:

]0f lmn5&@L~ak!# lmn1Clmn , ~32!

where

Clmn5clmn
7) 1&@ahpqGq[ p

s kl ]shmn2ahpqGq[ p
s km]shln

1hpq~] [ pa!kl ]qhmn2hpq~] [ pa!km]qhln#.

The two equations~28! and ~32! constitute a first-order
system for the unknownski j and f lmn . This system is
coupled to the ordinary differential equation~30! through the
termsBi j andClmn which are algebraic combinations ofhi j ,
] lhi j ,ki j , the lapsea and the shiftb, and their spatial deriva-
tives. The foregoing derivation shows that ifh andk satisfy
the ADM system~2!–~5!, thenh, k, andf satisfy the system
~30!,~28!,~32!.
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