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An Easy Examples

Consider a (sub)-critical Galton-Watson branching pro-
cess with the progeny distribution N, so E[N] < 1; we
assume P(N =1) < 1.

Height of the Tree : Let H := 14 height of the G-W
tree, then H < oo a.Ss., and

H < 1+ max(Hi, Hs,...,Hy) on N,

where (Hj),,, are i.i.d. with same law as of H and are
independent of N.

We will call such an equation a Recursive Distributional
Equation (RDE).



Typical features of RDE

X £ 14 max(Xy,Xo,...,Xy) on N

e Unknown : Distribution of X.

e Known : The distribution of N (which may or may
not be random) and some manipulation (which may
be random but then with known distribution) of
known and unknown quantities !

e What RDE is doing : To find a distribution u
such that when we take i.i.d. samples from it and
only use N many of them (where N is independent
of the samples) and do the manipulation then we
end up with another sample from pu.

Remark : In the case N = 1 a.s. it reduces to the
question of finding a stationary distribution of a Markov
chain.



Two main uses of RDEs

e Direct use : The RDE is used directly to define a
distribution. Examples include

» The height (and also the size) of a (sub)-critical
Galton-Watson tree (our first example).

» The Quicksort distribution.

» Discounted tree sums / inhomogeneous perco-
lation on trees.

e Indirect use: The RDE is used to define some aux-
iliary variables which help in defining/characterizing
some other quantity of interest. Various different
short of applications, to name a few

» 540° argument ! (will give an example).

» Determining critical points and scaling laws (will
not give an example).



Example of a 540° argument
Optimal Matching Problem on PWIT

PWIT (Poisson Weighted Infinite Tree) :

For the edges (i,ij) where 5 > 1 the weights are points
of Poisson point process of rate 1 on (0,00) written as
(gij)j>1. The processes are independent as i varies.

Problem : Find a matching (invariant) which is optimal
in the sense that it minimizes the average edge weight.

Remark : This problem in some sense (can be made
rigorous) is the limit of the random assignment problem
on the complete graph K, with i.i.d. Exponential(n)
edge-weights. [Aldous, 1992, 2001].



540° argument

e Step 1 : For each vertex i of the PWIT, let T!
be the infinite tree rooted at i containing only its
descendents. We define the quantities

» W,;:= Total weight of optimal matching on T!.

> VIN/I := Total weight of optimal matching on
T\ {i}.
> X;:=W;— W Note : X; =co—co!
e Step 2 : Assuming these quantities make sense
one can write the following recursion
Xy = i '
0 rjnz'{‘ (& i)
where (X;),,, are i.i.d. with same law as of Xj,

and are independent of (§;),,; which are points of
a Poisson point process of rate 1 on (0, c0).

e Step 3 : One can show [Aldous, 2001]

» The RDE is well defined and has unique solution
as the Logistic distribution. We will call this
RDE the Logistic RDE.

» Now we can reconstruct (rigorously) the optimal
matching using the variables X;. For example,
match root @ with arg min (§; — Xj;).

Jj2>1



General Setup

Let (S,8) be a measurable space, and P be the
collection of all probabilities on (S,6).

Let (¢, N) be a pair of random variables such that
N takes values in {0,1,2,...;00}.

Let (X;);, bei.i.d S-valued random variables, which
are independent of (¢, N).

g (+) is a S-valued measurable function with appro-
priate domain.



Recursive Distributional Equation (RDE)

Definition 1 The following fixed-point equation on P
is called a Recursive Distributional Equation (RDE)

x < g(6X;,1<j<*N), on S

where (X;),,, are i.i.d. with same law as of X and are
independent of (¢,N).

Remark : A more conventional (analysis) way of writing
the equation would be

p="T(un)
where T' is the operator associated with the above equa-
tion, which depends on the function g and the joint dis-
tribution of the pair ({, N), and u is the (unknown) law
of X.
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Recursive Tree Framework (RTF)

e Skeleton : T, := (V,€) is the canonical infinite
tree with vertex set V := {i|i ¢ N%, d > 1 }u{0}, and
edge set £ :={e = (i,ij) |i€ V,7 € N}, and root 0.

e Innovations : Collection of i.i.d pairs {(&;, V) |i € V}.

e Function : The function g (+).



Recursive Tree Process (RTP)

(&6, Ny)

Consider a RTF and let u be a solution of the associated
RDE . A collection of S-valued random variables (X;);.y

is called an invariant Recursive Tree Process (RTP) with
marginal p if

e Xi~uViey.

e Xi=g(&; Xy, 1<j<N;) Vie.

e X; is independent of {(&, Ny) ||i| < |i| }, for all
i € V\{0}, where |i| =d if i € N%

Remark : Using Kolmogorov’s consistency, an invariant
RTP with marginal u exists if and only if u is a solution
of the associated RDE.
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Endogeny

Natural Question : Does X; only depend on the inno-
vation process (the data) (&, Ni);cp 7

Definition 2 Let G be the o-field generated by the in-
novation process { (&, NV;) |i € V}. We will say an invari-
ant RTP is endogenous if Xy is G-measurable.

Motivations
e Presence / absence of external randomness.
e Influence of the boundary at infinity !

e Relation with long-range independence (Gamarnik
et al, 2003).
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One easy fact to built our confidence

Remark : Associated with a RTF there is a Galton-
Watson branching process tree rooted at () defined only
through {N;|i € V}, call it T. Essentially any associated
invariant RTP lives on 7.

Proposition 1 If T is almost surely finite (equivalently
E[N] < 1) then the associated RDE has unique solution
and the RTP is endogenous.
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Input at Infinity

Independent
Inputs

RTF

Output

13



Bivariate Uniqueness

Consider the following bivariate RDE,
X g(£X;,1<j<*N)
Y g(&Y;,1<j<*N)

where (Xj,Yj),5; are i.i.d and has the same law as of
(X,Y), and are independent of the innovation (&, N).

Definition 3 An invariant RTP with marginal u has bi-
variate uniqueness property if the above bivariate RDE
has unique solution as X =Y a.s on the space of joint
probabilities with both marginals pu.
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An Equivalence Theorem

Theorem 1 Suppose the S is a Polish space. Consider
an invariant RTP with marginal distribution p.

(a) If the endogenous property holds then the bivariate
uniqueness property holds.

(b) Conversely, (under some technical conditions) if the
bivariate uniqueness property holds and then the en-
dogenous property holds.

(c) If T2 pe the operator associated with the bivariate
RDE then endogenous property holds if and only if

T®" (uep) -5 u

where p @ p is the product measure, and u” is the mea-
sure concentrated on the diagonal with both marginal

.

Remark : Similar kind of result appears in the study of
Gibbs measures and Markov random fields.
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Back to Logistic RDE

e Recall the Logistic RDE associated with the opti-
mal matching problem on PWIT,

X £ min(g; - X;)

where (¢;);-, are points of a rate 1 Poisson point
process on (0, ).

e Also recall that it has unique solution as the Logis-
tic distribution, given by

1
P(ng)zl_l_e_x, x € R.
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Theorem 2 The invariant Logistic RTP has bivariate
uniqueness property, that is, the following bivariate RDE

has unique solution as X =Y a.s with Logistic marginal

i?(

S

Y in(&; — Yj)

32
where (gj)j>1 are points of a rate 1 Poisson point pro-

cess on (0,00), and (X;,Y;),,, are i.i.d with same joint
distribution as of (X,Y), and are independent of (§;) >, -

Corollary 2.1 The invariant Logistic RTP is endoge-
nous.
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Outline of the proof of Theorem 2

e The marginals of X and Y satisfy the Logistic RDE,
so X < Y, and X ~ Logistic distribution.

e Note that (&;; (Xj,Y;)),>; Is a Poisson point pro-

cess on (0, c0) xR?, with mean intensity dt v(d(z,v)),
wherev = Law(X,Y). Let G(z,y) =P (X > z,Y > y),
then

G(a,y) = H(z) Hy) exp ( /0 TGt -t —y) dt) ,

where H(z) = e %/(1 + e7%) is the tail for the Lo-
gistic distribution function.

e TOo prove X = Y a.s, it is enough to show that

XAY £ x.

o Let g(z) :=G(z,z) =P (X AY > z), then

o(a) = H(2) exp ( /

—X

oo

g(s) ds) :

It is enough to prove that ¢ = H is the unique
solution.
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o0

g(a) = H(2) exp ( /

—T

g(s) ds)

Define § := {f 'R — [0,1] | H(z) < f(z) < F(%’)},
and T : § — § as

T(f)(2) == B (x) exp ( _°°f<s>ds) .

Notice that, g € § and g = T'(g).

It is enough to show that T' has unique fixed point
as H on §.

Define a natural partial order, say, " <" on § as
f < hiff f(z) <h(x), Vzek.

T is a monotone operator on (§, <), that is,
T(f)xT(h) < f=<h.
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Let fo := H°, define recursively o1 := T(f).

Observe that f, < g < H, so it is enough to prove
that f,(z) — H(z) pointwise.

Using induction one can show

fn(z) = F(w) exp (—Bn—l (H(m))) , n>1,
where

1
1
Bn(s) = / — (1 — e_ﬂ"‘l(l_w)) dw, n>1,
s W
with Bo(s) = 1 — s.
Note that £8,(1) =0, V n.

It is enough to show that 8,(x) — O pointwise.
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1
1
By = [ (10 du, 21
s W

Easy calculation shows that 8,(s) | pointwise. Let
L(s) := lim B,(s).
n—o0

L(1) = 0 and L satisfy the integral equation
11
L(s) = / — <1 — e_L(l_w)) dw.
s W

Enough to show that L = 0.

Consider n(w) 1= (1 — w)el-v) 4 we=Lw) _ 1, then
it is easy to see that n(0) =n(1) = 0, and further

i (w) = o~ L(w) [2 _ <€L(1—w) 4+ e—L(l—w)>] <o0.

Thus n=0 < L=0.
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