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Proof. Let v,w € V, and view v ®w as an element of Alt!(V; V). We shall
show that xS (x(v®w)) = (—1)"vAw. Since such elements span Alt'(V; V),
this gives the result. The calculation is straightforward. Let ey, ..., e, be a
positively oriented orthonormal basis for V. Then

*S(x(v @w)) = S(*(v@w))(er,...,en)

— Z(_l)jJrlej A (*(’U ® w))(eh .. ,éj, ceey €n)

where we have substituted w for ) (w; - e;)e; in the last step. O

Finally we consider the operator S; for K = n — 2. In this case the
dimensions of the domain and range coincide:
n

2

In fact, the operator is an isomorphism. To prove this, we first establish
two lemmas.

dim Alt"2(V; V) = < )n = dim A" Y (V; V A V).

Lemma 6.2. Let eq,...,e, be a positively oriented orthonormal basis of
V, and let w € Alt"2(V; V). Then

n
(Sp—ow)(€1,...,Eiy... n) = (—I)H_l Zej A (xw)(ei,e), i=1,...,n.
7=1

Proof. 1t suffices to prove the case i = n, since we may always reorder the
basis elements (possibly changing orientation). Then, from the definition of
Sn727

n—1

(Snfgw)(el, .. ,enfl) = Z(*l)j—i_lej A w(el, ce éj, e €n,1)

j=1
n—1 ' .
= Y ()T (=1)" ey A (e, en)
j=1
n
= (=1)"*! Z ej N\ *w(en,e;),

J=1

where we have used the fact that xw(ey, e,) = 0. U
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Lemma 6.3. Suppose p € Alt?(V; V) satisfies

n

ZejAu(ei,ej)zo, i=1,...,n,
j=1

for some orthonormal basis ey, ..., e, of V. Then pu = 0.
Proof. 'We may expand p(e;, e;) = > p_; fijkex, for some coefficients p;jx, €
R satisfying

Wijk = —Hjik- (6.3)

Now
n

0= Z Hijkej N ex = Z(Mz’jk = Mikj)ej N ek,
jik=1 i<k

whence we conclude
Hijk = Jikj- (6.4)
But (6.3) and (6.4) imply that p vanishes:
Wijk = —Hjik = —Mjki = Hkji = Pkij = —Hikj = —ijk- O
Theorem 6.4. The operator S,_ : Alt" 2(V,V) — A" 1 (V,V A V) is
an isomorphism.

Proof. 1f Sp,_sw = 0, then Lemmas 6.2 and 6.3 imply that xw vanishes, so
w vanishes. Then S, _o is injective, and since its domain and range have
equal dimension, it is an isomorphism. ]
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PART TWO
Applications to discretization
of differential equations

7. The Hodge Laplacian

In this section, we consider the discretization of boundary value problems
associated to the Hodge Laplacian, dd+dd, by mixed finite element methods.
After first obtaining a mixed variational formulation of these boundary value
problems, we then translate to the language of partial differential equations
in the case when n = 3. The aim here is to show that these formulations in
this general setting include many of the problems important in applications.
The first main result of the section is to establish the well-posedness of the
mixed formulation. We then turn to finite element discretization using the
finite element spaces developed in Part 1 of the paper. Using the tools
developed for these spaces, we are easily able to establish stability of the
mixed finite element approximation. By standard finite element theory, this
gives a quasi-optimal error estimate for the variables being approximated.
It is well known, however, that since this estimate couples together all the
variables being approximated, it does not always give the best result for the
approximation of each variable separately, and these more refined results
are needed in some applications, and in particular for the approximation
of the eigenvalue problem associated to the Hodge Laplacian. Hence, we
end the section with a detailed error analysis of these mixed finite element
methods.

7.1. Mized formulation of the Hodge Laplacian

Let Q be a domain in R” and 0 < k < n an integer. Given f € L?A*(Q),
define J : HAF=1(Q) x HA*(Q) x $* — R by

T(r,0,0) = 5(7,7) = (d7,0) = 3 {dv, dv) = {0,0) + {1, 0).
Then a critical point (o, u, p) € HAF1(Q)x HA*(Q)x $* of J is determined
by the equations
(o,7) = (d7,u), Te HAF1(Q),
(do,v) + (du,dv) + (v, p) = (f,v), v e HA¥(Q), (7.1)
(u,q) =0, q e n”.

In this formulation, p is a Lagrange multiplier corresponding to the con-
straint given by the third equation of (7.1). However, even if p is eliminated
by incorporating this constraint into the space HA¥(€2), the critical point
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would still be a saddle point — a minimizer with respect to ¢ and a max-
imizer with respect to u — and could not generally be obtained from a
constrained minimization problem for ¢ via introduction of an additional
Lagrange multiplier.

Letting Pgr denote the L?-projection into $H*, equations (7.1) are weak
formulations of the equations

o=06u, do+ddu+p=Ff, Pgu=0, (7.2)

respectively, and, since p = P f, together give the Hodge-Laplace problem
(d0+6d)u = f—Pgr f, where § is the Hodge star operator defined previously.
Also implied are the natural boundary conditions that the trace of xu and
the trace of xdu on 02 both must vanish. ) ) .
If, instead, we seek a critical point (o, u,p) € HAF1(Q) x HA*(Q) x H¥,
then we obtain the essential boundary conditions that the trace of o as a
(k — 1)-form on 02 and the trace of u as a k-form on 92 both must vanish.

7.2. Splitting of the mized formulation

By using the Hodge decomposition (2.18), we can split the problem (7.1)
into three simpler problems. First, we write f = fq + fo + fs5, where
fa € B = d(HA*Y(Q)), fo € 9%, and f5 € B*F = SH*AFTL(Q).

Now let (o, u,p) be a solution of (7.1). From the second equation in (7.1),
it follows immediately that pg = fg, and from the third equation it follows
that u € 9%+, so u = uq + us with uq € BF and ug € Bk,

Taking v € B** we find that us € B** satisfies

(dug,dv) = (f5,v), ve B* (7.3)
Taking v € B* we find that (o, uq) € HA*1(Q) x B* satisfies
<U7 7—> = <dT7 ud>7 T E HAk_l(Q)v <d0’,’U> - <fd7v>7 v E %k (74)

The converse reasoning is also straightforward, and so we have the following
theorem.

Theorem 7.1. Suppose that (o, u,p) € HAF1(Q) x HAF(Q) x H* solves
(7.1) and that f has the Hodge decomposition fq + fg + f5, with fq € B*,
fo €9 f5¢ Bk Then p = fg and u has the Hodge decomposition ug+us
with uq € B* and us € B**, where us solves (7.3) and (o, uq) solves (7.4).
Conversely, if p = fg, us € B** solves (7.3), and (o, uq) € HAF1(Q) x B*
solves (7.4), then, setting u = uq +us, (o,u,p) € HA*1(Q) x HA*(Q) x HF
solves (7.1).

In this section we consider the solution to the Hodge Laplacian problem
(7.1), but our results also apply to the solutions of (7.4) and (7.3) since
these are just the special cases when f = fq € BF or f = f5 € Bk
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Note that (7.4) is a weak formulation of the equations
04 = Oug, dog=faq, dug=0,

together with the natural boundary condition that the trace of xugq on 02
vanishes and the side condition that uq L $¥. Eliminating o4 from the
system, it becomes

d(S'U,d = fd7 d’U,d = 07

with the indicated boundary condition and side condition. Analogously,
(7.3) is a weak formulation of the equations

odus = fs, dus =0,

together with the essential boundary condition that the trace of xugs on 052
vanishes and the same side condition.

7.8. Variable coefficients

We have considered the mixed formulation (7.2) without introducing coeffi-
cients. But we may easily generalize to allow coefficients. Let A : LZAF~1(€Q)
— L2AF1(Q) and B : L2AF1(Q) — L2A*1(Q) be bounded, symmetric,
positive definite operators with respect to the standard inner products in
L2A*1(Q) and L2A**1(Q). Then we may define equivalent inner products:

(o,7)a := (Ao, T), (w,u)p = (Bw,u),

for o, 7 € L2A*1(Q), w, u € L2A*1(Q). We may then consider, as a gener-
alization of (7.1), the problem of finding (o, u, p) € HA*~1(Q)x HA*(Q)x H¥
determined by the equations

(0,7)a = (dr,u), 1€ HAY(Q),
(do,v) + (du,dv)p + (v,p) = (f,v), v e HAR(Q),
(u,q) =0, qe 9.
This is a weak formulation of the differential equations and side condition
Ao = ou, do+0(Bdu)+p=f, Pgu=0,

and the boundary conditions Tr(xu) = 0, Tr[x(Bdu)] = 0 on 9.
We may split the problem as in the previous subsection, and obtain the
two reduced problems, namely

AUd = (5ud, dO’d = fd, dud = 0,

and
0(Bdus) = fs, dus =0.

Although these more general problems are important for applications,
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their treatment is no more complicated, except notationally, than the simple
case where A and B are the identity, and so we shall continue to consider
that case only.

7.4. Translation to the language of partial differential equations

Let us consider more concretely the situation in n = 3 dimensions, identi-
fying the spaces HAF(Q) with function spaces as described in Section 2.3.
For k = 3, (7.1) becomes: find o € H(div, Q;R3), u € L?(f2) such that

/J-Tda::/diVTudx, T € H(div, Q;R?),
Q Q

/divavdx:/(fp)vda:, v e L*(Q), /uqu:(), qe .
Q Q Q

This is the standard mixed formulation for the Dirichlet problem for the
Poisson equation. The first equation is equivalent to the differential equation
o = —grad u and the boundary condition u = 0, while the second equation
is equivalent to dive = f. In this case, H* = 0, so p = 0 and the last
equation is not needed. If, instead, we seek o € Hy(div,Q;R3), then the
boundary condition u = 0 is replaced by the boundary condition ov = 0.
Then $H* =R, and so p = [, f dz/ meas(2) and [, udz = 0. These are the
only boundary value problems when k = 3. Since du = 0, this problem is
already of the form (7.4).

For k = 2, the unknowns o € H(curl, Q;R3) and u € H(div, Q;R?) satisfy
the differential equations

o = curlu, curlo — graddivu = f — p,

the auxiliary condition Pgu = 0, and the boundary conditions u x v = 0,
divu = 0 on 02, so this is a mixed formulation for the vectorial Poisson
equation

(curl curl — grad div)u = f — p, (7.5

)
with the auxiliary variable o =curl u. If, instead, we seek o € Hy(curl, Q; R3)
and u € Hy(div, Q;R3), then we obtain the boundary conditions ¢ x v = 0
and u-v =0. When k =2, (7.4) becomes

oq = curlug, curlog = fq, divug = 0,
while problem (7.3) becomes
—grad div us = fs, curlug = 0.
In fact, since fs = grad F' for some F', this problem has the equivalent form

—divug = F, curlug = 0.
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For k = 1, (7.1) is a different mixed formulation of the vectorial Poisson
equation (7.5). Now o € HY(Q) and u € H(curl, Q; R?) satisfy the differen-
tial equations

o= —divu, grad o + curlcurlu = f — p,

the auxiliary condition Pgeu = 0, and the boundary conditions v - v = 0,
(curlu) x v = 0. If, instead, we seek 0 € H}(Q) and u € Ho(curl, Q;R3),
then we obtain the boundary conditions ¢ = 0 and u x ¥ = 0. When k =1,
(7.4) becomes

oq = —divuyg, gradoq = fq, curlug = 0,
while problem (7.3) becomes
curl curlug = fs, divugs = 0.

Finally, we interpret the case k¥ = 0. In this case HA71(Q) = 0, so
o = 0 and we can ignore the first equation of (7.1). Then u € H'(Q) and
p € H° = R satisfy

/gradu-gradvdx—/(f—p)vda:, ve HY(Q), /uqdm—O, q € R.
Q Q Q

Thus, p = [, fdz/meas(Q), and we just have the usual weak formulation
of the Neumann problem for the Poisson equation —Awu = f —p. If, instead,
we seek u € HE(Q), then p = 0 and we obtain the usual weak formulation
of the Dirichlet problem for Poisson’s equation. For k = 0, problem (7.4) is
vacuous while problem (7.3) becomes —Aus = f;s.

7.5. Well-posedness of the mized formulation

To discuss the well-posedness of the system (7.1), we let B : [HAF~1(Q) x
HA*(Q) x 9% x [HAF1(Q) x HA¥(Q) x $*¥] — R denote the bounded

bilinear form
B(Ua u,p;7,v, Q) = <Ua T> - <d7—7 u> + <d0’,’U> + (du,dv) + <U7p> - <u7q>

Well-posedness of the system (7.1) is equivalent to the inf-sup condition
for B (Babuska and Aziz 1972), i.e., we must establish the following result.

Theorem 7.2. There exist constants v > 0, C' < oo such that, for any

(o,u,p) € HAF1(Q) x HAF(Q) x $*, there exists (7,v,q) € HAF1(Q) x
HA*(Q) x 9% with

B(o,u,p;7,v,q) = v(lollFa + ullfa + IpI), (7.6)

I7llzza + llvllza + llall < C(llollza + lullza + lIpl)- (7.7)



84 D. N. ArNOLD, R. S. FALK AND R. WINTHER

Proof. By the Hodge decomposition, given u € HA*(Q), there exist forms
uq € BF, ug € H*, and us € B**, such that

u=ug+ugtus, |l =lluall® + usl? + flus]®. (7.8)

Since ug € B*, uqg = dp, for some p € 3*~1+  Since Bk = 3kL and
dus = du, we get using the Poincaré inequality (2.17) that

ol < K'fluall,  Jlusll < K| dull, (7.9)

where K and K’ are constants independent of p and us. Let 7 =0 —tp €
HA1(Q), v = ut+do+p € HA*(Q), and ¢ = p—ug € H*, witht = 1/(K")2.
Using (7.8) and (7.9), and a simple computation, we get

B(O-’ u7p; T’ U’ Q)

= llol* + lldolf* + ldull* + [Ip]I* + tllual® + lug|* - t{o, p)
1 2 2 2 2 2 2 t2 2
2 Sllell™ +lldell” + fldull® + lIpll” + tluall® + llugl” = < /ol

1
> Slloll* + ol + dull* + [[pl* + [lus|® + [luall*(t = £*(K")*/2)

L2 9 1 2 9 2 1 2 1 2
2§HUH + [|do]| +§HdUH + [Ipll* + flus || +m“udH +ﬁHUJH

Lo 2 1 2 1 2 2

2 Slloll® +lldoll” + Flldul” + WHUH +[zl%,
where K" = max(K', K,1/+/2). Hence, we obtain (7.6) with v > 0 depend-
ing only on K and K’. The upper bound (7.7) follows easily from (7.8)
and (7.9). O

Remark. If, instead, we consider the form B over the space [HA*1(Q) x
HARQ) x §F] x [HAF1(Q) x HA¥(Q) x $*] then the stability result is
still valid. The proof must be modified to use the Hodge decomposition
u = uq + ug + us, where now uq € BE Ug € 9k and us € B*~.

7.6. Well-posedness of discretizations of the mixed formulation

We next consider discrete versions of these results. Suppose we are given a
triangulation, and let

0-A LAl S o dan o (7.10)

denote any of the 27! finite element de Rham complexes (for each value
of the degree) discussed previously. Recall we have a commuting diagram
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of the form
0—HAYQ) -5 gAY Q) -5 0 L HAMQ) -0
ﬁgl ﬁ}ll ﬁgl (7.11)
0— A% — A,ll — s — Ay —0,
where the l:[fl are bounded projections, i.e.,
Il sk < Cllollgar, w € HAY(Q), (7.12)

with the constant C' independent of w and h. We note that the canonical
interpolation operators associated to the standard finite element spaces do
not satisfy these conditions, since their definition requires more regularity.
However, the new projection operators discussed in Section 5 do satisfy
these conditions, so we can assume we have such projection operators. Of
course, we would also like the results presented below to apply to problems
with essential boundary conditions. In that case, we would need projection
operators f[ﬁ mapping HAF to AZ that again satisfy (7.12). Although our
construction in Section 5 did not include this case, we believe that such
a construction is also possible, and we shall assume that we have such
projection operators in this case too.

Under these conditions, we shall next demonstrate stability of the finite
element method: find o), € Af‘z_l, up € Aﬁ, Ph € f,)fl such that

(on,7) = (dr,up), €A,
(dop,, v) + (dup, dv) + (v, pp) = (f,v), ve AF, (7.13)
<U7 Q> =0, qc ﬁfL

In view of the discrete de Rham complexes obtained in Section 5.5, this
result can be applied to prove the stability of four different families of mixed
methods for the Hodge Laplacian problem, using any of the four choices
of spaces

PrAYTHT) x PEAS(T,), PeATH(TR) x PrAN(Th),

7.14
PN U Th) x PAAM(Th),  Pra A H(Th) x PoAR(T), (10

to discretize the (k — 1)-forms and the k-forms, respectively. Since the
(k — 1)-forms disappear for k = 0, and since we have P~ A%(7,) = P.A°(T},)
and P A"(7y) = Pr—1A"(71), these reduce to a single family of methods for
k = 0 (namely, the use of the standard Lagrange elements for the standard
Laplacian problem), and to two families of methods for k =1 or k = n.

Stability of the method (7.13) is equivalent to the inf-sup condition for
B restricted to the finite element spaces (Babuska and Aziz 1972), i.e., we
must establish the following result.
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Theorem 7.3. There exist constants v > 0, C' < oo independent of A such
that, for any (o, u,p) € Ai_l xAﬁ xf,)fl, there exists (1,v,q) € Ai_l XAZ xj’)ﬁ
with

B(o,u,p;7,v,q) = y(lollfa + ullfa + llpl?),
7l A + lollaa + llgll < Clollaa + llullza + llpll)-
Proof. The proof in the discrete case closely follows the proof given above

for the continuous case. By the discrete Hodge decomposition, given u € AfL,
there exist forms uq € %ﬁ, Ug € 5'3];;, and us € 351, such that

u=uq+ugtus, [l =llual® + fus|? + flus|®. (7.15)

Since ug € BF, uq = dp, for some p € 32k_1)L. Since dus = du, we get
using the discrete Poincaré inequality, Theorem 5.11, that

ol < K'lluall, — lusll < K[| dul], (7.16)

where K and K’ are constants independent of p, us, and h. The result now
follows by applying the same proof as in the continuous case, where we use
(7.15) and (7.16) in place of (7.8) and (7.9). To handle other boundary
conditions, the discrete Hodge decomposition must be modified as in the
continuous case. ]

From this stability result, we then obtain the following quasi-optimal error
estimates.

Theorem 7.4. Let (o,u,p) € HAF1(Q) x HA¥(Q) x H* be the solution
of problem (7.1) and let (o, up,pp) € A]}fb_l x AF x $¥ be the solution of
problem (7.13). Then

lo —onllaa + lu — unllaa + [P — poll (7.17)

< C< inf ||o —7|lga + inf ||lu—v|ga+ inf ||p—q| + ‘PﬁkU‘),
reAk-1 veAR g€y h

h

where Pﬁﬁ u denotes the L?-projection of u into Y)fl. Moreover,

[Pgrull < inf |lg—r[ inf [uq—vall <ep inf [ug—wval,  (7.18)
h resk vqE€ Z vq€ Z

where uq is the L2-projection of u into B*, ¢ = Pﬁﬁu/HPﬁﬁuH and
en = sup ||(I —1IIy)r].
rESN
lIr[=1
Proof. First observe that (o, u, p) satisfies

B(U,U,p;Th,U}HQh) = <f7 Uh> - <’U,, Qh>7 (Th,UmCIh) € Al;;_l X Az X ﬁ’}i
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Let 7 € Af_l, ue Ak ge ﬁfl. Then, for any (74, vp,qn) € A]fb_l X Aﬁ X 532,
we have
B(on — T, un — v, Pp — ¢ Thy Vh, Gh)
= B(U -7, 4—v,p— Q;Thvvhaqh) + <U’Qh>
= B(U -7, 4 —U,p— Q;Thavha(Jh) + <ijj}’iu7qh>
< C(lo = 7llaa + llu = vllaa + llp — qll + [| Pygul)
X (I7allza + llonllza + llgnll)-

Theorem 7.3 then gives

lon = Tllaa + llun — vllHa + llpn — 4
< C(llo = 7llaa + llu = vllza +llp = all + [ Perul),
from which (7.17) follows by the triangle inequality.

Now v L $*, so u = uq +us, with uq € B* and us € 3. Since Y)Z C 3k,
Pﬁﬁu(; = 0, while, by the discrete Hodge decomposition, Pfqﬁj vq = 0 for all

vg € BY. Let ¢ = Pyj’;LU/HPgZUH € HF. For any vq € BF we have
| Pgull = (uq — va,q) = rlengk<ud —vd,q—T)
< |lua — val| inf [lg —r||.
renk

Furthermore, by Lemma 5.9, we can find 7 € $* with ||r|| <1 and [jg—r| <
|(I —IIp)7|| < ep, and hence (7.18) follows.

Remark. Let u be as in the theorem above. Since u L $*, it follows that
if Sﬁﬁ C 9%, then Pﬁfu = 0. On the other hand, if A];’;_l X AZ is one of the

choices given in (7.14) and ug and all elements of $* are sufficiently smooth,
then

1P ull < enll(I — Tn)uall = O(R™").

If the solution (o, u, p) is sufficiently smooth, we then obtain the following
order of convergence estimates.

Corollary 7.5. If Azfl x A¥ is one of the choices given in (7.14) and
HPﬁﬁuH = O(h"), then
lo = onllaa + llu—unlga + llp — pull = O(AT).

Proof. This result follows from the previous theorem by using the approx-
imation properties of the subspaces given in Theorems 5.6 and 5.8. 0]
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Remark. As noted earlier, problems (7.3) and (7.4) are special cases of
problem (7.1) when f = f5 € B*F or f = fq € B~ Although these reduced
problems have a simpler form, they are not so easy to approximate directly
by finite element methods, since that would involve finding a basis for finite
element subspaces of B* or B** However, since they are equivalent to
problem (7.1), one can use the discretization of problem (7.1) with standard
finite element spaces to find good approximations to problems of this type.

Remark. We also note that an early use of a discrete Hodge decomposition
and discrete Poincaré inequality to establish stability of mixed finite element
methods appears in the work of Fix, Gunzburger and Nicolaides (1981), in
connection with the grid decomposition principle. See also Bochev and
Gunzburger (2005) for a more recent exposition.

7.7. Regularity properties

To obtain order of convergence estimates below, we will need to make some
assumptions about the domain €2 that will ensure that the solution of prob-
lem (7.1) has some regularity beyond merely belonging to the space in which
we seek the solution.

We shall say that the domain Q is s-regular if, for w € HA*(Q)NH*A*(Q)
or HAF(Q) N H*AF(Q), w € HSAF(Q) and

[wllzroa < Cllwll + [[dw]| + [|dwl), (7.19)

for some 0 < s < 1. A smoothly bounded domain is 1-regular (Gaffney 1951)
and a Lipschitz domain is 1/2-regular (Mitrea, Mitrea and Taylor 2001,
Theorem 11.2). For Q convex, (7.19) holds for s = 1 and the term |Jwl]|
may be omitted (Mitrea 2001, Corollary 5.2). A Lipschitz polyhedron in
R3 is s-regular for some 1/2 < s < 1 (see Amrouche, Bernardi, Dauge and
Girault (1998) and Costabel (1991)). Also note that by Poincaré’s inequality
(Theorem 2.2), for w € HA*(Q) N H*A*(Q) N % or HAF(Q) N H*AF(Q) N
$FL, we may also omit the term ||w].

7.8. Improved error estimates: basic bounds

As is well known from the theory of mixed finite element methods (Falk
and Osborn 1980, Douglas and Roberts 1985), it is sometimes possible to
get improved error estimates for each term in the mixed formulation by
decoupling them. In this subsection, we show how this more refined analysis
can be carried out for the mixed finite element approximation of the Hodge
Laplacian. In particular, we show that for any Lipschitz polyhedral domain
Q and any f € L?A*(Q), we have

lo = onll + lu = upllzza + llp = pall = O(AY?).
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Without the assumption of additional regularity on f, such an estimate
can not be obtained from the quasi-optimal result stated above, since the
error in that estimate also depends on the approximation of do = f4 and
this requires more regularity than just fq € L?A*(Q) to achieve a positive
rate of convergence. Higher-order improved rates of convergence with less
regularity can also be obtained by using this more refined analysis.

We will assume throughout the discussion below that the domain 2 is
s-reqular. As above, we will use the notation Pfqﬁ? P%ﬁjv and P3Z to denote
the L2-projection onto the spaces 5’);2, ‘Bﬁ, and 3%, respectively. We fur-
ther introduce P}, as the L2-projection onto AfL. To obtain improved error
estimates, we will break up the solutions of problems (7.1) and (7.13) into
the three subproblems corresponding to the Hodge decomposition of the
right-hand side f. Our error analysis will be based on a separate analysis
for each of these pieces.

We start with the almost trivial case when f € H*.

Lemma 7.6. Assume that f € $* and that (o,u,p) € HAF1(Q) x
HAF(2) x $* is the solution of problem (7.1). Then ¢ = 0, u = 0, and
p = f. The corresponding solution (o, up,pr) € Azfl x AF x 9 of (7.13)
satisfies o, = 0, up, = usp, € 3];’}, Py = Pﬁﬁf and there is a constant C,
independent of h, such that

lp = pull + llunllza < CII(T = TIR) f]]-

Proof. Tt is straightforward to check that the given solutions satisfy the
corresponding systems. In particular, uy € 3’;} satisfies
k
<dUh,d’U> = <(I_Pj’)§)fvv>? UEAh‘

The discrete Poincaré inequality therefore implies ||up||ga < C||(I _Pﬁ,’j )l
In addition, Theorem 5.8 implies that

lp = pull = (I = Peg) Il < (T — TIn) £ 0

Remark. Note that for f € $¥, it follows from (7.19) that f € H*A*(Q)
and ||f]gsa < C||f]|.- Hence, we can conclude from Theorem 5.6 that
I =T fIl < Crellfll,  f e st

Lemma 7.7. Assume that f € 8% and that (o,u,p) € HA*1(Q) x
HA*(Q) x $* is the solution of problem (7.1). Then do = f, u = uq € B*,
and p = 0. The corresponding solution (o, upn,pr) € Ai_l x AF x §F of
(7.13) satisfies dop, = P%ﬁ f, and there is a constant C, independent of h,
such that

llo = onll + [| Pyt — up[| + [|dun|[ + [[pal
< CI|I( = 10) fIl + (1 = T)a ).
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Proof. Note that since II;,(8*) C B it follows that

(I = P ) f1| < 11 = TIn) £

To establish the error estimate, we will decompose the right-hand side f €
B* into (I — P%ﬁ)f and P‘Bﬁf' Let (o', u!, p') be the solution of (7.1) with
right-hand side (I — P%'ﬁ )f and let (o}, u}, p}) be the corresponding discrete
solution. Since (I — P%zg)f € B~ it follows that dot = (I — P;B}Ii)f, ul = ul,

and p' = 0. Furthermore, from the system (7.1) and Theorem 5.6 we obtain

lot[|* = (do™ ul) = (I = Poe) f, (I = Tp)u') < CR*|[u’ | rr=all(1 = 1) £

Furthermore, since o' = du' and Trxu! = 0, we conclude from (7.19) that
[ zoa < Cllo |l

Collecting the estimates above, and stating only the weaker result we will
need, we have

lo 1, [t < Ch2 (I — TIg) £]I. (7.20)

On the other hand, since (I — P%;c) f is orthogonal to B, we must have

a,ll =0 and u,ll = u§7h. Furthermore,
ldup|[* = (I = Pog) f,wp, = w) < (I =T f1] |, —wll,

where w € 3% is arbitrary. In particular, by Lemma 5.10 and (7.19), we
can choose w such that dw = dup and

luj, = wll < [|(1 = Tp)wl| < Ch°|lw]|=a < Ch®||duy.
As a consequence, we have from the discrete Poincaré inequality that
lupllzza < Ch|(1 = 11) f]I.
In a similar manner, we have

k1> = (I — Pog) foph — ) < (L =) f | llpp, =7l

where r € $* can be chosen such that ||p} —r| < ||(I-1I)r||, and ||| < ||p}||
(¢f. Lemma 5.9). In particular, since r € $*, we have by (7.19) that

(I = Tp)rll < Cho|lrllmea < CR¥|ir|l < OB |pyl,

which implies

lpall < Ch(I = TIn) ]|
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By collecting (7.20) and the estimates just obtained for u,l1 and p,ll, we obtain
oM 1+ [[ut | + [lubllza + lpall < CRIIT = T1R) £]]- (7.21)

We will use a superscript 2 to indicate the solutions of (7.1) and (7.13) with
right-hand side Py f € Bj; C B". Then, do® = dlly0® = doj, = Py f,
u% = ugh =0, and p? = pfb = 0. By combining these properties with the
error equation

(02 —op,7) = (dr,u® —u}), T€ AT (7.22)
we obtain
H02 — U}%HQ = <d(f[h02 — 0,21), u? — u,%) + <02 — o2, 0% — 0,%)
< ||(1 = 1Ip)o?| lo® — ol
or

lo® = aill < (T —TIp)o?]. (7.23)

Note that the error equation (7.22) implies that

(6% — o2, 7) = (dr, P%Zu2 —u}), TEATL

Choosing 7 € 3%71”‘
discrete Poincaré inequality that

1Py u? — ]| < Cllo® — oi|l < CII(I — TI)o. (7.24)

such that dr = P%ﬁu2 — U,QL, we obtain from the

Finally, the uniform boundedness of the operators IIj, implies that
I(Z = ILp)o?|| < I(I — D)ol + Cllot].

Together with (7.21), (7.23), and (7.24), this implies the desired estimate.
O

Lemma 7.8. Assume that f € 3*L and that (o,u,p) € HAF1(Q) x
HAF(2) x $* is the solution of problem (7.1), and (o, up, pr) € Aﬁfl x AK x
¥ is the corresponding solution of (7.13). Then o = oj, = 0, p = pj, = 0,
and u € 3 and uy, € SIfLJ‘ satisfy

[ d(u —up)|| < /(I = 1Iy) du.
Furthermore, there is a constant C, independent of h, such that
(1 — Pag)(ﬁhu —up)|| < C|(I — 1) dul.
Proof. Since 0 = o, =0 and p = pp, = 0, we have

(d(u —up), dv) =0, v e Af,
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which implies
[d(u = up)|* + AT = up) > = (T = T1;) dul|*
Hence, the first bound is established. Since d(I—P3§)(ﬁhu—uh) = d(pu—
up) the second bound follows from the discrete Poincaré inequality. ]
Combining these lemmas, we obtain the following error bounds.
Theorem 7.9. For f € L2AF(Q), let (o,u,p) € HAF1(Q) x HAF(Q) x HF
be the solution of problem (7.1), and let (op, upn, pn) € A]Z_l x AF x 9F be
the corresponding solution of (7.13). Then
lo = onll + llu = wnllma + [lp — pall < CIU = T3 £
+ NI =T fall + [[(I = Tp)ol| + [[(1 — Tp)ullza + | Pyeull) - (7.25)
and
[d(o = on)ll < [[(I = 1In) fall- (7.26)

Proof. Note that if we apply the Hodge decomposition f = fq + fo + fs
to a general right-hand side f € L2A¥(Q), we obtain from Lemmas 7.6-7.8
that

lo = onll + [|d(u — up)|| + [Ip — pall
< C([(I = 1Lp) fsll + R* (I = TIy) fall + [|(1 = Tp)o|| + [[(1 — II4) dul|)
and
[d(o —on)|l = (I = Poge) fall < [(1 = TIn) fall-
Furthermore, we can conclude from Lemma 7.7 that
1P (1 = up)|| < C(R°||(I =TIy fal| + (1 = TIn)ar]]), (7.27)
and from Lemmas 7.6 and 7.8 and the proof of Lemma 7.7 that
I(Z = Psp ) (L —wp )| < C(I(I = 10p) S|+ [[( = ILn) dul| +5°[[ (1 —IIn) fall)-
However, from the last bound, we obtain
(I = Py ) (u — up)|
< (T~ Pyg)(u — M) | + (7 — Py) (e —wp)| - (7.28)
< C(I(I = 1Ip) foll + 11 = Tp)ull s + b5 (I — 11y) fal))-
Since Py, = Pogie + Py + (I - PB;C), we can conclude from (7.27) and (7.28)
that
1Py = un|| < C(I(I = TIn) foll + b°||(1 = TIn) fa
I =)ol + (I = Tp)ulaa + || Pepul)-
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Hence, since
lu = upll < [|(I = Pp)ull + [[Pru — un|
<[ = Thp)ull + || Pru — unl,
we obtain
lu = unll < CI(I = TIn) foll + REI(T = T03) fall
+ (I = Mp)o || + 17 = n)ull rra + || Ppull)-

Combining these results establishes the theorem. [

7.9. Order of convergence estimates

Using the regularity estimate (7.19), it is straightforward to check that
if (o,u,p) € HA*1(Q) x HAF(Q) x H* solves problem (7.1) for a given
f € L2AR(Q), then fg, 0, u, uq, and du, are all in H¥A*(Q), with

[ follzrsas ol meas llullmsns [luallersas [|dullsa < ClLF- (7.29)
Furthermore, from (7.18) it follows that
IPgpull < CR*|[(I — M )ual| < CH**| f]]. (7.30)

Using these results, together with the approximation properties of the op-
erators IIj,, we can immediately conclude that the right-hand side of (7.25)
is of order h®. Furthermore, additional smoothness of the right-hand side
and the solution will lead to higher-order convergence. More precisely, we
have the following result.

Theorem 7.10. Suppose that the domain €2 is s-reqular for some 0 < s <
1. Let (o,u,p) € HAF1(Q) x HAF(Q) x H* be the solution of problem (7.1)
and let (op, up, pr) € A’Z_l X AZ xﬁﬁ be the solution of problem (7.13), where

Ai_l x AF is one of the choices given in (7.14). Then, for f € LZA*((),
lo = onll + [lu = unllma + [lp = pull < CHZ||S]-
If fq,uq € H7A*(Q) and fg, 0, u, du € H'A¥(Q), for s <t < r, then
lo = onll + llu = unllma + [Ip = pall < CR (|| fallme—sn + 1| follmea
+ llollaea + llullaea + lluallge-sa + [l dullgea)-

If §% C H*, then the term |uq|/gi-sp and the corresponding regularity
hypothesis can be dropped. Finally, if fq € H!A*(Q), then

ld(o — on)ll < CB || fall mrea-

Proof. The desired estimates follow directly from the basic error bounds
(7.25) and (7.26), combined with (7.29), (7.30) and the approximation prop-
erties of II;, (¢f. Theorem 5.6). O
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8. Eigenvalue problems

The purpose of this section is to discuss approximations of the eigenvalue
problem for the Hodge Laplacian using the same finite element spaces
A’fL C HAF(Q) used for the boundary value problems discussed in the previ-
ous section. In fact, there is a vast literature on the approximation of eigen-
value problems for mixed systems, and it is well known that the standard
Brezzi stability conditions for linear saddle point systems are not sufficient
to guarantee convergence of the corresponding eigenvalue approximations.
Typically, spurious eigenvalues/eigenfunctions can occur, even if the Brezzi
conditions are fulfilled. However, by now the proper conditions for guar-
anteeing convergence and no spurious eigenmodes are well understood, and
discrete Hodge (or Helmholtz) decompositions seem to be a useful tool for
verifying these conditions. For the main results in this direction, we refer to
Osborn (1979), Mercier, Osborn, Rappaz and Raviart (1981), Babuska and
Osborn (1991), Boffi, Brezzi and Gastaldi (1997, 2000), and Boffi (2000,
2001, 2006).

Here, we shall use this theory to show that the finite element spaces
defined in this paper lead to convergence of the corresponding finite element
approximations of the eigenvalue problem for the Hodge Laplacian. In the
final subsection, we present some results on convergence rates for the special
case of a simple eigenvalue.

8.1. The eigenvalue problem for the Hodge Laplacian

We shall only consider the eigenvalue problem with boundary conditions
which are natural with respect to the mixed formulation, i.e., the boundary
conditions are Tr(*u) = 0 and Tr(*du) = 0. The eigenvalue problem for the
Hodge Laplacian then takes the following form.

Find A € R and (o, u) € HA*1(Q) x HA*(Q) such that

(o,7) — (dT,u) =0, e HAF1(Q),

L (8.1)
(do,v) + (du,dv) = XMu,v), ve HAY(Q),

where (o,u) is not identically zero. We remark that standard symmetry
arguments show that only real eigenvalues are possible for this problem:
see (8.5) below. Also, the identity

o1 + fldul|* = Aul?

implies that all eigenvalues are nonnegative.

The first equation above expresses that du = o € L?AF(Q) and that
Tr(xu) = 0. Hence, u € HA¥(Q) N H*A¥(Q). The eigenvalue problem (8.1)
can therefore alternatively be written as follows.
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Find u € HAF(Q) N H*AF(Q) such that
(6w, 0v) + (du, dv) = Au,v), ve HA¥Q)n H*AFQ).

In general, A = 0 will be an eigenvalue for this problem with the space of
harmonic k-forms, $*, as the corresponding eigenspace. In fact, just as we
split the source problem into independent problems, we may also split the
eigenvalue problem (8.1) into three independent eigenvalue problems. To
see this, assume that (), o, u) satisfies (8.1) with (o, u) not identically equal
to zero. Decompose

(o,u) = (0,uq) + (0,ug) + (0, us),

where ugq and ug are the projections of u onto B¥ and $H¥, respectively,
with respect to the inner product of L2A*(Q). If A = 0 then ¢ = 0 and
u = ug. On the other hand, if A > 0 then A||lug||> = 0, and therefore
ug = 0. Furthermore, us € 3% satisfies

(dug, dv) = Mug,v), v e 3* (8.2)
Finally, (o, uq) satisfies the system

(o,7) — (d7,uq) =0, TE HAk_l(Q),

(do,v) = Aug,v), ve B (8.3)

Observe that (o, uq), ug, or us may very well be identically equal to zero,
even if (o, u) is nonzero. On the other hand, any eigenvalue/eigenvector of
(8.2) or (8.3) corresponds to an eigenvalue/eigenvector of (8.1).
We will introduce K as the solution operator for the Hodge Laplacian.
More precisely, for a given f € L2A*(), consider the following problem.
Find (o,u,p) € HA*1(Q) x HA*(Q) x $* such that

(o,7) — (d7,u) =0, TE HAk_l(Q),
(do,v) + (du,dv) + (v,p) = (f,v), v HAFQ), (8.4)
<u> Q> =0, qc S{)k

The solution operator K : L2AF(Q) — HAF(Q) N H*A¥(Q) is given by
K:f—Kf=u+p.

Note that in (8.4), p is the L2-projection of u + p onto $H*. Therefore,
an alternative characterization of the operator K is Kf = u’, where v’ €
HA*(Q) N H*A*(Q) solves the system

(60, 6v) + (du, dv) + (u,vg) = (f,0), ©ve HARQ) N H*AR(Q),

where, as above, vg is the L?-projection of v onto $F. The operator K is
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the identity on $*, and if fg = 0 then (K f)g = 0. Observe also that the
operator K is symmetric and positive definite on L2A*(Q) since

(fiKg) = (0K [f,6Kg) + (dK f,dKg) + (K f)s, (Kg)s) (8.5)

for all f,g € L2A*(Q). Furthermore, as a consequence of Theorem 2.1, the
operator K is a compact operator in L(L2AF(Q), LZAF(Q)).

If A > 0 and u € HA*(Q) N H*A*(Q) corresponds to an eigenvalue /eigen-
vector for (8.1) then

Ku = \"1u, (8.6)

and ug = 0. On the other hand, if u € $* then u and A = 1 satisfy (8.6). In
fact, the two eigenvalue problems (8.1) and (8.6) are equivalent, if we just
recall that the eigenvalue A = 0 in (8.1), corresponding to the eigenspace $H*,
is shifted to A = 1 in (8.6). Since K is compact in L(L2A*(Q2), L2A*(Q2)),
and not of finite rank, we conclude that the Hodge-Laplace problem (8.1)
has a countable set of nonnegative eigenvalues

0< A <A< o<\ <

such that lim;_, A\j = oo.

8.2. The discrete eigenvalue problem

In order to approximate the eigenvalue problem for the Hodge Laplacian
(8.1), we need to introduce finite element spaces Aiil and AF, which are
subspaces of the corresponding Sobolev spaces HA*~1(Q) and HA*(Q) oc-
curring in the formulation of (8.1). We will continue to assume that these
discrete spaces satisfy (7.10), (7.11) and (7.12). Given the discrete spaces,
the corresponding discrete eigenvalue problem takes the following form.
Find Ay € R and (op,up) € A]}fb_l x A¥, (on,up) not identically zero,
such that
(o, T) — (dT,up) =0, TE Aﬁfl, 57
8.
(dop,v) + (duy, dv) = Ay (up,v), ve Ak

If we define a discrete coderivative operator dj : Ai — Ai_l by
(djw,7) = (dr,w), 1€ AP

then the first equation states that oj, = djuy. Note that this identity also
contains the information that Tr(*uy) is ‘weakly zero’, i.e., the boundary
condition Tr(*u) is approximated as a natural boundary condition.

As in the continuous case above, it follows by a straightforward energy
argument that if (g, op, up,) solves (8.7), then

lonl® + lldup|* = Anlun|.
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Therefore, all discrete eigenvalues A, are nonnegative. Furthermore, the
eigenspace for the eigenvalue A, = 0 corresponds exactly to the space f)fl
of discrete harmonic k-forms. We can assume that the discrete eigenvalues
are ordered such that

0< Ain < Aon < < Anm)hs

where N(h) is the dimension of the space AF.

An alternative characterization of the eigenvalue problem is obtained by
introducing a discrete solution operator Kj, : L2A*(Q) — A¥. In paral-
lel to the discussion in the continuous case, we define K,f = up + pp if
(Oh,un,pn) € Afl_l X Aﬁ X .62 is the solution of the problem

(on, ) — (dT,up) =0, TE Ai_l,
(dop,v) + (dup, dv) + (v, pp) = (f,v), v € AF,
<uh7Q> = 07 q S sz

Here 0y, = djuy, = dj Kj, f. The operator Kj, is equivalently characterized
by Kpf = uj}, where u} € A¥ solves

(0uy,, 6v) + (dup,, dv) + (W, ven) = (f,0), v E AL,

where vg }, denotes the L?-projection of v onto 57)2.
The eigenvalue problem (8.7) is equivalent to the corresponding eigenvalue
problem for the operator K} given by

Kpup, = Ay up, (8.8)
with the interpretation that the eigenvalue A\, = 0 in (8.7) is shifted to

A = 1in (8.8). The discrete operator K}, is again symmetric on LZ2AF(()
since it is straightforward to verify that

(f, Kng) = (A, Kn f, dj, Kng) + (dKn f, dKRg) + (Knf)s.n, (Kng)s.n)
for all f,g € L2A¥(Q).

8.3. Convergence of the discrete approzimations

For every positive integer j, we let m(j) be the dimension of the eigenspace
spanned by the first j distinct eigenvalues of the Hodge—Laplace problem
(8.1). We let &; denote the eigenspace associated to the eigenvalue \;, while
¢, , is the corresponding discrete eigenspace associated to A; p.

The discrete eigenvalue problem (8.7) is said to converge to the exact
eigenvalue problem (8.1) if, for any € > 0 and integer j > 0, there exists a
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mesh parameter hg > 0 such that, for all h < hg, we have

max |/\Z — >‘i7h‘ < €,
1<i<m(y)

m(j)  m(j)
gap(@ ¢, P @,h) <e
=1 =1

Here gap = gap(F, F') is the gap between two subspaces E and F of a
Hilbert space H given by

gap(E, F) = max< sup inf |u —v||g, sup inf [|u— U||H>

weE VEF velF Uu€E
ull =1 llvll =1
This is a reasonable concept of convergence since, besides convergence of the
eigenmodes, it also contains the information that no spurious eigenmodes
pollute the spectrum. Furthermore, for eigenvalue problems of the form
(8.6) and (8.8), which are equivalent to (8.1) and (8.7), convergence will
follow if the operators K} converge to K in the operator norm. In other
words, if

HKh — KH,C(LQA]C(Q),LQA’C(Q)) —0 ash— O, (89)

then the discrete eigenvalue problem (8.7) converges to the eigenvalue prob-
lem (8.1) in the sense specified above: see Kato (1995, Chapter IV). Here,
the gap between the subspaces is defined with respect to the Hilbert space
L2AK(). In fact, it was established in Boffi, Brezzi and Gastaldi (2000)
that this operator convergence is both sufficient and necessary for obtaining
convergence of the eigenvalue approximations.

As a consequence, in the present case it only remains to estimate || K} —
K| £(r2a% (), 1245 ())- However, it is a direct consequence of Theorem 7.10
and the definitions of the operator K and K} above that

| Kn — Kl £(z2ak(@),224%(0)) < ch®, (8.10)

where s > 1/2 and the constant c¢ is independent of h. Therefore, the
convergence property (8.9) holds and convergence of the eigenvalues and
eigenvectors are guaranteed.

Convergence
As a consequence of (8.10) and the discussion above, the following theorem
is obtained.

Theorem 8.1. The discrete eigenvalue problem (8.7) converges to the
eigenvalue problem (8.1) in the sense defined above.

In particular, this theorem implies the following result on the approxima-
tion of the k-harmonic forms.
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Corollary 8.2.
lim gap(§*, 9) = 0.

Recall that for the continuous problem (8.1), all eigenfunctions corre-
sponding to eigenvalues A > 0 are L2-orthogonal to $*, and for such eigen-
functions, the problem (8.1) can be split into two independent problems
(8.2) and (8.3). The corresponding property is valid for the discrete prob-
lem (8.7) as well. If A4 > 0, then all eigenfunctions are L?-orthogonal
to 57)2, and if up = uqp + usp is the discrete Hodge decomposition of an
eigenfunction uy, in Afl then

<du6,h7 dU) = )‘h<u5,h7 U>7 v E 3£L7 (811>

and

(on, ) — (d1,uqn) =0, TE A];;_l, (8.12)
(dop,v) = Ap(ugp,v), vE %ﬁ.

Here o}, = djup,. The converse also holds, i.e., any eigenvalue/eigenfunction
of (8.11) or (8.12) is an eigenvalue/eigenfunction of (8.7). In fact the discrete
problems (8.11) and (8.12) converge separately to the eigenvalue problems
(8.2) and (8.3) in the sense specified above. This is basically a consequence
of Theorem 8.1 and the orthogonality property of the Hodge decompositions.
To see this, the following result is useful.

Lemma 8.3. If u € B* and v € span(EkL,SfLJ—) then we obtain the
bounds

lu =l = floll = [( = Tp)ull and [lu—vl| > Ju] = 2/|(I - Oj)ul.
Proof. Since Iyu € ‘BZ C B* and v are orthogonal we have
lu =l 2 | Myu — o] = |( = Ix)ull
> max(|[Iyull, [[ol]) = [1(Z — Ip)ull.

This gives the first inequality, and the second bound follows since Tl >
[l = WI(Z = Ta)ul].

We now have the following result, which is a strengthening of Theorem 8.1.

Theorem 8.4. The discrete eigenvalue problems (8.11) and (8.12) con-
verge separately to the corresponding problems (8.2) and (8.3) in the sense
defined above.

Proof. Let A > 0 be an eigenvalue for the problem (8.1) with corresponding
eigenspace &, and let A\, be the corresponding eigenvalue for (8.7), with
eigenspace €, such that A\, — A and gap(€, &) — 0 as h tends to zero.
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Let
E=¢1D¢ and €&, =¢Cq;, D Es.h

be the corresponding Hodge decompositions (continuous and discrete) of

the spaces, i.e., &4 = € N B* and Can=¢,N ‘B’fL. The desired result will

follow if we can show that gap(€g4, &q,,) — 0 and gap(&;, Es5p) — 0.
However, if u € &g, with ||u|| = 1, then by Lemma 8.3,

inf — vl < inf |lu— 2/[(I — 11
veuéld,huu UH_vlenéhHu UH+ H( h)UH

< gap(€, €,) + 2{|(I — I )ul,

and since the space &4 is finite-dimensional, the right-hand side converges to
zero uniformly in u. On the other hand, for a given v € &g, with [jv]| = 1,
we have

inf —o|| = inf ||lu —v| < E Ep).
inf flu vl = inf [lu— ] < gap(€, &)

This shows that gap(€q, €4,,) — 0, and a corresponding argument will show
that gap(&s, &sp,) — 0. O

Convergence rates

The results of Section 7 can also be combined with the standard theory
for eigenvalue approximation to obtain rates of convergence. To simplify
the presentation, we do this only for the simplest case, where we assume
we have only simple eigenvalues. Then, from Theorem 7.3 of Babuska and
Osborn (1991), if Ku = A~ u, |lu| = 1, then

A= < O = Kn)u,w)| + [[(K = Kp)ull?).

For the second term, we can use the error estimates of Section 7. To get a
similar squaring of the error from the first term, we need some additional
analysis, which is a slight modification of Theorem 11.1 of Babuska and
Osborn (1991). To use the results of Section 7, and avoid confusing the
terminology, we estimate |((K — Kp)f, f)|, where now ||f|| = 1 and (K —
Kp)f =u—up+p— pp, i.e., we estimate |(u — up +p — pp, f)|.

We first note that from the definitions of o, u, and p, and their finite
element approximations, we get the error equations

(0 —op,7) = (dr,u —wy), T€AFT (813)
(d(o — o), v) + (d(u — up),dv) + (p — pp,v) =0, v € Af. (8.14)
Also, from the definitions of o, u, and p, we have
(fyu—up+p—pp) = (do,u —up +p—pp) + (du, d(u — up))

+ (p,u —up +p — pn),
(0,0 —op) = (d(o —op),u).
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Since (do,p) = (dop, p) = 0, we obtain
(fyu—up+p—pp) = (do,u —up+p—pp) — (0,0 — o)
+(d(o —on),u+p) + (du,d(u —up)) + (p — pr,p +u)
+ <p7u - Uh> - <p _phau>'
Since (u,q) = 0,q € H* and (up, qn) =0, qp, € 552,
(p,u —up) = (p — pn,u) = (P — phyu — up) + 2(pp, u).
Using the Hodge decomposition u = uq+ug+us, and observing that ug = 0,
(ph,us) = 0, and Ipuq € %ﬁ C B*, we get
(Ph, u) = (Pr,ud) = (Ph,ud — Hpua) = (pr — p, ug — Mpug).
Choosing 7 = o, and v = uj, +py, in (8.13) and (8.14), and combining these
results, we get
(fiu—up+p—pn) =(d(o —on),u—up+p—pp) — (0 — 0K, 0 — o)
+(d(o = on),u —up +p —pp) + (d(u —up), d(u — up))
+ P —pnyu—up+p—pp) + P —Pnu—up) + 2{pn — p,ua — puq).

Hence,

|(f,u—up+p—pn)| < C(llo = onllaa + lu — unllma
+ |lp = pall)?® + 2llpn — ll[lua — Mpuall.

Applying our approximation theory results and Theorem 7.10 in the case
when s = 1 and the eigenfunction is sufficiently smooth, we obtain

[(f,u—up +p—pn)| < Ch*
and hence it follows that

A — M| < CRP.

9. The HA projection and Maxwell’s equations

In this section, we consider the approximation of variations of the following
problem.
Given f € L2A*(Q), find u € HAF(Q) satisfying
(u, ) gra = (du, dv) + (u,v) = (f,v), ve HAFQ). (9.1)
Note that when k = 0, this corresponds to a perturbation of the Hodge—
Laplace problem we have considered previously, by adding a lower-order

term. Problems of this form will also arise later in this paper in Section 10,
on preconditioning. The time-harmonic Maxwell equations can be written
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as a variation of this form, where £ = 1 and the term (u,v) is replaced by
—m?({u,v). We will study this case below, when m? is not an eigenvalue,
i.e., when there is no nonzero u € HA*(Q) for which (du,dv) = m?(u,v)

for all v € HA*(Q).
A simple approximation scheme for (9.1) is to seek uy, € AE satisfying

(up,vyga = (f,v), wve Ak (9.2)

The error analysis in the HA-norm of such a problem is straightforward.
By subtracting (9.2) from (9.1), we get the error equation

(u—up,v)gr =0, v€E AZ. (9.3)

Hence, uy is the HA-projection of u into A’fL and therefore satisfies the
optimal error estimate

|lu — uplga < inf |Ju— | ga.
veAﬁ

If we modify the problem by replacing the term (u,v) by m?(u,v), then
the analysis is essentially the same, since (du,dv) + m?(u,v) defines an
equivalent inner product on HA*(Q).

9.1. Maxwell-type problems

We shall also consider the modification of the problem (9.1) obtained by
replacing (u,v) by —m?(u,v). That is, we consider the following problem.
Find v € HAF(Q) such that

(du, dv) — m?(u,v) = (f,v), ve HA¥Q). (9.4)

This problem is indefinite, and its analysis more complicated. We will
assume that m? is not an eigenvalue, since otherwise the problem is not
well-posed.

Problems of the form (9.4) arise, for example, in the study of Maxwell’s
equations. In the cavity problem for the time-harmonic Maxwell equations
subject to a perfect conducting boundary condition, one seeks the electric
field E satisfying

curl(curl E) — m*E = F in Q, vxE=0onT =09Q.

Here F' is a given function related to the imposed current sources and the
parameter m is the wave number, assumed to be real and positive, and the
permittivity and permeability coefficients are set equal to one. This prob-
lem corresponds to the problem (9.4) with k¥ = 1 and f € B** but with
boundary conditions given as Tr(u) = 0 and Tr(du) = 0. For an exten-
sive treatment of Maxwell’s equation using finite element exterior calculus,
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see the paper by Hiptmair (2002). A comprehensive treatment in standard
finite element notation can be found in the book by Monk (2003a).

As in the case of the time-harmonic Maxwell equation, problems of the
form (9.4) arise by considering the steady state problem obtained from
the ansatz of a time-harmonic solution to the following second-order time-
dependent differential equation related to the Hodge Laplacian:

0w

92 + (dd+ do)w = g.
If we assume that g is time-harmonic, i.e., can be expressed as the product
of a function which is independent of time with e for some positive real
number m, and then we seek w of the same form, we are led to a time-
independent equation of the form

(6d + dd)u — m*u = f.

With the boundary conditions Tr(xu) = 0 and Tr(xdu) = 0, a weak formu-
lation of this problem is as follows.
Find u € HA¥(Q) such that

(du, dv) + (du, 6v) — m2(u,v) = (f,v), ve HA¥(Q).

If we consider the special case f € B**, and split v by its Hodge decom-
position, u = uq + ug + us, then the subproblem for us may be written as
follows.

Find u € B** such that

(du, dv) — m?(u,v) = (f,v), ve B**

Note that for f € B**, this problem is equivalent to (9.4) (in the sense that
the unique solution to this problem is the unique solution of (9.4)).

To approximate (9.4), we use the obvious extension of the method defined
in (9.2). That is, we seek uj, € A¥ such that

(dup, dv) — m2(up,v) = (f,v), ve AF. (9.5)

Note that since we have assumed that m? is not an eigenvalue for the contin-
uous problem (9.4), it follows from Theorem 8.4 that m? is not an eigenvalue
for the corresponding discrete problem (9.5) if the mesh parameter h is suf-
ficiently small. In fact the following error bound can be established.

Theorem 9.1. Assume that f € L2A¥(Q) and a real number m > 0 are
fixed. Furthermore, let u € HA®() and uj, € AF be the corresponding
solutions of (9.4) and (9.5), respectively. If the domain  is s-regular, with
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0<s< 1, then for h sufﬁciently small,
u u 1m u v
hilHA > 1 Chs e ﬁ HA>

where the constant C' is independent of h.

Proof. To obtain this result, we follow the proof of Monk (2003b), but
for the case of natural, rather than essential boundary conditions; see also
Monk (1992), Monk and Demkowicz (2001) and Boffi and Gastaldi (2002).
First, subtracting (9.5) from (9.4), and setting e, = u — up, we obtain the
error equation

(dep,,dv) —m2(ep,v) =0, v e Ak, (9.6)
If we choose v = dqg for ¢g € Ai_l, we get
(ep,dg) =0, q¢€ A]fL_l. (9.7)
Letting Qj, denote the HA-projection into AZ, we then obtain from (9.6)
lenll3a = (den, den) —m2{en, ep) + (1 +m?){en, ep) (9.8)

= (den, d(u — Qnu)) —m*(en, u — Qpu) + (1 +m?){en, en)

= (dep, d(u — Qpu)) + (en, u — Qpu) + (1 +m?){en, Quu — up)
= (dep, d(u — Qpu)) + (e, u — Qpu) + (1 +m?){en, Qnen)
< llenllualle = Quullma + (1 +m?*)(en, Quen)-

The main work of the proof is then to estimate the term (e, @Qnen). To
do so, we use the Hodge decomposition to write

en=dp+v, peHAT peB e = dpl* + [0l
and the discrete Hodge decomposition to write
Quen=dpn +vn,  pn € Ay, v € B, [|Quenll” = lldpnl® + Ilvnl.
Then by (9.7),

(en, Qnen) = (en, dpn + ¥n) = (en, ¥n) = (dp,¥n) + (¥, ¥n). (9.9)

We next obtain a bound on |[1]|g. To do so, we define the adjoint variable
z € HAF(Q) satisfying

(do,dz) —m*(z,¢) = (,0), &€ HAY(Q). (9.10)
Since m is not an eigenvalue, z is well-defined, and there is a constant C
such that ||z]|za < C||¢||. Furthermore, since (dq,1) = 0 for ¢ € AF~1 it
follows that (dg,z) = 0 for ¢ € A¥~!. Hence, 6z = 0. Since Trxz = 0 and
is s-regular, z € H*A*(Q) for some s € (0,1] and from (7.19), we have the
estimate ||z]|gsp < C||dz]] < C|¢||. In addition, we see that dz satisfies

6dz = m?z + 1, Trxdz = 0.



FINITE ELEMENT EXTERIOR CALCULUS 105

Again using (7.19), we obtain dz € H*A*+1(Q) and
ldz]|mra < Cll6dzllo < Cllm®z + 9|l < C|l¢]-
Using the approximation properties of IIj,, we obtain the estimate
Iz = nzllma < CR*(|12]ls + [[dz]ls) < CR*|]].
Choosing ¢ = 1 in (9.10), and using the fact that dz = 0, and (9.6), we get
[0]1> = (d, dz) — m*(z,¢) = (dep, dz) — m*(z, en)
= (dep, d(z — p2)) — m%(z — Iz, ep)
< Cllenllmallz = Tazlla < CR°[lenlaall]l-
Hence, ||¢|| < Ch®||len| ma, and so

[, n)| < [@llnll < IeN1Qnenll < Ch®|lenFa- (9.11)

It thus remains to bound the term (dp, ¥p,). To do so, we first write 1, =
Yp5+1n, 5, With ¥y, 5 € SZL, and ¢y, ¢ € f)z. Then, by Lemmas 5.10 and 5.9,
we can find x5 € 3" and ys € § satisfying dys = dvn, [xsl < [¥ns]
and (also using (7.19))

[¥ne — Xoll < 11 =TI x5l < CR®|Ixs|ls < CR®||dxs| < Ch*||dubnl],
[4n,5 — xall <11 —Tn)xsll < CR®lIxslls < Ch¥|Ixsll < CR®[|tbn,s]-
Hence,
[(dp, ¥n)| = [(dp, Yns — X6 + Vns — X5)]
< CL¥|ldpll([donll + lvbn.sll) < CREdpl|([|dvn]l + [[¢n]]) (9.12)
< Ch¥|lenl|[|Qnenllma < Ch¥|len]Fia-

Combining (9.8), (9.9), (9.11) and (9.12), we obtain
lenllFia < lenllmalle — Quullaa + (1 +m*)Ch*|len|7-

The theorem follows immediately from this result, provided h is sufficiently
small. 0

9.2. Refined estimates

In the error estimates derived above, the estimates for ||u — up|| and ||d(u —
up)|| are tied together in the HA-norm. It is well known, however, that for
the standard Galerkin method (corresponding to the case k = 0), the error
bounds for ||u — uy|| can be up to one power higher in A than the error for
[ d(u = up)]-

To understand the type of improvement we might hope to get in this more
general case, we use the Hodge decomposition to write the error u — up, =
eq +eg+e; = dg+ ey + es5, where eq € BE ey € 9k es € B*F. and
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g € B*FE-1_ Since |leq + egllzra = [lea + es], we cannot expect to improve
on this part of the error. However, we will establish the following result.

Theorem 9.2. Suppose u € HAF(Q) is the solution of problem (9.1) and
up, € A¥ is the solution of problem (9.2). Further, suppose that the domain

(2 is l-regular and that u —up = dg + eg + €5, where g € ‘%*(k_l), eq € O,
and e5 € B**. Then there is a constant C' independent of h such that

gl < Chllu—unll,  llesll < Chilu — wnlla-
Proof. To obtain the first bound, we observe that by (9.3)
(dg,dzp) = (u—up,dzp) =0, 2z, € Af;l.
Since g € B**~1 | we can define (see (7.3)) 29 € B**~1) such that
(d29,dp) = (g, p), p€ HAFH(Q).
Hence, choosing u = g, we obtain
lgll2 = (d29, dg) = {d(=7 — 2,),dg) < (=¥ — 24) 1w — up.

Choosing zj, = 29, using (7.19), and noting that ddz9 = g and Trxdz9 =
0, we get that

(=9 — 2)l| = [|(Z — TIn)d2?|| < Ch||dz?|lx < Ch[|6d=?|| < Chllg]l.

This establishes the first estimate. To get the second estimate, we now
define 2% € B*F such that

(2 ) a = (es ), p € HAM(Q).
Then, using (9.3), we get
H65H2 = <€57u - uh> = <2’5,'U, - uh)HA

= (2° —p2’,u —wp)a < 112° — T2’ || gallw — wpllma

< Ch([|2°|la + 142 || a) 1 = up -
Again applying (7.19), we find that

12° s < Clldz°]| < Cllesll,

Idz°[|ria < Cll6d2°| < C(lles + [12°])) < Clles].

The result follows by combining these estimates. 0]

We close by remarking that essentially the same result holds, with essen-
tially the same proof, in the case where u is the solution of (9.4) and wy, is
defined by (9.5).
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10. Preconditioning

The purpose of this section is to discuss preconditioned iterative methods
for the discrete Hodge—Laplace problem. Such solvers have been consid-
ered previously for some of the PDE problems that can be derived from the
Hodge—Laplace problem, but to our knowledge not in the full generality pre-
sented here. We will first give a quick review of Krylov space iterations and
block diagonal preconditioners. Thereafter, we will illustrate how the dis-
crete Hodge decomposition enters as a fundamental tool in the construction
of the diagonal blocks of the preconditioner.
The discrete Hodge—Laplace problem can be written as a linear system

Anzn = fn, (10.1)

where the operator Ay, is a self-adjoint operator from X = Azfl X A’fL X 56’,’2
onto its dual X} and f, € X; is given. In the discussion below, we will
consider X; = X}, as a set, but with different norms and inner products.
If systems of the form (10.1) are solved by an iterative method, then the
convergence of the iteration depends on the conditioning of the coefficient
operator Ay. In particular, the convergence rate can be bounded by the
spectral condition number of the operator Ay, cond(Ap), given by

sup Al
inf [A|’

where the supremum and infimum are taken over the spectrum of A;. For
linear operators arising as discretization of operators such as the Hodge
Laplacian, this condition number will typically tend to infinity as the mesh
parameter h tends to zero, leading to slow convergence of the iterative meth-
ods for fine triangulations 7. The standard way to overcome this problem
is to introduce preconditioners.

cond(Ap) = (10.2)

10.1. Krylov space iterations
Consider a linear equation of the form
Az = f, (10.3)

where f € X is given, x € X is the unknown, and A € L(X,X) is a
symmetric operator mapping a Hilbert space X into itself. Furthermore,
assume that A is invertible with A~! € £(X, X). Solutions of equations of
the form (10.3) can be approximated by a Krylov space iteration. For each
integer m > 1 we define K, = K,,,(f) as the finite-dimensional subspace of
X spanned by the elements f, Af,..., A™ 1 f. If A is positive definite then
the approximations z,, € K,, can be generated by the conjugate gradient
method, i.e., T,, is uniquely determined by

<A$m,y>X = <f7y>X7 ?JGX7
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or, equivalently, x,, is the minimizer of the quadratic functional

Fly) = 3 (Av.o)x — (o)

over K,,. Here, (-, -)x is the inner product in X, and | - ||x is the corre-
sponding norm. If the coefficient operator A is indefinite, we can instead use
the minimum residual method, where x,, € K,, is uniquely characterized by

[Azm — fllx = Inf Ay — fllx.

These optimal characterizations of the approximations x,, ensure that the
iterative method converges and that the reduction factor

[ 2m — 2| x
[0 — =[x
can be bounded, a priori, by a function only depending on the number

of iterations, m, and the condition number of the coefficient operator A
given by

cond(A) = [[Allzcx,x) - A7 e ex x)-

However, from a computational point of view, it is also important that
the approximations x,, can be cheaply computed by a recurrence relation.
Typically, only one or two evaluations of the operator A, in addition to
a few calculations of the inner products (-, -)x, are required to compute
ZTm from x,,_1. For more details on Krylov space methods, we refer, for
example, to Hackbusch (1994).

10.2. Block diagonal preconditioners

Our goal is to design effective iterations for the discrete Hodge-Laplace
problem. However, we will motivate the approach by first studying the cor-
responding continuous problem. For simplicity we will assume throughout
this subsection that there are no nontrivial harmonic k-forms, i.e., H* = {0},
since the inclusion of such a finite-dimensional space of multipliers is rel-
atively insignificant for the design of preconditioners. Furthermore, the
boundary conditions are taken to be Trxu = 0 and Trxdu = 0.

The continuous problem

Recall that the Hodge—Laplace problem in mixed form is as follows. Find

(o,u) € HA*1(Q) x HAF(Q) such that
_ k—
(o,7) — (dT,u) =0, TE HAk L), (10.4)
(do,v) + (du,dv) = (f,v), ve HA"(Q),

where f € L2A*(Q) is given. In order to align the description of this system
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with the framework above, we let X = HA*1(Q) x HA*(Q), and H =

L2A*1(Q) x L2A*(Q). Note that any element g = (¢*~1, g*) € H gives rise

to an element of X* by the identification
QC:(T7'Z))0—><9,$>:<gk71,7'>+<gk,’l)>, IE:(T,’U)EX.

In fact, X* can be identified with the completion of H in the dual norm

lgllx«=  sup (g,2).
2€X, |l x=1

In this way we obtain a Gelfand triple
XCHCcCX",

where X is dense in H and H is dense in X*. Furthermore, the duality
pairing between X* and X can be defined as an extension of the H-inner
product, still denoted (-, -).

The system (10.4) can now be formally written in the form

Az = f, (10.5)

where © = (0,—u) € X, f € X* is the functional associated to (0, f) € H
and A: X — X™* is the operator

I dr
A= (d —d*d>'
Here d* = df : L2AM1(Q) — (HAK(Q))* is the adjoint of dy : HA*(Q) —
L2AM1(Q), dee.,
(d*r,w) = (1,dw), 7€ L2AM1(Q), w e HA*(Q)
where, as above, (-, -) is the extension of the inner product on L2A¥(Q) to
the duality pairing between (HAF(Q))* and HAF ().

Note that the operator A is H-symmetric in the sense that if x = (o, u) €
X and y = (1,v) € X, then

(Az,y) = (o, 7) + (do,v) + (d1,u) — (du,dv) = (x, Ay).

On the other hand, the operator A is not positive definite in any sense.
It is a consequence of the discussion in Section 7 (see Theorem 7.2), that
A defines an isomorphism between X and X*, i.e.,

AeL(X,X*) and A7!eL(X* X).

However, since the operator A maps the Hilbert space X into a larger space
X*, a Krylov space iteration for the linear system (10.5) is not well-defined.
Instead we will consider an equivalent preconditioned system of the form

BAx = Bf, (10.6)
where B € £(X*, X) is an isomorphism, i.e., we also have B! € £(X, X*).
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Hence the new coefficient operator B.A is an element of £(X,X) with a
bounded inverse. In order to preserve the symmetry of the system, we will
also require that B is symmetric in the sense that

(Bf,g) = (f,Bg),

and positive definite in the sense that there is a constant C' > 0 such that

If these conditions are satisfied, then the bilinear form (B~!-, ) defines
a new inner product on X, and the coefficient operator BA of (10.6) is
symmetric in this inner product since

(B™'BAz,y) = (Az,y) = (B~ 'z, BAy), z,y€X.

Therefore the preconditioned system (10.6) fulfils all the properties required
such that the minimum residual method can be applied. But observe that
in order to do so, the preconditioner B has to be evaluated at least once for
each iteration.

One possible operator B with all the required properties for a precondi-
tioner is the block diagonal operator operator given by

(I+d*d)~! 0 (T +df_ydpn) ™! 0
( 0 (I+ d*d)—l) - ( 0 I+ d,’gdk)l)

Here the operator (I 4+ d*d)~! € L((HA*(Q))*, HA*(Q)) is the solution
operator defined from the inner product on HAF(Q), i.e., (I+d*d)" f = wif

(W, TV aa = (f,7), 7€ HAF(Q).

Furthermore, any block diagonal operator of the form

_(Bii 0
b= < 0 Bk>’
where B = By, € L(HA*(Q)*, HA¥(Q)) is a preconditioner for the operator
I 4 d*d, will also work. Here an operator B € L(HAF(Q)*, HA¥(Q)) is

referred to as a preconditioner for I + d*d if it is an isomorphism which is
symmetric and positive definite with respect to (-, -).

The discrete problem

The main reason for including the discussion of preconditioners for the con-
tinuous problem above was to use it to motivate the corresponding discus-
sion for the discrete case. Of course, in real computations we need to apply
preconditioners for the discrete problem. In fact, there exist several ap-
proaches to the design of preconditioners for mixed problems such as the
discrete Hodge