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Random Assignment Problem

Problem :

e T here are n machines and n jobs.

e (1= cost of performing jth job in ith machine.

e Find the optimal assignment, that is, to find a per-
mutation m, which will solve the following minimiza-
tion problem

A, = mﬁin zn: C'i x(i)-
i=1

e Simplest probabilistic model can be obtained by
taking C;;'s as i.i.d Unif[0, 1], then the main in-
terest is on the objective function A,,.

History :

e Well studied in Probability as well as in Statistical
Mechanics literature.

e Mézard and Parisi (1987) showed using replica method
that lim E[A,] = n?/6.

n—ro0

e Parisi (1998) conjectured that E[A,] = Y k~2.
k=1



Theorem 1 (Aldous, 2001)

2

im E[A,] = — = ¢(2).

n—00 6

e Aldous identified the limit constant {(2) in terms
of optimal matching problem on a limit infinite tree
with random edge weights, called Poisson W eighted

Infinite Tree (PWIT).



Definition 1 (PWIT) Let T = (V,€&),be the canonical
infinite tree with V = U>_/,N" (N0 = {@}), and & :=
{e=1(i,ij) | i€ V,7 € N}. Consider § as the root. For
every vertexi €V, let (gij)j>1 be points of independent

Poisson point processes of rate 1 on (0,00). Define the
weight of the edge e = (i,ij) as &;. The tree T with the
random edge weights is called PWIT.

Poisson Weighted Infinite Tree (PWIT)



Logistic RDE

One of key step in Aldous’ calculation for the optimal
matching problem on PWIT is the following recursive
distributional equation (RDE)

X 4 mi? (g

e s =2

i)

where (gj)j>1 are points of a Poisson point process of
rate 1 on (0,00), and are independent of (X;);>1, Which
are i.i.d with same law as of X. B



Logistic RTP

x £ min (¢ — X;)

e (Aldous, 2001) The above RDE has unique solution
as Logistic distribution, given by

1

P(ng):ma

x € R.

e Using Kolmogorov’s consistency one can construct
random variables, say, X; at each vertex 1 of the
PWIT such that

o Xi=r}’12i{1(€ij—Xij), Viey;

¢ X; ~ Logistic distribution, V1€ V;
¢ Xj is independent of {(gi,j)jZI | ] < |i|}, for all
ieV\{0}, where |i| =d ifi € N

e Thus we get an invariant recursive tree process
(RTP) associated with the Logistic RDE on PWIT.



Question : Let G be the o-field generated by the edge
weights {(gij)j>1 i€ V}, then is X G-measurable ?

In other words, is the invariant RTP associated with the
Logistic RDE endogenous 7

Theorem 2 (Aldous and B.) X, isG-measurableif and
only if the bivariate RDE

x\ a4 [ mintg - X))
( Y ) — | min -v)
1>1

has unique solution as X =Y a.s. with Logistic marginals,
where (gj)j>1 are points of a Poisson point process of

rate 1 on (0,00), and are independent of{(Xj,Yj)}j>1,
which are i.i.d. having same distribution as of (X,Y)



A straight forward approach :

e Let G, be the o-field generated by &;'s in the first
n generations, that is for |i| < n. Naturally, G, 1 G.

e By martingale convergence theorem

E[Xy|G,] 3 E[Xy|4].

e SO Xy €G < E[Xy—E[Xy|Gn]]? = 0 as n — oo.

e Notice that
1 n\ 2
O'g I:E[X@—E[X(“gn]]:z :EE[<X@_YY@) ]

where X, and Y;* are independent and identical
given G,,.
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e Further observe that X < Yw”‘, and so the sequence
(X0, Yy") ., is tight.

e It then follows that (Xg,Y") 2y (X,Y) for some

random variables (X,Y).

e The distribution of (X,Y) then satisfies the follow-
ing equation

(X) d gnzl (&5 — X;)

']T‘Zl & -Y;) |’

=S 35

where (gj)j>1 are points of a Poisson point pro-

cess of rate 1 on (0,00), and are independent of
{(X;,Y;)},51, which are i.i.d. having same distribu-
tion as of (X,Y).

e Thus 02 -0 if X =Y a.s.

e SO Xyegif X=Y a.s.



Bivariate Uniqueness

Definition 2 (Bivariate Uniqueness) We say that bi-
variate uniqueness holds if the above bivariate fixed-
point equation has unique solution as X =Y a.s. and
in this case with Logistic marginals.

Theorem 3 Bivariate uniqueness holds for the Logistic
RDE on PWIT.

Corollary 3.1 X is G-measurable.



Outline of the proof of Theorem 3

e The marginals of X and Y satisfy the Logistic RDE,
so X < Y, and X ~ Logistic distribution.

e Note that (¢;;(X;,Y;));5; is a Poisson point pro-

cess on (0, c0)xR?, with mean intensity dt v(d(z, y)),
where v = Law(X,Y). Let G(z,y) =P (X > z,Y > vy),
then

G(z,y) = H(z) H(y) exp (/OOOG(t —z,t—y) dt) ,

where H(z) = e ®/(1 4+ e7*) is the tail for the Lo-
gistic distribution function.

e To prove X = Y a.s, it is enough to show that

XAY £ X.

o Let g(z) :=G(z,2) =P (X AY >z), then

o(z) = H(2) exp ( /

—x

0. @)

g(s) ds) :

It is enough to prove that ¢ = H is the unique
solution.

10



0. @)

o(z) = H(2) exp ( /

—Z

g(s) ds)

Define §:= {f : R~ [0,1] | H’(2) < f(2) < H(a)},
and T :§ — § as

T(F) () = T(x) exp ( ) ds) .

Notice that, g € § and g = T'(g).

It is enough to show that T' has unique fixed point
as H on §.

Define a natural partial order, say, " <" on § as
f < hiff f(z) <h(x), VzeR.

T is a monotone operator on (§, <), that is, T'(f) <
T(h) <= f < h.

11



Let fo:= FQ, define recursively f,4+1 :=T(fn).

Observe that [, < g < H, so it is enough to prove
that f,(z) — H(x) pointwise.

Using induction one can show

fu(z) = H(z) exp (=fn-1 (H(z))), n > 1;

where

1
1
Bu(s) = / — (1 — e_ﬁ”‘l(l_“’)) dw, n > 1,
s W
with Bo(s) =1 — s.
Note that 8,(1) =0, V n.

It is enough to show that 3,(z) — 0 pointwise.

12



1
1
ﬁn(s) — / _ (]_ _ e—ﬁn_l(l—w)) dw, n > 1
s w

Easy calculation shows that 3,(s) | pointwise. Let
L(s) := Iim B,(s).
n—r oo

L(1) = 0 and L satisfy the integral equation

L(s) = /81i (1 — e_L(l_“’)) dw.

w

Enough to show that L = 0.

Consider n(w) := (1 — w)el(—) 4 we~L(w) _ 1, then
it is easy to see that n(0) =n(1) = 0, and further

i (w) = o—L(w) [2 _ (eL(l—w) 4+ e—L(l—w))] <o0.

Thusn=0 < L=0.
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Some final Remarks :

e Intuitively the natural approach to solve the bivari-
ate uniqueness problem would be to use some Kkind
of contraction argument. Unfortunately that seems
to be rather hard in this case.

e For any fixed-point equation it is natural to ask
what is its domain of attraction. In this case al-
though both the Logistic RDE and its bivariate ver-
sion have unique solutions but, it is not clear to us
what are their domains of attraction.
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