More notes for Math 8302, Manifolds and Topology, Spring 2005
Smooth Manifolds

Definition. Let M be a topological space and let d > 1 be an integer. A (topological)
d-chart on M is a continuous, open, injective function R* — M.

Note that such a function is a homeomorphism onto its image.

Definition. Let M be a topological space, let d > 1 be an integer and let ¢, : R¢ — M
be d-charts. The overlap map of ¢ and 1 is the map ¥ ' o ¢ : ¢~ (¢p(R?)) — RY.

For all integers d > 0, for all integers k > 1, for all i € {1,...,d}*, we define 9; :=
(0/0x;,)---(0/0x;,). We define {1,...,d}° := {#} and we define dy to be the identity
operator; that is, for any function f : R? — R? we define 0y f = f.

With these conventions:

Definition. Let d,e > 0 be integers. Let U be an open subset of R?. Let V C R¢. For any
integer k > 1, we say that a function x : U — V is C¥ if, for all i € {1,...,d}*, we have
that 0;x : U — R¢ exists and is continuous. We say that x : U — V is C*° or smooth if:
for all integers k > 0, x is C*.

Definition. Let M be a topological space. A d-atlas on M is a set A of d-charts on M
such that
(1) | #®?) = M; and
peA
(2) for all ¢, 4 € A, the overlap map ¢y Lo ¢ : ¢~ ((R?)) = R? is C°.

Definition. Let d > 0 be an integer. Let M be a topological space and let A be a d-atlas
on M. We say that A is maximal if there exists no d-atlas A" on M such that A C A’

EXERCISE 21C: Let d > 0 be an integer. Let M be a topological space. Let A be any
d-atlas on M. Show that there is a unique maximal d-altas A on M such that Ay C A.

Definition. Let d > 0 be an integer. A (smooth) d-manifold is a topological space M
together with a maximal d-atlas on M.

A manifold is just a d-manifold, for some integer d > 0. By invariance of domain,
the dimension of a manifold is well defined. That is, if M is both a d-manifold and a
d'-manifold, then d = d’. It is denoted dim(M).

Ezample. Any (finite dimensional) vector space is a manifold. If V is a d-dimensional
vector space, then the set of vector space isomorphisms R? — V gives a d-atlas, and it
extends uniquely to a maximal d-atlas on V.

FEzample. Any (finite dimensional) sphere is a manifold. The stereographic projection
maps R? — S? give an atlas that extends to a maximal d-atlas on S¢.

Ezxample. Any product of manifolds is again a manifold. Let d,e > 0 be integers. Let M
be a d-manifold and let N be an e-manifold. Let A be the maximal d-atlas on M and let
B be the maximal e-atlas on N. For any ¢ € A, ¢ € B, define ¢ x 1 : R4¢ — M x N by
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(¢ x Y)(z,y) = (p(x),¥(y)). Then {¢p x ¢ |p € A,9p € B} is a (d + e)-atlas on M which
extens to a maximal (d + e)-atlas on M.

Ezample. Any open subset of a manifold is again a manifold. Let d > 0 be an integer and
let M be a d-manifold, with maximal d-atlas A. Let U be an open subset of M. Then we
leave it as an unassigned exercise to show that {¢ € A|¢(R?) C U} is a maximal d-atlas
on U.

We have defined above a (topological) chart for on a topological space. If M is a
manifold, then a (smooth) chart on M is an element of the maximal atlas. For both,
we will typically say “chart”, but the context should make the meaning (topological or
smooth) clear. Typically in the sequel, I expect charts will be smooth charts.

Definition. Let d,e > 0 be integers. Let M be a d-manifold and let N be an e-manifold.
Let f : M — N be a function. Then we say that f is C'° or smooth if, first, f is
continuous and, second, for any charts ¢ on M and % on N, the map

w—l o f0¢ . ¢_1(f_1(¢(Re))) N Re
is C'*°.

Smooth maps are the arrows in the category of manifolds.
A diffeomorphism is an isomorphism in the category of manifolds; it is a smooth
bijection with smooth inverse.

Definition. Let d,e,k > 0 be integers. Let U,U’ C R? be open. Let V,V’ C R®. Let
f:U—=Vand f': U — V' be smooth. Let x € UNU’. We say that f and f’' agree at z
to order k if: for all integers j € [0, k], for alli € {1,...,d}*, we have (0;f)(z) = (0;f)(z).

Definition. Let d,e, k > 0 be integers. Let M be a d-manifold and let N be an e-manifold.
Let f, f': M — N be smooth. Let m € M. We say that f and f’ agree at = to order
k if: for all charts ¢ : R® — M, for all charts ¢ : R® — N, if #(0) = m, then ¢=1o fo ¢
and ¢~! o f/ o ¢ agree to order k at 0.

Definition. Let d,e, k > 0 be integers. Let M be a d-manifold and let N be an e-manifold.
Let f: M — N be smooth. Let m € M. Then the k-jet of f at M into N is the union
over all neighborhoods My of m in M of: the collection of all smooth f’: My — N such
that f|My and f’ agree to order k at m. It is denoted by JT’; ~f; when no confusion will
arise, we will denote this alternatively by the simpler notation [f].

Definition. Let d,e, k > 0 be integers. Let M be a d-manifold and let N be an e-manifold.
Let m € M and n € N. We then define J, (M, N) to be

{Jk o f | Uisopenin M, f:U — N issmooth, f(m)=n}.

Definition. Let kK > 0 be an integer. Let N be an e-manifold. Then, for all n € N, the
tangent space to N at n is defined to be T, N := J},, (R, N). The tangent bundle of N
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is defined to be TN := U T,N. If U is an open neighborhood of 0 in R, if c: U — N is
neN
smooth and if ¢(0) = n, then Jjy(c) € T, N is usually denoted (d/dt)i=o(c(t))-

Definition. Let e, h > 0 be integers. Let N be an e-manifold and let P be a h-manifold.
Let ¢ : N — P be smooth. Then, for all n € N, we define (d¢)y,, : TnN — Ty P by
(dd)n([c]) = [p o c|]. We define d¢p : TN — TP by: for alln € N, (do)|(TnN) = (dp)n.-

We sometimes denote d¢ by T'¢; it is called the differential of ¢. Then T is a functor
from {manifolds} to {sets}. For all n € N, (d¢),, is called the differential of ¢ at n.

Definition. Let d > 0 be an integer. Let M be a d-manifold and let ¢ : R — M be a
chart. We define D¢ : R?* — T'M by: for all p,v € R?,

(D)(p,v) = (d/dt)1=o(p(p + tv)).

For all p € R, we define Dp¢ : R — T,y M by (Dp)(v) = (Do) (p,v).

EXERCISE 22A: Let d > 0 be an integer. Let M be a d-manifold and let ¢ : R¢ — M
be a chart. Let p € R? and let m := ¢(p). Show that D, : R¢ — T, M is a bijection.

EXERCISE 22B: Let S and I be sets. For all ¢ € I, let X; be a topological space and

let ¢; : X; — S be an injective function. Assume that S = U ¢i(X;). Assume, for all
i€l

i,j € I, that X} := ¢;'(¢;(X;)) is open in X; and that ¢; ' o ¢; : X! — X is continuous.

Show that there is a unique topology 7 on S such that, for all ¢ € I, ¢; : X; — (S, T) is

continuous and open.

We leave the following fact as an unassigned exercise.

Fact. Let Iy be a countable set. Let X be a topological space. For all 7 € I, let X; be a
second countable topological space and let ¢; : X; — X be an open, continuous function.
Assume that X = U ¢i(X;). Then X is second countable.

i€l

Putting Exercise 22B together with the preceding fact, one gets:

Proposition. Let S be a set and let d > 0 be an integer. Let ® be a set of injective
maps R — S. Assume that there is a countable subset ®( of ® such that X = U di(X5).

i€,
Assume, for all ¢, € ®, that X7 := ¢~ (4»(R?)) is open in R? and that ¢y ~1o¢ : X] — R?
is smooth. Then there is a unique topology 7 on S such that ® is an atlas on (S, 7).

In other words, if you have a set S, and you have an “set-theoretic atlas” on S (meaning
only that overlaps are smooth with open domains, and that countably many of them cover)
then issues of topology will take care of themselves, and S becomes a manifold.

Using the preceding proposition we have:
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Fact. Let d > 0 be an integer. Let M be a d-manifold. Let A be the maximal atlas on M,
i.e., the set of charts on M. Then there is a unique topology on T'M with respect to which
{D¢|$ € A} is an atlas on T M.

Extending the atlas described above uniquely to a maximal atlas makes T M into a
(2d)-manifold. Thus T is now a functor {manifolds} — {manifolds}.

For each such chart ¢, we get a vector space structure on T, M simply by pushing
the vector space structure on R? forward along the bijection Dy-1(my¢ : R¢ = T, M.

EXERCISE 22C: Let d > 0 be an integer. Let M be a d-manifold, let m € M, let
p,q € R? and let ¢,v : R? — M be charts. Assume that ¢(p) = m = v¥(q). Show that
(D)t o (Dpg) : R — R? is a vector space isomorphism.

Let V denote the standard vector space structure on R%. (That is, V consists of the
addition map (z,y) — =+ : R? x R — RY, together with the scalar multiplication map
(t,x) =tz : R x R — R%.) Then (Dp¢).(V) and (Dyt).(V) are vector space structures
on T,,M. However, Exercise 22C asserts that ((Dg)~! o (Dp¢))«(V) = V, so, applying
(Dq)« to both sides, we get (Dpg)«(V) = (Dg¥)«(V). That is, we get a well-defined
vector space structure on 7T, M, independent of the choice of chart.

We also have a map n : TM — M defined by 7([c]) = ¢(0). This map is the tangent
bundle map. Note, for all m € M, that 7—!(m) = T,,, M. If one pictures tangent vectors
as little arrows pointing tangent to the manifold, then this map associates to each such
arrow its starting point, sometimes called its “footpoint”. Formally, the footpoint of
v € TM is defined to be 7 (v).

We are still making T'M into a “vector bundle”, as yet undefined, but meaning roughly:
a collection of vector spaces filling up a manifold and parameterized by another manifold
and varying somehow “coherently” as one moves from point to point. So far we have the
collection {T,,, M | m € M} which fills up the manifold TM and which is parameterized by
points m varying across the manifold M.

Next we work on the meaning of “coherently” above. Before we can accomplish that,
though, we need to develop the definition of a submanifold.

WARNING: Different authors have different definitions of submanifold. We are using
the right definitions here, and all others are wrong. Please let everyone know.

A small unassigned exercise: A subset S of a topological space X is closed iff, for all
x € X, there is a neighborhood U in X of z such that SN U is closed in U, where U has
the inherited topology from X.

Definition. A subset of a S of a topological space X is said to be locally closed if, for all
s € S, there is a neighborhood U in X of s such that SN U is closed in U, where U has
the inherited topology from X.

More unassigned exercises: A subset is locally closed iff it can be written as the
intersection of an open set with a closed set. Also, a subset is locally closed iff it is an
open subset of its closure, where the closure is given the inherited topology. The locally
closed sets are obtained by taking the collection of all open sets and closing it up under
complement and finite intersection.



For example, (0,1) x {0} is a locally closed subset of R?, although it is not closed.

Definition. Let d > 0 be an integer and let ¢ € [0,d] be an integer. Let M be a d-
manifold and let S C M. A chart ¢ : R* — M will be said to be c-adapted to S if
¢71(S) = R x {0}4=°. We say that S is a locally closed c-submanifold of M if: for all
s € S, there exists a chart ¢ : R? — M such that s € ¢(R?) and such that ¢ is c-adapted
to S. We say that S is a closed c-submanifold of M if it is both a closed subset of M
and is a locally closed c-submanifold of M.

Note: S is a closed c-submanifold of M iff: for all m € M, there is a chart ¢ : R — M
such that m € ¢(R?) and such that either ¢~1(S) = 0 or ¢~1(S) = R® x {0}4~<.

Let S be a locally closed c-submanifold of the d-manifold M. Give S the topology
inherited from M. Any c-adapted chart gives rise to a map R® — R¢ x {0}47¢ — S.
The maps so obtained from the c-adapted charts form an maximal atlas on S called the
submanifold atlas on S.

A locally closed submanifold of a manifold M is just a locally closed c-submanifold
of M, for some integer ¢ € [0,dim(M)]. A closed submanifold of a manifold M is just
a closed c-submanifold of M, for some integer ¢ € [0, dim(M)].

Any locally closed submanifold of a manifold M is locally closed as a subset of the
topological space M. Any closed submanifold of a manifold M is closed as a subset of the
topological space M.

Definition. Let M and N be manifolds. A map f : M — N is an immersion if f is
smooth and, for all m € M, (df)m : TrnM — Tym)N is injective.

We leave it as an unassigned exercise to show that, for any manifold M, for any locally
closed submanifold S of M, there is a unique manifold structure on S with respect to which
the inclusion map S — M becomes an immersion. The topology underlying this manifold
structure is just the inherited topology from M, and the maximal atlas is the submanifold
atlas.

From now on, any locally closed submanifold is defined to have the unique manifold
structure making inclusion an immersion.

NOTE: A figure “8” in the plane R? is not a locally closed submanifold, even though
it is the image of two essentially different injective immersions R — R2. (Both send —cc to
the crossing point, but one starts out northeast, whereas the other starts out northwest.)
So, in our terminology, a locally closed manifold is not the same as the image of an
immersion, and for good reason: The figure “8” has two different reasonable manifold
structures on it, and we prefer our submanifolds to have a nice well-defined manifold
structure that is somehow “inherited” from the ambient manifold.

EXERCISE 22D: Let M be a manifold and let m € M. Show that T,,M is a closed
submanifold of T'M.

We now have a situation where the manifold T M is filled up by closed submanifolds
T M parameterized by points m € M and each of which has a vector space structure.
We are still moving toward the definition of vector bundle, of which TM is the
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archetype. We will organize the material so that all sorts of other “bundles”, like principal
bundles and fiber bundles, are defined at the same time.

Definition. Let C be a category and let F : C — {manifolds} be a functor. Let S be a
manifold. An F-structure on S is an object C' € C such that F(C) = S.

So an F-structure is just a “lift” of S into C via F.

For example, let Cy := {finited dimensional vector spaces} and let Fy : Cy — {manifolds}}}
be the standard functor. Let Sp be the unit disk centered at the origin in R?; then Sy is
a manifold. Let ¢ : R2 — Sy be some diffeomorphism. Let V denote the standard vector
space structure on R2. Then Cy := (So, ¢«(V)) is a vector space and F(Cp) = Sp. So Cp
is an Fy-structure on Sy. For this functor, Fy, one thinks of an Fy-structure as being the
same as a vector spaces structure. That is, to “lift” a manifold into {vector spaces} is just
to give it a vector space structure.

Recall (from Exercise 22C) that in TM, each submanifold T,,M has been given a
vector space structure, i.e., an Fp-structure.

Definition. Let C be a category and let F : C — {manifolds} be a functor. A pre-F
bundle on M is:

(1) a manifold X;

(2) a smooth map 7 : X — M; and

(3) amap(: M —C
such that, for all m € M,

(A) w=1(m) is a submanifold of M; and

(B) F(¢(m)) =7~ (m).

According to (B), (3) simply assigns an F-structure to each fiber of r.

Let Fy : {finite dimensional vector spaces} — {manifolds} be the standard functor,
described above. Let M be a manifold. Then a pre-F; bundle on M will be called a
pre-vector bundle on M.

Thus, for any manifold M, TM (as a manifold, together with the smooth tangent
bundle map TM — M, together with the vector spaces structures on the tangent spaces)
is a pre-vector bundle on M. This pre-vector bundle is also denoted T'M.

Definition. Let C be a category and let F : C — {manifolds} be a functor. We will say
that F has unique diffeomorphism lifting if, for all C' € C, for all manifolds S, for any
diffeomorphism ¢ : FC' — S, there is a unique arrow ¢ : C — D in C such that Fy = ¢.

Note that, in the above notation, 7D = S, so D is an F-structure on S.

So, if F has unique diffeomorphism lifting, if S is a manifold, and if we have a dif-
feomorphism between S and some manifold Cy with a F-structure C', then S obtains an
F-structure, denoted D above. We will write ¢,(C) to denote D.

In particular, if Fy : {finite dimensional vector spaces} — {manifolds} is the standard
functor, then F( has unique diffeomorphism lifting, so, for example, if S is a manifold and
if we have a diffeomorphism specified bewteen S and R?, then we can transfer the standard
vector space structure on R? to S.



Definition. Let C be a category and let F : C — {manifolds} be a functor with unique
diffeomorphism lifting. Let M be a manifold and let C be an object in C. Let Cy := FC, so
C is an F-structure on Cy. Let m: M x Cy — M be projection onto the first coordinate.
For all m € M, let ¢,,, : Co — m 1(m) be the diffeomorphism ¢,,(c) = (m,c). Define
¢: M — C by ¢((m) = (¢m)«(C). Then (M x Cy,n,() is called the trivial F bundle
on M with fiber C. It be denoted M x C.

Let Fp : {finite dimensional vector spaces} — {manifolds} be the standard functor,
let V be a finite dimensional vector space and let M be a manifold. Then the trivial
Fo bundle M x V on M with fiber V is called the trivial vector bundle on M with
fiber V. In particular, if M is a manifold and V is a finite dimensional vector space, then
M x RF denotes the trivial vector bundle with fiber RF.

Definition. Let C be a category and let F : C — {manifolds} be a functor. Let M be
a manifold and let My be a nonempty open subset of M. Let X = (X, x,() be a pre-F
bundle on M. Let Xg := 7~ 1(Mj). Let mg := 7| X : Xg — My. Let (o := (|Mp. Then the
pre-F bundle on My given by (X, 7o, (o) will be denoted X |Mj.

Definition. Let C be a category and let F : C — {manifolds} be a functor with unique
diffeomorphism lifting. Let M be a manifold. Let X = (X, 7, () be a pre-F bundle on M.
We say that X is trivial if there exists an object C € C such that X is isomorphic (in the
category of pre-F bundles on M) to M x C. We say that X is locally trivial if, for all
m € M, there is an open neighborhood My of m in M such that X|Mj is trivial.

Definition. Let C be a category and let F : C — {manifolds} be a functor with unique
diffeomorphism lifting. Let M be a manifold. An F bundle on M is a locally trivial
pre-F bundle on M.

Definition. Let C be a category and let F : C — {manifolds} be a functor with unique
diffeomorphism lifting. If X = (X, x, () is a pre-F bundle on M then a section of X is a
smooth function ¢ : M — X such that roo : M — M is the identity map.

Let Fp : {finite dimensional vector spaces} — {manifolds} be the standard functor.
Let M be a manifold. Then a vector bundle on M is an Fy bundle on M. Let V =
(V,m,¢) be a vector bundle on M. A section o of V is said to be nowhere vanishing if,
for all m € M, we have that o(m) is not the zero vector in the vector space {(m). (Recall
that ((m) is just a vector space structure on w—!(m), i.e., {(m) is a vector space whose
underlying manifold is Fo({(m)) = 7~ 1(m).)

EXERCISE 23A: Let d > 0 be an integer. Let M be a d-manifold. Show that the
pre-vector bundle T"M on M is locally trivial. That is, show, for all m € M, that there is
a neighborhood My of m in M such that T'M|Mj is isomorphic to My x R? in the category
of pre-vector bundles on M.

Then, for any manifold M, T'M is a vector bundle on M, called the tangent vector
bundle of M. A vector bundle is a manifold M together with a vector bundle on M.
Then T is a functor from the category of manifolds to the category of vector bundles.

It’s an unassigned exercise to show that a vector bundle over a connected manifold has
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the property that every fiber has the same dimension as every other. When the dimension
of the fibers of a vector bundle does not vary, this constant is called the rank of the vector
bundle. In particular, if M is a d-manifold, then T'M is a vector bundle of rank d.

Note that 7'M, while locally trivial need not be trivial: Let M := S2. Then TM =
T'S? has no nowhere vanishing sections, because you can’t comb the hairs on a hedgehog.
On the other hand, it is an (easy) unassigned exercise to show that any trivial vector
bundle of positive rank admits nowhere vanishing sections. Note that T'M has rank 2.

Fact and Definition. Let V be a finite dimensional vector space. Let vy € V. Then the
map v — (d/dt)i=o(vo + tv) : V. — T,V is an isomorphism of vector spaces. It is called
the standard identification of T,V with V.

EXERCISE 23B: Let V and W be finite dimensional vector spaces. Let L : V — W be
linear. Let vg € V and let wy := L(vg). Let p: V — T,V and ¢ : W — T, )W be the
standard identifications. Show that (dL),, op = qo L.

That is, up to standard identifications, the differential of L at vq is just L itself. One
sometimes says that any linear function is its own differential, but you should realize that
this is only after appropriate identifications, and only when one takes the differential at a
particular point, and not the full differential dL =TL : TV — TW.

Let Fy : {finite dimensional vector spaces} — {manifolds} be the standard functor.
For any vector space V, we will often denote FoV by V. That is, “any vector space is a
manifold”, automatically.

Definition. Let V and W be finite dimensional vector spaces. Let h : V — W be smooth
and let v € V. Let p: V = T,V and q : W — Tj(,) W be the standard identifications.
Then h/(v) : V. — W is the composite h/(v) := ¢~ o (dh), o p.

That is, h'(v) is the same as the differential of h at v, up to standard identifications.

Definition. A pointed smooth map consists of
(1) an arrow f: M — N in the category {manifolds}; and
(2) a point m € M.

EXERCISE 23C: Let W be a vector space, let w € W and let h : W — W be smooth.
Assume that h'(w) : W — W is invertible. Show that there is a smooth map f: W — W
such that f(0) = 0, such that f’(0) : W — W is the identity map and such that (h,w) is
isomorphic to (f,0) in the category {pointed smooth maps}.

In the next result, - denotes the ordinary dot product in Euclidean space, and a dot
over a letter denotes ordinary calculus differentiation.

Fact. Let n > 0 be an integer. Let v : R — R" be differentiable and assume that
v(0) = v(1). Let w € R™. Then, for some ¢ € (0, 1), we have (§(¢)) -w = 0.

The geometric meaning of this is that, given a smooth loop in Euclidean space and
given a hyperplane, there is some velocity vector of the loop that is parallel to the hyper-
plane.



Proof: Define f : R — R by f(t) = (y(t)) - w- then f(0) = f(1). By Rolle’s theorem, there
is some t € (0, 1) such that f(¢t) = 0. Then (¥(¢)) -w = f(t) = 0. QED

In the next definition, |- | denotes the usual Euclidean length, given by |v| = /v - v.

Definition. Let n > 0 be an integer and let L : R* — R" be linear. We define the norm
or operator norm of L to be ||L|| := sup {|L(v)| |v e Sn1l.

Note that, for all L and v we have |Lv| < ||L|| - |v|. Letting - denote both dot
product and ordinary multiplcation of real numbers, note that, for all L, v and w, we have
[ Lo - w| < [[L]] - |v] - w].

Remark. Let n > 0 be an integer and let L : R — R™ be linear. Let I : R* — R” be the
identity map. Assume that ||[L — I|| < 1. Let w € R*\{0}. Then (Lw) - w # 0.

The intuition behind this is that if L is sufficiently close to the identity, then L cannot
“turn a vector sideways”, i.e., move a vector into its orthogonal complement.

In particular, this result implies that the kernel of L is {0}, so L is a vector space
isomorphism.

Proof: We have |w|? — [(Lw) - w] = [({w) - w] — (Lw) - w] = [(I — L)w] - w. Then |w|? —
[(Lw) - w] < |[(I — L)w]-w| < ||[I — L|| - |w]| - |w| < |w|?>. Then [(Lw) - w] # 0. QED

Note that the proof actually shows that (Lv) - v > 0 which says that (the symmetric
part of) L is positive definite.

Recall that a map f : M — N is an immersion if, for all m € M, we have that
(df)m : T M — Tg(s) N is injective. Note that this can only happen if dim(M) < dim(N).

Definition. Let M and N be manifolds and let f : M — N be a smooth map. We say
that f is submersive at m € M if (df)m : T M — Tj(,) N is surjective. We say that
f is submersive if, for all m € M, f is submersive at m. We say that f is bimersive
at m € M if (df)m : TmM — Tg(,) N is a vector space isomorphism. We say that f is
bimersive if, for all m € M, f is bimersive at m.

Note that f can be submersive at a point only if dim(M) > dim(/V). Note that f can
be bimersive at a point only if dim(M) = dim(N).

Lemma. Let M and N be manifolds and let h : M — N be smooth. Let x € M and
assume that h is bimersive at . Then there is a neighborhood U of z in M such that
h|U : U — N is injective.

That is, bimersivity at a point implies injectivity near the point.

Proof: Let d := dim(M) = dim(N). Let I : R? — R? be the identity map.

Replacing N by a neighborhood of h(z) and M by a neighborhood of z, we may assume
that M and N are both diffeomorpic to R*. We may therefore assume M = R? = N. Then,
by Exercise 23C, we may assume that z = 0, that h(0) = 0 and that A’'(0) = I.

We have ||(h’'(0)) — I|| = 0. Let U be a convex neighborhood of 0 in R? such that, for
all u € U, we have ||(h/(u)) — I]| < 1. Let u,v € U and assume both that u # v and that
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h(u) = h(v). We wish to obtain a contradiction.

Let o : R — R? be defined by a(t) = (1 —t)u+tv. By convexity of U, for all t € [0, 1],
we have a(t) € U. Let v : R — R? be defined by v(t) = h(a(t)). Then v(0) = ¥(1). Also,
by the chain rule, for all ¢ € R, we have ¥(t) = [h'(c(t))][c(t)]-

Let w := v — u. Then, for all t € R, we have &(t) = w. By the preceding Fact, choose
to € (0,1) such that (¥(tg)) -w = 0. Let L := h'(a(ty)) : R — R%. Then ¥(to) = Lw.
Thus (Lw) - w = 0.

Since «a(tg) € U, we conclude that |L — I|| < 1. Then, by the preceding Remark,
(Lw) - w # 0, a contradiction. QED

Recall that Invariance of Domain asserts that any injective continuous map between
equidimensional topological manifolds is open. The preceding lemma shows that any bimer-
sion between (smooth) manifolds is locally injective and is therefore (by Invariance of Do-
main) locally open. (A map is “locally injective” if, for any point of its domain, there is a
neighborhood such that the restriction to that neighborhood is injective. A map is “locally
open” if, for any point of its domain, there is a neighborhood such that the restriction to
that neighborhood is open.) It is an unassigned exercise in point-set topology to show that
there is no difference between a map that is locally open versus a map that is simply open.
Thus we have:

Corollary. Any bimersion is open.

Remark. If My is a locally closed submanifold of a manifold M, and if dim(M,) = dim(M),
then M, is open in M.

Proof: The inclusion map My — M is a bimersion, so its image is open. That is, My is
open. QED

Proposition. Let n > 0 be an integer. Let W # () be an open subset of R”. Let h : R* — W
be a bijective bimersion. Then A~ : W — R” is differentiable.

Note: In the statement of the preceding proposition, we are using the ordinary calculus
definition of “differentiable”, which is indicated in the proof below.

Proof: Let zo € R® and let f := h™!. We wish to show that f is differentiable at h(z).
Let I : R® — R™ be the identity map. By Exercise 23C, we may assume that zo = 0,
that h(0) = 0 and that A'(0) = I. We wish to show that f is differentiable at 0.
Let U denote the set of open neighborhoods of 0 in R™. For any U € U, let oy denote
the set of all functions « : U — R™ such that «(0) = 0 and such that |a(z)|/|z| — 0 as

z— 0. Let 0 := U oy. For any U € U, let Oy denote the set of all functions o : U — R”
Ueu
such that a(0) = 0 and such that sup {|a(z)|/|z| |z € U\{0}} < co. Let O := U Oy.
Ueu

For any function p, let dom(p) denote the domain of p. By definition of “differentiable
at 07, we wish to show that there is a linear map L : R — R?% and an 07 € o such that,
for all x € dom(oy), we have: f(z) = [f(0)] + [Lz] + [01(z)]. We have f(0) = 0. Since
h'(0) = I, we expect the derivative of f = h~! at 0 to be I. We therefore wish to show,
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for some 07 € o, for all x € dom(o), that:

f(z) = 2 + [o1(2)].

By the first order form of Taylor’s Theorem in Advanced Calculus, choose 0y € 0 such
that, for all z € dom(oz), we have: h(z) = [h(0)]+ [(h’'(0))z] + [02(z)]. Since h(0) = 0 and
h'(0) = I, this reads: For all z € dom(o3),

h(z) = = + [oa()].

As 09 € 0, replacing 02 by a restriction to a smaller neighborhood of 0, we may assume,
for all x € dom(oy), that |os(x)| < |2|/100.

By the preceding Corollary, bimersions are open, so h : R* — W is open. Let U :=
f~'(dom(02)) = h(dom(oz)). Then U is an open neighborhood of 0 in R”. For all z € U,
we have f(z) € dom(02), so both h(f(z)) = [f (z)]+[02(f(x))] and |02(f (2))| < |f(=)|/100.
As h(f(x)) = h(h~!(x)) = z, this reads: For all z € U,

both 2= [f(z)]+[o2(f(2))]  and  |oa(f(2))] < (1/100)[f ()],
which implies that
|| > |f (@) = (1/100)|f (z)| = (99/100)|f ()],

which implies that
|f(z)] < (100/99)|z|.

Let Oy := f|U. Then Oy € O and for all z € U, we have
f(z) = O1(=).
Then, for all z € dom(0;) = U, we have
z = [f(2)] + [02(f (2))] = [f (2)] + [02(O1(2))]-

Define o1 : U — R? by o01(x) = —02(O1(z)). Then o, € o, and, for all z € dom(o;) = U,
we have f(z) =z — [02(01(x))] = z + 01(z), as desired. QED

A summary of this proof would read: We wish to show that f := h~! is differentiable
at 0. We may assume, for z near 0, that h(z) = x 4+ o(z). Then, for z near 0,

Then, for z near 0, |z| > |f(z)| — (1/100)|f(x)|, so f(z) is O(z). Then
z = f(x) + o(f(2)) = f(z) + 0(O(z)) = f(z) + o().
Then f(z) =z — o(z) = z + o(z), so f is differentiable at 0.
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Definition. Let m,n > 0 be integers. Let V be a nonempty open subset of R and let W
be a nonempty open subset of R™. Let f: V — W be differentiable. (That is, assume, for
all v € V, that there exists a linear L, : R™ — R™ such that, for all x € V close to zero,
we have f(v+ x) = [f(v)] + [Lyz] + [o(z)]. Then we define Df : V x R™ — W x R™ by
(Df)(v,z) = (f(v), Lyz).

We say that f is D! if f is differentiable. We say that f is D? if f is differentiable
and Df is also differentiable. We say that f is D3 if f is differentiable and Df is also
differentiable and D?f := D(Df) is also differentiable. And so on.

It is an unassigned exercise to show all three of the following;:

(1) For all integers k > 1, f is C* iff both f is D* and D f is continuous.

(2) D(go f) = (Dg)o (Df).

(3) For all integers k > 1, f is D implies that f is C*~1.

Item (2) above is called the Chaln Rule of Advanced Calculus

Lemma. Let n > 0 be an integer. Let V' and W be nonempty open subsets of R". Let
h :V — W be a bijective bimersion. Then Dh : V xR® — W xR" is a bijective bimersion.

Proof: By definition, if h is a bijective bimersion, then Dh is bijective. We must show that
Dh:V xR* - W x R" is a bimersion.
Let a := (v,z) € V x R". Let b := (Dh)(a). We wish to show that

(d(Dh))g : To(V x R*) = Tp(W x R™)

is a vector space isomorphism. By equality of dimension, it suffices to show that the kernel
of (d(Dh)), is zero.

Let (0,%) € R* x R”. Let 0 : R — R™ x R™ be defined by o(t) = (v + 0,z + t&). Let
k= (d/dt)i=0(c(t)) € To(V x R™). Assume that (T'(Dh))k =0 € Tp(W x R*). We wish
to show that k =0 € T,(V x R™). That is, we wish to show that v = 0 = .

Let p: VXR* -V and 7 : W x R* — W be projections. Since hop = 7o (Dh), it
follows that (Th)o (T'p) = (T'w)o (T(Dh)). Applying this to &, because (T'(Dh))x = 0, we
get ((Th) o (Tp))k = 0 € Ty, )W'. Since h is bimersive, this implies that (Tp)x =0 € T, V.

We have p(a(t)) = v + t0. Then 0 = (Tp)s = (d/dt)i=o(p(c(t))) = (d/dt)i=o(v + D).
Then v = 0. It remains to show that = = 0.

For all t € R, we have o(t) = (v,x + tz), so (Dh)(a(t)) = (h(v), (b (v))(x + tz)). Let
q: W xR™ — R™ be projection. Let r :=go (Dh) : V x R* — R". for all t € R, we have
r(o(t)) = (M (v))(x +tz) = (b (v))x + t[(h'(v))Z]. Also, we have

(d/dt)e=o(r(o(t)) = (Tr)k = [(Tq) o (T(Dh))]~.
So, as (T'(Dh))k = 0, we get (d/dt)i—o(r(co(t)) =0 € T,R™. Then
0 = (d/dt)s=o(r(o(t)) = (d/dt)s=o((W (v))z + t[(h' (v))])-

Then (h'(v))% = 0. Since h is bimersive, this implies that £ = 0. QED

We can now state the multivariable calculus version of the Inverse Function Theorem:
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Theorem. Let W be a nonempty open subset of R*. Let h : R* — W be a bijective
bimersion. Then A=!: W — R" is smooth.

Proof: By the preceding lemma, Dh is a bijective bimersion. Then, by the preceding
proposition, (Dh)~?! is differentiable. Because D distributes over composition, it follows
that D(h™1) = (Dh)™!. Therefore D(h™1!) is differentiable. That is, A1 is D?.

By the preceding lemma, D2} is a bijective bimersion. Then, by the preceding propo-
sition, (D?h)~1 is differentiable. Because D distributes over composition, it follows that
D?(h~') = (D%h)~!. Therefore D?(h™!) is differentiable. That is, h™! is D3.

Continuing in this way, we show, for all integers k& > 0, that A~! is D**1, and is
therefore C*. Then A~! is C*®. QED

Definition. Let M, N, My and Ny be manifolds. Let m € M. Let f : M — N and
fo: My — Ny be smooth maps. We say that f; is a localization of f near m if:

(1) My is a neighbhorhood of m in M;

(2) Ny is a neighbhorhood of f(m) in NV;

(3) f(Mo) € No; and

(4) f() = f‘M() : My — Npy.

Inverse Function Theorem (first avatar). Let M and N be manifolds and let f: M — N
be smooth. Let mo € M and let ng := f(myg). Assume that (df )m, : TngM — T N is a
vector space isomorphism. Then there is a localization fy : My — Ny of f near mg such
that f|My: My — Ny is a diffeomorphism.

Proof: We have dim(M) = dim(T,,,M) = dim(T,,,N) = dim(N). Let d := dim(M) =
dim(N). There is a neighborhood of ng in N that is diffeomorphic to R?, so we may assume
that N C R*. There is a neighborhood of mg in M that is diffeomorphic to R?, so we
may assume that M C R%. Let I :=id : R* — R?. By Exercise 23C, we may assume that
mo = 0 = ng and that f’(0) = I. Let || - || denote the operator norm on the vector space
of linear functions R? — R%. We have [|(f'(0)) — I|| = 0. Replacing M by a sufficiently
small neighborhood of 0 in R?, we may assume, for all m € M, that ||(f'(m)) — I|| < 1.
Then, by the remark following Exercise 23C, we see, for all m € M, that f’(m) is a vector
space isomorphism. That is, f : M — N is a bimersion.

By the lemma following Exercise 23C, by replacing M by a smaller neighborhood of 0
in R?, if necessary, we may assume that f : M — N is injective. Since M is a manifold,
there is a neighborhood My of 0 in M and a diffeomorphism ¢ : R* — M, such that
#(0) = 0. Replacing f by f o ¢, we may assume that M = R?.

By Invariance of Domain, an injective continuous map between manifolds of the same
dimension is open, so f : R — N is open. In particular W := f(R?) is open in N. Then,
by the preceding theorem, f~! : W — R? is smooth. Let M, := R? and let Ny := W.
Then f: My — Ny is smooth with smooth inverse, i.e., is a diffeomorphism. QED

Inverse Function Theorem (second avatar). Let M and N be manifolds and let f: M — N
be smooth. Let mo € M and let ng := f(mg). Assume that (df)m, : TmeM — Tpy N is a
vector space isomorphism. Let d := dim(M). Then there is a localization fy : My — Ny
of f near mg such that, in the arrow category of {manifolds}, we have that fy : My — Ny
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is isomorphic to the identity map R? — RY.

Proof: By the first avatar of the Inverse Function Theorem, choose a localization f; :
M, — N; of f near mg such that f; : M; — N; is a diffeomorphism. Let My be a
neighborhood of mg in M; such that M, is diffeomorphic to R?. Let Ny := f(Mp).
Then fo := f1|Mo : My — Ny is isomorphic to a diffeomorphism R? — R? and any
diffeomorphism R? — R? is isomorphic to the identity map R — R¢. QED

Definition. Let M and N be manifolds and let f : M — N be smooth. Define ry : M — Z
by r¢(m) = dim((df )m (TnM)).

That is, for all m € M, rg(m) is defined to be the dimension of the image of the
differential (df )m : Ty M — T't(m)N; this number is called the rank of f at m. Note that
rr(m) < dim(M) and r¢(m) < dim(V).

For example, if M = R = N and if f : M — M is defined by f(z) = z?, then

ro(z) = 0 ifz=0
711 itz 0.

EXERCISE 24A: Let M and N be manifolds and let f : M — N be smooth. For all
k € Z, show that {m € M |ry(m) < k} is a closed subset of M.

That is, r¢ has closed sublevel sets. In particular, r is semicontinuous. (I think one
says “upper” semicontinuous here. . .)

Now, more generally, let M be a topological space and let p : M — Z be a function.
For any m € M, we say that p is constant near m if: there exists an open neighborhood
My of m in M such that p|My is constant. We define C), to be the set of all m € M such
that p is constant near m. It is clear that C, is open in M, but the following property is
also useful:

EXERCISE 24B: Assume that p(M) is finite and that p has closed sublevel sets. Show
that C, is dense in M.

Now go back to the situation where M and N are manifolds and where f : M — N
is smooth. Let ¢ := min{dim(M),dim(N)}. Then r;(M) C {1,...,c} so r¢(M) is finite.
Then by Exercise 24A and Exercise 24B, we conclude that C)., is a dense open subset
of M. Because of this, the following result is quite interesting:

Implicit Function Theorem (first avatar). Let M and N be manifolds, let f : M — N
be smooth and let m € C,,. Let d := dim(M), let e := dim(N) and let 7 := r(m).
Then there is a localization of f near mg which, in the arrow category of {manifolds}, is
isomorphic to

(1,..-,zq) +— (x1,...,2,0,...,0) : R® — R

We will prove this later, after setting up some preliminary results.
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Definition. Let 7, k,I > 0 be integers. Let U C R"** be a nonempty open subset. Let
V C R"* be a nonempty open subset. Let f : U — V be smooth. Let p: R"t* — R" be
projection onto the first r coordinates. Let ¢ : R"™t! — R" be projection onto the first r
coordinates. We say that f fibers directly over r if go f = p.

Definition. Let M and N be manifolds and let f : M — N be smooth. Let » > 0 be an
integer. We say that f fibers over r if there exist integers k,! > 0 there exist nonempty
open subsets U C R"* and V C R™*! and there exists fy : U — V fibering directly over r
such that, in the arrow category of {manifolds}, f : M — N is isomorphic to fo: U — V.

Definition. Let M and N be manifolds and let f : M — N be smooth. Let » > 0 be an
integer and let m € M. We say that f fibers over r near m if there is a localization of f
near m that fibers over r.

Lemma. Let M and N be manifolds and let f: M — N be smooth. Let mg € M and let
r:=r¢(mg). Then f fibers over r near my.

Proof: Let k := (dim(M)) —r and [ := (dim(N)) —r. We may assume that N = R"*!. We
may assume that M = R™t*. We may assume that m = 0 and that f(mg) = 0.

Then 7 is equal to the dimension of the image of L := f/(0) : R'tF — R™+!. The
matrix of L is (r+1) x (r+k). Let W := (f'(0))(R"*). Let V be a vector space complement
in R"** to the kernel of L : R"** — R™*!, Then dim(V) = r = dim(W), L(V) = W and
LIV :V — W is a vector space isomorphism.

By precomposing and postcomposing f : R™t* — R™*! with vector space isomor-
phisms that move V to R” x {0}¥ and W to R” x {0}, we may assume that V = R" x {0}*
and that W = R" x {0}'.

Then the upper left » x 7 block B of the matrix of L is the matrix of LIV : V — W
and is therefore invertible. So det(B) # 0.

Let p : R"** — R" be projection onto the first » coordinates. Let ¢ : R"** — R" be
projection onto the first 7 coordinates. Let g := gof : R"T* — R". Then the matrix of g(0)
is the upper r x (r + k) block of L = f’(0). Define ¢ : R'+* x R™** by ¢(x,y) = (9(z,¥), ).
Note that po¢p =g =gqo f.

The upper r x (r+k) block of ¢’(0) is the matrix of ¢’(0), which is the upper r x (r+k)
block of L. Then the upper left r x r block of ¢’(0) is the same as that of L; it is equal to B.
Moreover, the lower k x (r + k) block of ¢(0) is the matrix of (z,y) — y : R"** - RF. So
the lower left k& x r block of ¢/(0) is equal to zero and the lower right k£ x k block of ¢’(0)
is equal to the k x k identity matrix I. Then det(¢’(0)) = [det(B)][det(I)] = det(B) # 0,
so ¢'(0) : Rr+* — Rtk ig invertible.

Then, by the first avatar of the Inverse Function Theorem, choose a localization ¢y :
V = U of ¢ : Rtk — R"+F such that ¢ : V — U is a diffeomorphism. Then, in the arrow
category of {manifolds}, f|V : V — R™*! is isomorphic to (f|V)o¢y': U — R+

Since po ¢ = g = qo f, it follows that po ¢o = go (f|V), or p = qgo [(f|V) o ¢5].
That is, (f|V) o ¢y " fibers directly over r. Since f|V : V — Rt is a localization of
f Rtk 5 R+ and since f|V : V — R'* is isomorphic to (f|[V)o ¢y’ : U — R we
see that a localization of f fibers over r. QED
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Definition. Let k,1,7 > 0 be integers. We define oF! : R'T* — R"*! by: for all z € R", for
ally € R*, (o}")(z,y) = (,0).

Definition. Let k,l,7 > 0 be integers. Let 7 : R — R’ be a smooth map. We define
okl RtF o R by: for all z € R”, for all y € R, (o*)(z,y) = (z, 7(x)).

EXERCISE 25A: Let k,I,7 > 0 be integers. Let 7 : R" — R! be a smooth map.
Show that, in the arrow category of {manifolds}, o* : R'** — R™*! is isomorphic to
O’,’fl Rtk - R+,

EXERCISE 25B: Let M be a connected manifold, let N be a manifold and let g : M — N
be smooth. Assume, for all m € M, that (dg)m : T M — Ty(m)N is the zero map. Show
that g is constant, i.e., that there exists ng € N such that, for all m € M, g(m) = ny.

EXERCISE 25C: Let k,I,7 > 0 be integers. Let f : R'** — R"*+! be a smooth map
which fibers directly over r. Assume, for all p € R"t*_ that r #(p) = r. Show that there
exists a smooth map 7: R” — R! such that f = o*!. (Hint: Use Exercise 25B.)

Definition. Let d > 0 be an integer. A subset U C R? is an open box if there exist open
intervals I,...,1; C R such that U = I; x --- x I.

EXERCISE 25D: Let k,I,7 > 0 be integers. Let M C R™** and N C R"*! be open
boxes. Let f: M — N be a smooth map which fibers directly over r. Show that there is
an open subset Ny C N and a smooth map fy : R'Y* — R"™+! which fibers directly over r
and which is isomorphic, in the arrow category of {manifolds}, to f: M — Ny.

The first avatar of the Implicit Function Theorem (see above) is implied by

Implicit Function Theorem (second avatar). Let M and N be manifolds, let f: M — N
be smooth Let mg € M. Let r > 0 be an integer. Assume, for some neighborhood W of
mo in M, that: for all w € W, rg(w) = r. Let k := (dim M) —r. Let [ := (dim N) —r.
Then there is a localization of f near mg which is isomorphic to o¥! : R™F — R+

Proof: Passing to a localization, we may assume, for all m € M, that r¢(m) = r. By
the preceding lemma, f fibers over r near mg. Passing to a localization, we may assume
that f fibers over r. Passing to an isomorphic map, we may assume that M is an open
subset of R"t*_ that N is an open subset of R™! and that f : R"t* — R"+ fibers directly
over r. Passing to a localization, we may assume that IV is an open box in R™*! and that
M is an open box in R"t*. By Exercise 25D, we may assume that M = R"*! and that
N = R"*F. By Exercise 25C, choose a smooth map 7 : R" — R! such that f = o*!. Then,
by Exercise 25A, we are done. QED

Definition. Let M be a manifold and let 7 : TM — M be the tangent bundle map. A
(tangent) vector field on M is a section of T M, i.e., a smooth map V : M — T'M such
that ToV : M — M is the identity. We denote the set of all vector fields on M by VF(M).
For all V € VF(M), for all m € M, we denote V(m) alternatively by V,,.

Definition. Let M be a manifold and let 7 : E — M be a vector bundle on M. For
all m € M, let E,, be the vector space 7~(m), and let 0,, be the zero element of that
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vector space. The zero section of E is the map 0 : M — FE defined by: for all m € M,
0(m) = Oy,

Definition. Let M be a manifold. The zero section 0 of T'M is called the zero vector
field. For any V € VF(M), for any m € M, we say that V vanishes at m if V,,, = 0,,
For any V € VF(M), we say that V is nowhere vanishing if, for all m € M, we have

We have argued that we cannot comb the hairs on a hedgehog, which implies that S2
has no nonvanishing vector fields, which, in turn, implies that 7'S? is not a trivial vector
bundle on S2.

Definition. Let M be a manifold, let V € VF(M) and let m € M. Let I C R be an open
interval and assume that 0 € I. Let v : I — M be smooth. Then we say that v is an
integral curve for V at m if:

(1) v(0) = m; and

(2) for all t € I, we have (d/dt)i=o(7(t)) = Vyt)-

Definition. Let n > 0 be an integer, let V € VF(R") For all p € R™, let ¢ : T,R" — R"
be the standard identification. Then we define V : R* — R™ by V (p) = p(Vp).

We leave it as an unassigned exercise to show, for any integer n > 0, for any V €
VF(R™), that V : R* — R™ is smooth.

Theorem. Let M be a manifold, let V € VF(M) and let m € M. Then there exists an
integral curve for V at m.

Proof: Let n := dim(M).
We may assume that M = R™ and that m = 0. We wish to show that there exist
e > 0 and a smooth 7 : (—¢,€) — R™ such that v(0) = 0 and such that, for all ¢ € (—¢,¢),
we have: §(t) = V(v(¢)).
_ Let C be the closed ball of radius 1 about the origin in R™. Recall, for all p € R", that
IV'(p)|| denotes the operator norm of the linear transformation V'(p) : R* — R". Let

K:=swp{|V(p)|peC} and Ki:=sup{||V'(p)||peC}.

For all p,q € C, the multivariable mean value theorem yields: |V (p) — V(q)| < K1lp — q|.
Choose € > 0 such that Ke <1 and such that K¢ < 1/2.

Let X := C([—e¢, €], C) be the set of continuous functions [—¢,¢] - C. Forall a, f € X,
define d(a, 8) == sup {|(a(p)) — (B(p))||p € C}. For all & € X, define & : [—¢,¢] — C by

=[S V(a(s))ds

For all a« € X, for all ¢ € [—¢, €], we have

|<‘/|V )| ds| < ‘/de

so a(t) € C. Thus, for all @ € X, we have a € X.

=K|t| < Ke <1,
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For all a, B € X, for all t € [—¢, €], we have

(@) - (B)| < /O V(a(s)) = V(B(s))| ds

< / Ki|(a(s)) — B(s)| ds

S/Kl (o, B))

= Ki(d(e, 8))t] < Ki(d(, B))e < (1/2)(d(e, B)).

Thus, for all @, 8 € X, we have d(&, 8) < (1/2)(d(c, B)).
EXERCISE 25E: Show, for some ¢ € X, that ¢ = (.
Choose ( as in Exercise 25E, and let v := (|(—¢, €). Then, for all t € (—¢, €), we have:

By the Fundamental Theorem of Calculus, it follows that v is C!, and, for all ¢ € (—¢,€),
that 4(¢) = V(y(t)). It remains to show that ~ is C°°.
We have v = Y:/ 07, S0, as YZ is C* and v is C!, we see that 4 is C*, so vy is C2.
We have ¥ =V o+, so, as V is C* and v is C?, we see that 4 is C2, so v is C3.
Continuing in this way, for all integers k¥ > 1, v is C*. Then v is C*°. QED

EXERCISE 25F: Let M be a manifold, let V € VF(M) and let me€ M. Let v: I - M
be an integral curve for V at m. Let 0 : J — M be an integral curve for V' at m. Show
that y|(INJ)=0|(INJ).

Definition. Let M be a manifold, let V € VF(M) and let m € M. An integral curve
v:1 — M for V at m is said to be maximal if, for any integral curve v : Iy - M for V
at m, we have both Iy C I and vy = v|lp-

We leave it as an unassigned exercise to show: For any manifold M, for any V €
VF (M), for any m € M, there is a unique maximal integral curve for V at m.

Definition. Let M be a manifold and let V € VF(M). We say that V is complete if: for
all m € M, there exists an integral curve v for V' at m such that the domain of v is R.

A vector field which is not complete is said to be incomplete.

Let M := (—1,1) be the open interval from —1 to 1. For all m € M, let V,,
(d/dt)¢=o(m +t). Then V € VF(M) and we leave it as an unassigned exercise to show
that V' is incomplete.

Let f : M — R be a diffeomorphism. Let W := f,(V) be the vector field on R
corresponding to V on M. Since V is incomplete, W is as well. Thus R admits an
incomplete vector field.
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For any S C R, for any t € R, we define S —t:={s—1t|s € S}.

Remark. Let M be any manifold, let V € VF(M) and let € > 0. Suppose, for all m € M,
that there is an integral curve (—e,e¢) — M for V at m. Then V is complete.

Proof: Fix mg € M. We wish to show that there is an integral curve R — M for V' at my.
Let 9 : I — M be the maximal integral curve for V at my. We wish to show that I = R.
That is, we wish to show that the interval I is neither bounded above, nor bounded below.
We will show that I is not bounded above; the proof that I is not bounded below is similar.
Suppose I is bounded above. We aim for a contradiction.

Choose t; € I such that ¢t; + (1/2)e ¢ I. Let mq := 7o(t1). Let Iy := I —t;. Define
v1:Ii = M by v1(t) = vo(t + t1). Then 7; is a maximal integral curve for V at m;.
By assumption, there is an integral curve (—e,¢) — M for V at mg, so, by maximality,
(—€,€) €Iy =1 —t;. Then (t; — €,t1 +€) C I. However, t; + (1/2)e ¢ I, so we have a
contradiction. QED

Corollary. Any vector field on a compact manifold is complete.

Proof: Let M be a compact manifold and let V € VF(M). We wish to show that V is
complete.

For all m € M, choose €,, > 0 such that there is an integral curve (—2¢,,,2€,) — M
for V at m. We then leave it as an unassigned exercise to show that there is a neighborhood
U,, of m in M such that: for all u € U,,, there is an integral curve (—¢,,, €,) — M for V
at u. (Hint: To do this exercise, it helps to have the existence of local flows, see below.)

By compactness, choose a finite subset i C M such that U Up=M. Let € :=

fer
min{es | f € F'}. Then, for all m € M, there is an integral curve (—¢,e) — M for V at m.
Then V' is complete, by the preceding remark. QED

Definition. Let V be a vector field on a manifold M and let N' denote the set of all
open subsets U of M x R such that M x {0} C U. For all U € N, for all m € M, let
Un :={t € R|(m,t) € U}. A local flow for V is

(1) aU € N; and

(2) asmooth ¢:U - M
such that, for all m € M, we have:

(A) U, is an open interval in R; and

(B) t — ¢(m,t) : Uy, — M is an integral curve for V at m.

Theorem. For any manifold M, for any V € VF(M), there is a local flow for V.

We leave the proof as an unassigned exercise for the interested reader. It is quite
similar to the proof of the existence of integral curves, except that one must create an
integral curve for V' at every point of M, not just at one. Moreover, one must do all of
them simultaneously in a smoothly varying way.

For any function f, let dom(f) denote the domain of f.
Remark. Let M be a manifold and let V' € VF(M). Let ¢ and % be local flows for V. Let
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W := (dom(¢)) N (dom(2))). Then ¢p|W = )|W.

Definition. Let M be a manifold and let V€ VF(M). Let F be the set of flows for V' and
let ¢ € F. We say ¢ is maximal if, for all ¥y € F, we have 1) = ¢|(dom(v))).

EXERCISE 25G: For all V € VF(M), show that there is a unique maximal flow for V.

We now begin a new topic: Tensors and tensor bundles. From this point on, ® means
®r. By “vector space”, we will always mean real vector space, unless otherwise specified.

Recall that, if V and W are vector spaces, then V ® W is defined in such a way that,
for any vector space X, the set of bilinear maps V x W — X is naturally in one-to-one
correspondence with the set of linear maps V@ W — X.

Similarly, if V., W and X are vector spaces, then V@ W ® X is defined in such a way
that, for any vector space Y, the set of bilinear maps V x W x X — Y is naturally in
one-to-one correspondence with the set of linear maps VW ® X — Y.

For any vector space V, for any integer n > 1, we define "V :=VV®---QV (n
factors). For any vector space V, we define @’V := R.

Definition. Let V be a vector space and let n > 2 be an integer. Let 3 be the set of all

permutations on n symbols, i.e., the set of all bijective maps {1,...,n} — {1,...,n}. Let
W :=Q"V. Let
Q = { (1® Q)= (Vo) ®Vsm)) | v1,...,0n€V, oc€¥ }

Let X be the linear span of @ in W. Then we define S™V := W/X.

For all vector spaces V, we also define S°V := R and S'V :=V.

We leave it as an unassigned exercise to show, for any vector spaces V and W, for
any integer n > 1, that the set of symmetric multilinear maps V x --- x V. — W (where
the Cartesian product has n factors) is in one-to-one correspondence with the set of linear
maps S™V — W.

Definition. Let V be a vector space and let n > 2 be an integer. Let X be the set of all
permutations on n symbols, i.e., the set of all bijective maps {1,...,n} — {1,...,n}. Let
sgn: X — {—1,1} be the sign homomorphism. Let W := ®™V. Let

Q = { (1® - ®vy)—(580(0)) (V1) ®Vo(n)) | v1,.-,vn €V, o€X }.

Let X be the linear span of @ in W. Then we define A"V := W/X.

For all vector spaces V, we also define A°V :=R and AV :=V.

We leave it as an unassigned exercise to show, for any vector spaces V and W, for any
integer n > 1, that the set of antisymmetric multilinear maps V' x --- x V. — W (where
the Cartesian product has n factors) is in one-to-one correspondence with the set of linear
maps A"V — W.

Let VS denote the category of finite dimensional vector spaces. Recall that, if n > 1
is an integer and if Vi,...,V, € VS, then dim(V; @ --- ® V;,) = (dim(V1)) - - - (dim(V},)).
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Let V € VS and let d := dim(V'). We leave it as an unassigned exercise to show that
dim(S™V) is equal to the cardinality of the set of: monomials in d variables with total
degree n. We also leave it as an unassigned exercise to show that this is equal to the
binomial coefficient “d + n — 1 choose d”.

Let V € VS and let d := dim(V). We leave it as an unassigned exercise to show that
dim(A™V) is equal to the cardinality of the set of: square-free monomials in d variables
with total degree n. We also leave it as an unassigned exercise to show that this is equal
to the binomial coefficient “d choose n”.

For all integers n > 1, let V8™ denote the category of n-tuples of finite dimensional
vector spaces.

Let VB denote the category of vector bundles. For any vector bundle E over a mani-
fold M, for all m € M, let E,, € VS denote the fiber over m of F.

An n-tuple of vector bundles consists of a manifold M and an n-tuple of vector
bundles on M. Let VB™ denote the category of n-tuples of vector bundles. For any vector
bundle E = (E!,..., E™) over a manifold M, for all m € M, let

E,, = (EL,...,E™) € VS™.

Let M denote the cateogry of manifolds. For any V € VS, for any M € M, recall
that M x V is a trivial vector bundle over M. For any V = (V4,...,V,) € VS§", for any
MeM,let M xV:=(MxVy,...,MxV,) e VB".

A smooth family of vector spaces consists of a manifold M and a function from M
to the class of vector spaces. Let SFVS denote the category of smooth family of vector
spaces. Let A : VB — SFVS be the forgetful functor, which associates, to any vector
bundle F on a manifold M, the map m — E,,.

Now fix an integer n > 1 and let F : V§™ — VS be a functor.

Let P : VB"™ — M be the functor which associates to any n-tuple of vector bundles,
the underlying base manifold. Let Q : VB — M be the functor which associates to any
vector bundle, the underlying base manifold.

Let C be the full subcategory of VB"™ whose objects are

{ MxV | MeM, Vevs" }

(By “full subcategory”, we mean that the arrows of C are those arrows in VB™ whose
domain and target are objects in C.) Define Fy : C — VB by Fo(M x V) = M x (F(V)).
Define B : VB" — SFVS be defined by: for any n-tuple E of vector bundles over a
manifold M, B(E) is the map m — F(Ep,).

Proposition. There is a unique functor F' : VB™ — VB such that F'|C = Fy, such that
Ao F' = B and such that Qo F' = P.

We omit the proof. Four important special cases:

First, if F = ® : V8™ — VS, then F' is also denoted ® : YVB™ — VB. That is, if
E, ..., E™ are vector bundles over a manifold M, then F'(E!,..., E™) is a vector bundle
over M which is typically denoted E' ® ---® E™. It has the property that, for all m € M,
we have (E' ® --- ® E™),, is naturally isomorphic to E} ® ---® ET in VB.
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Second, if F = 8™ : VS — VS, then F' is also denoted S™ : VB — VB. That is,
if E is a vector bundle over a manifold M, then F'(E) is a vector bundle over M which
is typically denoted S™E. It has the property that, for all m € M, we have (S™E),, is
naturally isomorphic to S™(E,,) in VB.

Third, if F = A™ : VS — VS, then F' is also denoted A™ : VB — VB. That is,
if F is a vector bundle over a manifold M, then F'(F) is a vector bundle over M which
is typically denoted A™E. It has the property that, for all m € M, we have (A"E),, is
naturally isomorphic to A™(E,,) in VB.

Fourth, let 7 =V — V*: VS — VS be the (contravariant) functor which associates,
to any finite dimensional vector space, its dual. Then F’ is denoted E — E* : VB — VB.
That is, if F is a vector bundle over a manifold M, then F'(E) is a vector bundle over
M which is typically denoted E*. It has the property that, for all m € M, we have
(E*)pm is naturally isomorphic to (Eyp,)* in VB. We may therefore write E, without fear
of ambiguity

Let VS be the category whose objects are vector spaces, and whose arrows are iso-
morphisms between vector spaces. For all integers n > 1, let V8" be the category whose
objects are n-tuples of vector spaces and whose arrows are n-tuples of isomorphisms be-
tween vector spaces. Let VB be the category whose objects are vector bundles and whose
arrows are isomorphisms between vector bundles. For all integers n > 1, let VB be the
category whose objects are n-tuples of vector bundles and whose arrows are isomorphisms
between n-tuples vector bundles.

Let n > 1 be an integer. Given a functor F : VS - 17:5', we can mimic the preceding
construction and construct a functor ' : VB — VB.

Note that A : VS — VS, defined by A(V) = V* is contravariant, but we may define
a covariant functor A : VS — VS by, for all vector spaces V, .A( ) = V* and by, for all
vector space isomorphisms f: V — W, A(f) = (A(f))~?

For any vector space V, let End(V') be the vector space of all linear maps V — V.

Fifth, let 7 : VS — VS be the covariant functor defined by F(V) = V* ®@ V. Tt is
an unassigned exercise that F is equivalent to the functor V — End(V) : VS — VS. The
resulting fucntor F' : VB — VB may be thought of as associating to any vector bundle
E — M, a vector bundle over M whose fiber over the point m € M is the vector space of
linear maps T,,M — T, M.

Sixth, fix integers p,q > 0 and define F : VS — VS by F(V) = (®PV*) ® (®V).
Then, for any manifold M, a section of F'(T'M) is called a (p,q)-tensor field on M.
When ¢ = 0, we have F(V) = ®@V*, and so a (p,0)-tensor field on M may be thought
of as associating, in a smoothly varying way, to each point m of M, a p-multilinear map
TMx---xT,, M — R, where there are p factors in the Cartesian product. By polarization,
this is equivalent to a homogeneous polynomial T,,, M — R of degree p. When ¢ =
1, we have F(V) = (®PV*) ® V, and so a (p,1)-tensor field on M may be thought of
as associating, in a smoothly varying way, to each point m of M, a p-multilinear map
ToM x -+« x TpyuM — T,,M, where there are p factors in the Cartesian product. By
polarization, this is equivalent to a homogeneous polynomial T;, M — T,, M of degree p.
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For any vector space V, for any integer n > 0, the map
LA Ny — (vi A+ Awy) — det[l;(v))]
is an isomorphism A™(V*) — (A"V)*. Thus the functors
Vi AM(V*): VS - VS and Vis (A"V)*: VS - VS
are equivalent, it follows that the functors
E— A" (E*): VB — VB and E~— (A\"E)*:VB—>VB

are equivalent. We therefore write A"V* and A" E* without concern about ambiguity.

Definition. Let M be a manifold and let n > 0 be an integer. A (differential) n-form
on M is a section of A™(TM)*.

We now try to give some motivation for that definition.

For any V € VS, for any integer n > 1, let’s say that an ordered n-parallelpiped
in V is simply an element of V x --- x V., where there are n-factors in this Cartesian
product. Let P*"(V) :=V x --- x V denote the set of ordered n-parallelpipeds in V.

Definition. A signed n-parallelpiped measure is a function p : P"(V) — R which is
multilinear and which satisfies:
(x) for all vy,...,v, € V, if, for some 4,5 € {1,...,d}, we have both i # j and
v; = vj, then p(vy,...,v,) =0.

The condition (x) simply says that a degenerate parallelpiped has size zero. This is a
reasonable geometric condition.

The multilinearity says that, if i € {1,...,n}, if v, w and = are three n-parallelpipeds
which agree in all coordinates but the ith, if ¢,d € R if z; = cv; + dw;, then p(z) =
c(u(v)) + d(p(w)). We leave it as an unassigned geometric exercise to show that this
property holds, say, for the usual signed area of ordered 2-parallelpipeds in R2.

Note: A 2-parallelpiped is often called a parallelogram.

EXERCISE 25H: Let V be a vector space. Let n > 1 be an integer. Let p: P*(V) - R
be multilinear. Show that u is a signed n-parallelpiped measure iff y is antisymmetric.

By Exercise 25H, the set of signed n-parallelpiped measures on V' is naturally in one-to-
one correspondence with the set of multilinear antisymmetric maps V x-.-xV — R. This,
in turn, is naturally in one-to-one correspondence with the set of linear maps A"V — R.
This, by definition, is equal to (A™V)*.

Therefore a differential n-form on a manifold M may be thought of as a smoothly
varying system of signed n-parallelpiped measures, one on each tangent space of M.

For any vector space V, for any open subset U in V, for any u € U, the standard
identification of V with T, U is the vector space isomorphism given by

v — (d/dt)i=o(u + tv) : V — T.U.
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Definition. Let M and N be manifolds, let S C M and let f : S — N be a function. We
say that f : S — N has a smooth extension in M to N if there is an open subset U of
M and a smooth function F': U — N such that both S C U and f = F|S. The collection
of such functions will be denoted C37 (P, N).

Let M be a manifold, let » > 1 be an integer and let w be a differential n-form on M.
Let X denote Lebesgue measure on R". Let S be a compact subset of R* andlet o : S — M
have a smooth extension in R” to M. Assume that S C Clgn(Intga(S)). For all s € S,
let es € P™(T,S) denote the basis of TS which corresponds to the standard basis of R”,
under the standard identification T,.S = R®. For all s € S, let p, € P"(T,(5)S) be the
image of e, under (do), : Ts;S — Ty ()M. Define g : S — R by g(s) := ws(ps), where
ws is the signed n-parallelpiped measure on T, M determined by w. Then g : § — R
has a smooth extension in R® to R, and is, in particular, continuous. We then define
[, w:=[g gd

That is, given o, a smooth parametric S inside M, and given a differential n-form w
on M, we can associate a number, fa w, to be thought of as integrating the n-form, w,
along the parametric S, o.

Definition. For any vector bundle E, the vector space of sections of F is denoted I'(E).

Definition. Let F be either a functor VS — VS, or a functor VS = VS. Then, for any
vector space V, any element of F(V) is called an F-tensor in V. For any manifold M,
any element of I'(F'(T'M)) is called an F-tensor field on M.

If o is an F-tensor field on M and m € M, then o(m) € (F'(TM))y = F(TnM) is
often denoted o,,.

If F:VS — VS is defined by F(V) = R, then an F-tensor field on M is a section
of M x R, which is equivalent to a smooth function M — R. If F : VS — VS is defined
by F(V) = V, then an F-tensor field is a vector field. If F : VS — VS is defined by
F(V) = A"V*, then an F-tensor field is a differential n-form. If F: VS — VS is defined
by F(V) = S™V, then an F-tensor field on M is a symmetric n-tensor field on M.

Let p, g > 0 be integers. If F : VS — VS is defined by F(V) = (®9PV*) @ (®4V), then
an F-tensor field is a (p, ¢)-tensor field.

Definition. Let F be a contravariant functor, either VS — VS or VS = VS. Let V and W
be vector spaces and let L : V — W be a linear map. Let ¢ be an F-tensor in W, i.e., let
o € FW. Then we define L*o to be the F-tensor in V defined by L*o := (FL)o.

Definition. Let F : VS — VS be a covariant functor. Let V and W be vector spaces, let
L :V — W be a vector space isomorphism. Let ¢ be an F-tensor in W, i.e., let 0 € FW.
Then we define L*o to be the F-tensor in V defined by L*o := (FL) 'o.

Definition. Let F be either a contravariant functor VS — VS or a covariant functor
VS — VS. Let M and N be manifolds and let ¢ : M — N be a smooth map. Let ¢ be an
F-tensor field on N, i.e., let 0 € I'(F'(T'N)). Then ¢*o is the F-tensor field on M defined

by (¢*0)m = ((dd)m)* (T p(m))-
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Definition. Let F be a covariant functor VS — VS. Let M and N be manifolds and let
¢ : M — N be a diffeomorphism. Let o be an F-tensor field on N, i.e., let 0 € T'(F'(TN)).
Then ¢*o is the F-tensor field on M defined by (¢*0)m = ((dd)m)* (Tg(m))-

Let F be either a contravariant functor VS — VS or a functor VS — VS. Fix a
manifold M and X € VF(M). Let ¢ : U — M be the maximal local flow of M. For all
m € M, let Uy, := {t € R| (m,t) € U}, and define ¢, : Uy, = M by ¢, (t) = ¢(m,t). For
all t € R, let Ut := {m € M |(m,t) € U}, and define ¢* : U* — M by ¢*(m) = ¢(m,t).
Let V't := ¢t(U?).

EXERCISE 26A: For all t € R, show that V* is open in M and that ¢ : U* — V% is a
diffeomorphism.

Definition. Let o be an F-tensor field on M. For allm € M, define vy, : Uy, = (F(TM))m,
by Ym (t) = ((¢¢)*(c|V?))m- Then the Lie derivative of o along X, denoted Lxo is the
F-tensor on M defined by (Lx0)m = ¥m (0).

For any manifold M, C°° (M) denotes the vector space of smooth functions M — R.

Definition. Let f € C°(M) For all m € M, define v,;, := f 0 ¢y, : Up, = R. Then the Lie
derivative of f along X, denoted Lx f is the F-tensor on M defined by (Lx0)m = ¥m (0).

We next seek to practice calculations of Lie derivatives.

Let M := R%. Let e; := (1,0) and ey := (0,1). Let E; € VF(M) be defined by
(E1)p = (d/dt)i=o(p + te1). Let Ey € VF(M) be defined by (E2), = (d/dt)i=o(p + tez).
Define z,y : M — R by z(s,t) = s and y(s,t) = t. Let X = 22E; + ayE, € VF(M).
Let fo :=2° +y%: M — R Let fo € I'(M x R) be defined by fo(p) = (p, fo(p)). Let us
compute Lx fo and L Xﬁ).

We first note that E; is often denoted d/0x, while F5 is often denoted 9/0y. One
often writes X fo for £ Xﬁ). One often writes X fy for Lx fo. Then we have:

Lx fo=Xfo= (x*(0/0x) + xy(8/0y))(z° + y°).

Our habits from calculus suggest that the answer is z?(52*) + zy(6y°), or 5x¢ + 6xyS.
Define f; := 52° + 62y°® and let f; € I'(M x R) be defined by fi(p) = (p, f1(p)). We leave

it as an unassigned exercise to show that Lx fo = f1 and that Lx fo = f1. Equivalently,
one writes X fo = f1 and X fo = f1.

Note: The shorthand of X f for Lx f is only used when one is computing the Lie
derivative of a section of M xR along a vector field on a manifold M, or the Lie derivative of
a smooth function along a vector field on M. If X and Y are vector fields on a manifold M,
for example, XY is not a shorthand for LxY. In this case, the accepted shorthand for
LxY is [X,Y], and the reason for this choice of shorthand notation will become clear later.

Definition. Let V be a finite dimensional vector space, let I be an open interval in R and
let t — v, : I — V be smooth. Assume that 0 € I. Let ¢ : T,,V — V be the standard
identification. Then we define (D/dt)i—¢ vs := ¢((d/dt) = vy).
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Let F be either a contravariant functor VS — VS or a covariant functor 17:9 — 17:5’

Definition. Let M and N be manifolds, and let w be an F-tensor field on N. Let U be an
open subset of M and let V' be an open subset of N. Let ¢ : U — V be a diffeomorphism.
Then we define ¢*w to be ¢*(w|V).

Definition. Let M be a manifold and let U be an open subset of M xR. For all m € M, let
Up :={t € R|(m,t) € U}. Forallt € R, let Ut := {m € M | (m,t) € U}. Assume, for all
m € M, that U,, is a interval in R and that 0 € U,,,. For all t € R, let w! be an F-tensor
field on Ut. Assume that (m,t) — (w')y, : U — F'(TM) is smooth. Then (D/dt)i—ow? is
the F-tensor field on M defined by ((D/dt)i=o w®)m = (D/dt)i=o ((w®)m)-

Now let X be a vector field on a manifold M with maximal flow ¢ : U — M. For all
teR let Ut :={m e M |(m,t) € U}, and let ¢* : U* — M be defined by ¢*(m) = ¢(m,t).
Then note that, with the definitions made above, we have Lxw = (D/dt)i—o((¢*)*w).

A small unassigned calculus exercise: Let V' be a finite dimensional vector space and
let f:R? — V be smooth. Show that

(D/dt)e=o(f(t,1)) = [(D/dt)e=o(f(£,0))] + [(D/dt)i=o(f(0,2))].

Now let M := R? and let X := x2(0/0x) + zy(9/0y). Let Y := x3(d/0z). That is,
X =22E1 + xyEy € VF(M) and Y = 23E, € VF(M).
We wish to compute [X, Y], i.e., to compute LxY.

Lemma. For all f € C°(M), we have Lx (Y f) = (LxY)f+Y(Lxf).

Proof: For all t € R, we have (¢")*(Yf) = ((¢*)*Y)((¢%)*f). Taking (D/dt)¢=o of both
sides, we get

Lx(Yf) = (D/dt)=ol(8)Y)(¢°)* )] + (D/dt)s=o[((¢°)*Y)((#")*f)]-
Since ¢° : M — M is the identity, this reduces to

Lx(Yf) = (D/dt)=o[((¢")*Y)f] + (D/dt)s=o[Y((¢")"f)]
= (LxY)f + Y(LxFf). QED

Using alternate notation, the preceding lemma asserts that XY f = [X,Y|f + Y X f,
or [X,Y]f = XY f-YXf, which explains why [X, Y] is used as an abbreviation for LxY.

Remark. Let N be a manifold and let P,@ € VF(N). Then P = Q iff, for all f € C>*°(M),
we have Pf = Qf.

We leave this last remark as an unassigned exercise.

We now compute [X,Y], with X and Y on M = R? as defined above: Let 0, be
shorthand for 0/0z. Let 8, be shorthand for 0/dy. Let d,, be shorthand for 0?/0z2. Let
Ozy be shorthand for 8?/0z dy. For any f € C*°(M), we have

XYf = (2°0: +aydy)(e°0:)f = (2°0; +2ydy)(2°0:f),
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SO
XYf = o*(30%) 0uf +0° Opuf + &y uyf.

Similarly, for all f € C*°(M), we have

YXf = 2x48$f+x3y8yf+a:5 Opa f +x4y8$yf.
So, by the preceding lemma, for all f € C*°(M), we have

(X, Y]f = XYf-YXf = z'0.f—-2%0,f
By the preceding remark, this shows that

[X,Y] = =2%*0,—2%y0,.

EXERCISE 27A: In the notation established above, let X := 20, and Y := 9, be two
vector fields on R?. These two vector fields are complete. Let ¢ : R2 x R — R2? and
1 R? x R — R? be the flows of X and Y, respectively. As usual, for all ¢t € R, define
o' Yt i R? = R? by ¢'(p) = é(p, 1) and ¢*(p) = 9 (p, 1).

(1) For all t € R compute ¢* : R? — R? and * : R* — R?.

(2) For all t € R compute (¢*)*Y and (4*)*X.

(3) Let ¢ :== (1,0) € R?. For all t € {2,1,1/2}, show a picture of ((¢*)*Y),. For all

t € {2,1,1/2}, show a picture of ((¢")*X),.
(4) Compute [X,Y] and [Y, X].
(5) Let g := (1,0) € R%. Show a picture of [X,Y],. Show a picture of [Y, X],.

Note that, if M is a manifold and if X € VF(M), then f — X f: C°(M) — C*(M)
is a function-valued derivation i.e., is an R-linear function which satisfies: for all f,g €
C>°(M), we have X(fg) = (X f)g + f(Xg).

Let M be a manifold and let v € TM. Let ¢ > 0 and let v : (—e,e) — M be
a smooth function such that 4(0) = v. For any f € C°(M) we define vf € R by
vf = (D/dt)=o(f((t))). We leave it as an exercise to show that this is well-defined, i.e.,
that the value of vf does not depend on the choice of ~.

Note that, if M is a manifold, if m € M and if v € T, M, then f — vf : C*°(M) — R
is a scalar-valued derivation at m, i.e., is an R-linear function which satisfies: for all
f,9 € C=(M), we have v(fg) = (vf)(g(m)) + (f(m))(vg).

Note that, if M is a manifold, if X € VF(M) and if f € C*°(M), then, for all m € M,
we have (X f)(m) = X, f.

Lemma. Let M be a manifold and let X, Y € VF(M). Let ¢: U - M and ¢ : V — M be
the maximal flows of X and Y, respectively. Let my € M. Choose € > 0 such that, for all
t € [0,¢€), we have: mg € dom(¢p™Vt o ¢~V o pVt 0 ¢V?). Define a : [0,€) — M by a(t) =
(¢_ﬂo¢_ﬁo¢ﬁoq§ﬁ)(mg). Let f € C°°(M). Then (D/dt)i=o+(f(a(t))) = [X, Y]mo f-

Proof: Let I be an open interval in R such that 0 € I and such that, for all s,¢,u,v € I,
we have mg € dom(1) =" 0 =% 0 ¢t 0 ¢°). Define B : I* — M by

B(s,t,u,v) = (=" 0 ™" 04’ 0 §°) (mo).
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Define g : I* — R by g(s,t,u,v) = f(B(s,t,u,v)). Replacing ¢ by a smaller positive
number, if necessary, we may assume that, for all ¢ € [0,¢), that /¢t € I. Then, for all
t € [0,¢), we have a(t) = B(Vt, Vt, V1, V), which implies that f(a(t)) = g(v/t, Vt, Vt,V1).

We wish to show that, for ¢ € [0, €), we have:

fla®) = (fimo) + (X,¥Y]mof)t + o).
It suffices to show that, for ¢t € I, we have:
gt.t,t,t) = (f(mo)) + (X, YImo£)t® + ot?).

Since ¢(0,0,0,0) = f(mg), by Taylor’s Theorem, it suffices to show both that

(D/dt)s—o(g(t,t,t,t)) =0  and that  (D?*/dt*)i—o(g(t,t,t,t)) = 2[X,Y]m, f-

For all integers ¢ € [1,4], let 0; := 0/0x;. By the chain rule,

4
(D/dt)(g(t, t,t,1) =D (9:9)(t, t,1,1).

=1

Similarly, for all integers i € [1, 4],

(D/dt)((8;9)(t,t,t,t)) Zaazg (t,t,t,1).

Then
4 4

(D2/dt2)(g(t,t,t,t)):%z:( (Lt ) =YY (9;0i9)(t,1,1,1).

=1 i=1 j5=1

Thus, we have

-

I
—

(D/dt)i=0(g(t,t,t,t)) = > (0:9)(0,0,0,0)

7

and

4 4
(D?/dt?)e—o(g(t,t, £, 1) =Y > (9;0:9)(0,0,0,0)

i=1 j5=1

-

+2{ > (aiajg)(o,o,o,O)}.

= [ (029)(0,0,0,0)
i=1 1<i<j<4

For all s,t,u,v € I, we have
(019)(s,0,0,0
(029)(s,t,0,0

(039)(s,t,u,0
(049) (s, t,u, v

= (Xf)(B(s,0,0,0)),
Yf)(ﬁ(& ¢,0,0)),
-Xf)(B(s,t,u,0)) and
=Y f)(B(s,t,u,v)).
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Then, for all s,¢,u,v € I, we have

(919)(s,0,0,0
(01029)(s,0,0,0

(939)(s,,0,0
(01039)(s,0,0,0
(02039)(s,t,0,0

(0329)(s,t,u,0
(01049)(s,0,0,0
(02049)(s,t,0,0
(03049) (s, t,u,0
(019)(s,t, u, v

~—r . e e e N N N S SN

Then

M”‘

(D/dt)s—o(g(t, 1,1, 1)) )(0,0,0,0) = (X +Y — X — Y)£)(8(0,0,0,0)) = 0.

z:1

Moreover,

IS

(D/dt)e=o(g(t,t, t,t)) =Y _ (3ig)(0,0,0,0)

=1

and

4
(D?/dt*)i—o(g(t, t,t,1)) = [Z )(0,0,0,0) | +2

=1

Y (9:09)(0,0,0,0)
1<i<j<4
= (XX +2XY +YY —2XX — 2YX + XX

—2XY —2YY +2XY + YY) £)(B(0,0,0,0)).

That is, (D/dt)i—o(g(t, t,t, 1)) = (2XY — 2Y X)) (mo) = 2[X, Y]m, f- QED

Definition. Let M be a manifold and let X,Y € VF(M). We say that X commutes
with Y if [X,Y] = 0.

EXERCISE 27B: Let M be a manifold and let X, Y € VF(M). Let ¢ : U - M and
1 : V — M be the maximal flows of X and Y, respectively. Show that X commutes with
Y iff: for all m € M, there exists an € > 0 such that, for all s,¢ € (—¢, €), we have:

(1) m € dom(y' 0 ¢°);

(2) m € dom(¢® o 9t); and

(3) (¥'0¢°)(m) = (¢° 0 4*)(m).

For all integers n > 0, let e7,..., el be the standard basis of R", let ef := 0 € R
and let A" denote the closed convex hull in R™ of efj, ..., e; the set A™ will be called the
standard n-simplex. A parametric n-simplex in a
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Definition. Let n > 0 be an integer and let M be a manifold. A parametric n-simplex
in M is a function A™ — M which has a smooth extension in R™ to M. Let A :=
CRo (A™, M) be the set of all parametric n-simplices in M. Let S, M := R[A] be the vector
space of all formal R-linear combinations of parametric n-simplices in M. An element of
S™M is called an n-chain in M.

Definition. Let n > 0 be an integer and let M be a manifold. The set of differential n-
forms on M is denoted Q"M := I'[A"(TM)*]. Let w € Q"M. Themap f — [, w: A= R
extends by linearity to a map S, M — R, and the image of 0 € S,, M under this map is
denoted [ w.

If V is a vector space, if n > 1 is an integer and if vy,...,v, € V, then v1 A --- A v,
denotes the image of v1 ® --- ® v, € "V under the canonical map ™V — A"V.

Definition. Let V be a vector space and let n > 1 be an integer. Let w € A"V* = (A"V)*.
Let p:= (v1,...,v,) € V™ be an n-parallelpiped. Then (w, p) denotes w(vy A--- A vy,).

When n = 0, we have A"V = R, and we will define V°? := R. (That is, the set of
0-parallelpipeds in V is the set of real numbers.) For w € A%V and p € VO we define
(w,p) = w - p, where - denotes ordinary multiplication of real numbers.

Recall that an n-form is to be thought of as measuring the size of n-parallelpipeds in
tangent spaces. A parametric n-simplex gives rise to a field of n-paralellpipeds, parama-
terized by the simplex. Evaluating the size of each and then integrating against Lebesgue
measure on the simplex, gives a real number. The preceding definition simply extends this

by linearity from parametric n-simplices to n-chains.

Let h : R — R be smooth. Let V := 3/0x € VF(R). Let n € Q'R be defined by:
for all ¢ € R, we have: (nq,Vy) = h(g). This 1-form 7 is often denoted hdz. Note that
Al =10,1]. Let f : A — R have a smooth extension in R to R. Note, for all p € R, that
JF«(Vp) = (f'(p))(V§(p)). Let H be an antiderivative of h. Then

/n=/ Mfwy> (F'(0) (Vi) dp
f 0

= [ B @dp = (7)) - H(O))

Definition. Let n > 1 be an integer. Given v1,...,v, € A", if f: A"~ — A" is the
unique affine map satisfying

f(eg_l) = V1, AR f(eZ:}) = Un,
then we denote f by [vq,...,v,].

Definition. Let n > 1 be an integer and let M be a manifold. Let ¢ : A" — M be a
parametric n-simplex in M. Let

ko:=lel,...,en], ki:=leg,e5,...,en]l, ..., kn:=][eg,---,en_1].
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Then we define Jo := Z?:o (=1) (oo kj) € Sp—1 M.

Let n > 1 be an integer and let M be a manifold. Let A := Cg5(A™, M) be the set
of all parametric n-simplices in M. Recall that S, M = R[A]. Then we extend the map
0:A— S,_1M by R-linearity to 0 : S,M — S,,_1M.

Next, we state the Fundamental Theorem of Calculus in a fancy way:

Theorem. For any w € Q°R, there exists n € Q'R such that, for all ¢ € $1R, we have

Juo= o

Proof: Let M := R. We have A°(TM)* = M x R, so Q°M = I'(M x R). For all
F € C®(M), let F € I'(M x R) be defined by F(p) = (p, F(p)). Then

F — F : C™(M) — I'(M x R)

is a bijection. Choose H € C°°(M) such that H = w. Let h := H' be the ordinary calculus
derivative of H. Define n € Q'R by, for all ¢ € R, we have: (1, V) = h(q). Let 0 € S1R.

We wish to show that [; H = [ 7.
We may assume that o is a parametric 1-simplex in M. That is 0 : [0,1] — M has a
smooth extension in R to M. Let V := 0/0xz € VF(M). As calculated before,

1
[ =] ot @ @) Vo)) o
1
= /O [h(o(p))]lo’(p)] dp = H(o(1)) — H(c(0)).
We leave it as an unassigned exercise to trace through definitions and show that this is
equal to [, H. QED

We can now generalize the Fundamental Theorem of Calculus to arbitrary manifolds
(not just R) and to arbitrary forms (not just O-forms):

Stokes’ Theorem. Let M be a manifold and let n > 0 be an integer. Then there is a unique

R-linear map
d: Q"M — Q"M

such that, for all w € Q" M, for all 0 € S,,+1 M, we have

/ w:/dw.
do o

Let’s assume that Stokes’ Theorem is true and set ourselves to the task of figuring
out how to compute this map d. To this end it will help to have parametric boxes to work
with, because their geometry is perhaps a bit more intuitive.
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Let n > 0 be an integer. A box in R" is a product of n intervals.

Definition. Let M be a manifold and let » > 0 be an integer. A parametric n-box in
M consists of

(1) a compact box B C R"; and

(2) amap B — M which has a smooth extension in R" to M.

Let » > 0 be an integer. Let ai,b1,...,ay,b, € R and assume, for all integers
i € [1,n], that a; < b;. Let B :=[a1,b1] X - -+ X [an, by]. For all integers i € [1,n], let

B; :=[a1,b1] X -+ - X [@i—1,bi—1] X [@i41,bi41] X -+ X [an, by].

Let M be a manifold. Let 7: B — M be a parametric n-box. For any integer i € [1,n],
we define 0; T, 8;'7' : B; = M by

(0; T)(81, -+ 8im15Sit1,---+8n) = T(S1,---,8i—1, @i, Sit1y-- - 5n)

p
(87:_}—7')(81, ey 81, Sid1y -y Sn) = 7'(31, .. -asi—labi33i+1a T Sn)'

Definition. Let M be a manifold and let n > 0 be an integer. Let A denote the set
of all parametric n-boxes in M. We define SP*M := R[A] to be formal finite R-linear
combinations of elements of A. Elements of SP*M will be called n-box chains in M.

Let M be a manifold and let n > 0 be an integer. Let A denote the set of all parametric
n-boxes in M. For any 7 € A, we define

n

or =3 (-1)7@fr-07m) € SEM.

j=1

We extend the map 7 — 07 : A — SP* | M by R-linearity to a map 7 — 07 : SB*M —
Shx M

Any rectangle can be cut along the diagonal to make two triangles. The overlap is just
the diagonal, which has measure zero. More generally, this can be extened to parametric
boxes: For any parametric n-box, there is a sum of parametric n-simplices that covers the
parametric box in a nonoverlapping way.

This can then be extended by R-linearity to m-box chains: For any n-box chain £,
there is an n-chain og that covers the box chain in a nonoverlapping way. This association
B — og can be carried out for each n in such a way that we have the formula: dog = ogp

This intuition can be developed to yield the following rigorous statement:

Lemma. Let M be a manifold and let 3 be an n-box chain on M. Then there is an n-chain
o on M such that, for every w € Q"(M) and every w’ € Q"~1(M), we have

/w:/w and /w':/ w'.
B 4 opB o

This lemma, combined with Stokes’” Theorem gives us:
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Box chain form of Stokes’ Theorem. Let M be a manifold and let n > 0 be an integer.
Then, for all w € Q"M, for all B € SP* M, we have

/ w:/dw.
aB B

TIMEOUT TO DISCUSS MATERIAL RELEVANT TO PRELIMS:

Let M be a manifold and let £ and F' be vector bundles over M, with bundle maps
p:E— Mandq:F — M. For all m € M, let E,, be the vector space p~—!(m), and let
F,, be the vector space ¢~ !(m). Let

Exu F:={(e,f) € Ex F|p(e) = q(f)}-

This is a closed submanifold of £ x F', and we give E X s F' the inherited sumanifold
structure (i.e., the unique manifold structure such that the inclusion E xpy FF — E x F
is an immersion). Define 7 : E X3y F — M by n(e, f) = p(e) = q(f). For all m € M, we
have 7=1(m) = E,, x F,,, and we give 7—!(m) the product vector space structure. Then
E xpr F, together

(1) withw: E xp F — M;

(2) with the manifold structure on E X F'; and

(3) with the vector space structures on the fibers of 7
form a vector bundle over M. This vector bundle is denoted E x s F'.

Let V be a vector space and let k,I > 0 be integers. Let ® : (AFV) x (AHV) — ARV
be the map defined by

(I)('Ul/\"‘/\vk;'Uk;—}—l/\"‘/\'Uk:—i-l) = (A WARRENAN /NS

Then, for all @ € AFV, for all B € A'V, we define a A 8 := ®(a, B).

Let E be a vector bundle over a manifold M and let k,I > 0 be integers. Then
(a, B) = anf : (A*E) x (N E) — A*E is a morphism in the category of vector bundles.
For all o € T'(AFE) and 7 € T'(A'E), we define 0 A7 € T(AFHE) by (0 AT)p = 0 A T
Thus (0, 7) — o A T is a map

T'(A*E) X T'(A'E) —  T(AME).

In the special case where E = (T'M)*, we get a map

(o,7) — oONT : Q*M x O'M — QF LM,
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Let E be a vector bundle over a manifold M. For any o € I'(E), for any f € C*°(M),
define fo € T'(E) by (fo)m = f(m)-o.,, where - denotes scalar multiplication in the vector
space E,,. Thus I'(F) is a module over the ring C*°(M). In the special case where, for
some integer k > 0, E = AF(TM)*, we see that QF(M) is a module over C*°(M).

Let E be a vector bundle over a manifold M. Given o € I'(E) and 7 € T'(E*), we
define 7(0) € C®(M) by (7(0))(m) = Tim(om)-

Now fix an integer n > 0. Let 0/0x1,...,0/0x, be the standard framing of R". Let
0,1 € C°(M) be defined by 0(m) = 0 and 1(m) = 1. Let dz1,...,dz, € T((TM)*) =
Q'M be defined by, for all integers i, j € [1,n],

_fo, ifi#j,
dai(0/0z;) = {1, if§= .
The forms dxq,...,dz, are called the standard constant 1-forms on R".

Fact. Let k,n > 0 be integers. Let
I:{(zl”zk)EZk|]—S21<712<<’Lk§’n}

For all i = (iy,...,ix) € I, let dz; := dz;; A--- Adz;,. Then the module QFR™ over
C*(R") is free with basis {dz; |i € I}.
In other words, for all w € QFR™, there exists a unique (f;)icr € (C(R*))! such that
i€l

Thus, to define the map d : QFR"® — QFHR™ of Stokes’ Theorem, it suffices, for all
feC>®(M), for all i € I, to compute d(f dz;).
For all f € C*°(M), we define

__ of of 1
df = - dry +---+ oz, dzy, € QN (M).

Fact. For all f € C* (M), for all i € I, we have d(f dz;) = df A dz;.

For example, let dz, dy, dz denote the standard constant 1-forms on R3. Keep in mind
that dz A dxr = dy A dy = dz AN dz = 0. We leave it as an exercise for the interested reader
to see that

d(z®y dz A dy + (cos(zyz)) dx A dz + ydy A dz) = —|[(sin(zyz))(z2)] dy A dz A dz
= [zz(sin(zyz))] dz A dy A dz.
Let M be a manifold. For all integers k < 0, we define QM = 0.

Fact. Let M be a manifold and let k¥ > 0 be an integer. Let w € QFM. Let 0 € Q21
denote the zero section of A¥*2((T'M)*). That is, let 0 be the zero element of the vector
space Q**2M. Then d(dw) = 0.
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A graded vector space is a bi-infinite sequence of vector spaces. The category of
graded vector spaces is denoted {vector spaces}”.

The preceding fact asserts that 2*M is a cochain complex. The de Rham Theorem
(below) implies, for all manifolds M, that H®*(M;R) and H®*(Q*M) are (“naturally”)
isomorphic graded vector spaces.

The de Rham Theorem. The functors

M — H*(M;R) : {manifolds} — {vector spaces}”
and

M — H*(Q°M) : {manifolds} — {vector spaces}”

are equivalent.

Let M be a manifold, let ¥ > 0 be an integer and let w € Q¥M. We say that w is
closed if dw = 0. We say that w is exact if w € d(Q2*~1M). Then

_ {closed k-forms}
~ {exact k-forms}.

HR QM)

Because d?> = 0, we see that any exact form is closed. Because of the de Rham
Theorem, we see, for any contractible manifold, that any closed form is exact. Thus, the
Poincaré Lemma (below) is a special case of the de Rham Theorem, but is much easier to
prove and is typically proved on the way to proving the de Rham Theorem.

Poincaré Lemma. Let k,n > 0 be integers. Let U be the open unit ball in R”. Then every
closed k-form on U is exact.

That is, for any w € Q*U, there is a solution 7 of the differential equation dn = w iff
we have dw = 0. Here’s an application of this fact:

Corollary. Let U denote the unit ball in R3. Let V € VF(U). Then there is a solution f
to Vf=Viff VxV=0.

Proof: Let 0/0x,0/0y,0/0z be the restriction to U of the standard framing of R3. Let
dz, dy, dz be the restriction to U of the standard constant 1-forms on R3.

Choose f,g,h € C®(U) such that V = f(9/0x) + g(0/dy) + h(0/0z). Let w :=
fdx+ gdy+ hdz. We leave it as an unassigned exercise to show that there is a solution
f to Vf =V iff there is a solution 7 to dn = w. Moreover, we leave it as an unassigned
exercise to show that V x V = 0 iff dw = 0. Thus the corollary follows directly from the
Poincaré Lemma. QED

Definition. Let d > 0 be an integer and let p € [0, d] be an integer. Let ¢ :=d — p. Let M
be a d-dimensional manifold and let L C M. Then L is a trivial p-dimensional leaflike
submanifold of M if there is a diffeomorphism ® : M — RP x R? and there is a countable
subset C C RY such that ®(L) =RP x C.
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Definition. Let d > 0 be an integer and let p € [0,d] be an integer. Let q := d — p.
Let M be a d-dimensional manifold and let L C M. Then L is a p-dimesional leaflike
submanifold of M if, for all [ € L, there exists a neighborhood My of [ in M such that
L N M is a trivial p-dimensional leaflike submanifold of M.

A subset L of a manifold M is a leaflike submanifold if there exists an integer
p € [0,dim(M)] such that L is a p-dimensional leaflike submanifold.

Fact. Let L be a leaflike submanifold of a manifold M. Then there is a unique maximal
atlas on L with respect to which the inclusion map L — M is an immersion.

This maximal atlas on L is called the inherited manifold structure on L. Its
topology is called the leaflike topology on L. WARNING: The leaflike topology on L
may not be the topology on L inherited from M.

If R and S are equivalence relations on the sets A and B, respectively, then the
equivalence relation R x S on A x B is defined by:

((a,b),(d',b))e Rx S iff  (a,a’) € Rand (b,b) €S.

Let A be a set. The transitive equivalence relation 74 on A is Ty = A X A.
Under this equivalence relation all points of A are equivalent to all other points of A. An
equivalence relation R on A is said to be countable if every equivalence class of R is
countable.

If R is an equivalence relation on a set S if T is a set and if f : S — T is a bijection, then
f«(R) is the equivalence relation on T defined by: (¢,t') € f.(R) iff (f7(¢), f~(¥')) € R.

If R is an equvalence relation on a set S and if Sy C S, then R|Sp denotes the
equivalence relation on Sy defined by: R[Sy := RN (Sy x Sp).

Definition. Let w: E — M be a vector bundle. For all m € M, let E,,, denote the vector
space m~*(m). Let S C E. Then we say that S is a vector subbundle of F if:
(1) S is a closed submanifold of E;
(2) for allm e M, S, :== SN E,, is a vector subspace of F,,; and
(3) with the manifold structure on S inherited from F and with the vector space
structures on the fibers {S,, |m € M}, the map 7|S : S — M becomes a vector
bundle.

Definition. Let M be a manifold. A distribution on M is a subbundle of T M.

Intuitively, on chooses, from each tangent space of M, a subspace. Moreover, all of
these subspaces of the same dimension, and the subspaces must vary smoothly as one
moves from point to point in the manifold M.

Recall that the rank of a vector bundle is the dimension of its fibers, so the rank of
a distribution is the dimension of the fibers, i.e., of the various subspaces.

If E is a vector bundle on a manifold M, then, for all m € M, the fiber of E over m is
typically denoted E,,. Thus, if A is a distribution on a manifold M, then, for all m € M,
we have A, = AN (T, M).
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We now begin the topic of integration of distributions. Fix integers d,p,q > 0 such
that d = p+¢. Let M be a d-dimensional manifold and let 7 C M x M be an equivalence
relation on M.

Definition. We say that F is a trivial p-dimensional prefoliation on M if there exists
a diffeomorphism ® : M — RP x R? and there exists a countable equivalence relation R
on R? such that ®,(F) = Trr x R. (Recall that Tg» is the transitive equivalence relation
on RP.)

Definition. We say that F is a p-dimensional prefoliation on M if, for all m € M,
there exists an open neighborhood My of m in M such that F|Mj is a trivial p-dimensional
prefoliation on Mj. In this case, the equivalence classes of F are called leaves of F.

Note that, in this case, the leaves of F are leaflike submanifolds, and so have a leaflike
topology.

Definition. We say that F is a p-dimensional foliation on M if F is p-dimensional
prefoliation on M and if every leaf of F is connected in the leaflike topology.

Now let M be any manifold. An equivalence relation F on M is said to be a pre-
foliation on M if there exists an integer p € [0,dim(M)] such that F is a p-dimensional
prefoliation on M. An equivalence relation F on M is said to be a foliation on M if there
exists an integer p € [0,dim(M )] such that F is a p-dimensional foliation on M.

Definition. Let M be a manifold and let F be a prefoliation on M. Let £ be the set of
leaves of F. Then TF :=U{TL|Le L} CTM.

Remark. Let M be a manifold and let F be a prefoliation on M. Then T F is a distribution
on M, i.e., is a vector subbundle of T'M.

Fact. Let F and F' be two foliations on a manifold M and assume that TF = TF'. Then
F=F.

The preceding Fact is not true if “foliation” is replaced by “prefoliation”.

Definition. Let A be a distribution on a manifold M and let L be a leaflike submanifold
of M. We say that L is an integral submanifold of A if L is connected (in the leaflike
topology) and if, for alll € L, we have T}L = A;. Let £ be the set of integral submanifolds
of M. We say that L is a maximal integral submanifold of A if both L € £ and, for
all L' € £, we have: LC L' — L =1L".

Fact. Let M be a manifold and let A be a distribution on M. Then, for every integral
submanifold Ly € L, there is a maximal integral submanifold L of A such that L is an
open subset of L (in the leaflike topology). Moreover, for all m € M, there is at most one
maximal integral submanifold L of A such that m € L.

Remark. Let M be a manifold, let F be a foliation on M and let A = T'F. Then the set
of maximal integral submanifolds of A is exactly the set of leaves of F.

Definition. A distribution A on a manifold M is said to be integrable if there is a foliation
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F on M such that TF = A.
Question: Are all distributions integrable?

Definition. Let A be a distribution on a manifold M. For V € VF(M), we say that V is
in A if, for all m € M, we have V,,, € A,,,. We say that A is involutive if, for all VW
in A, we have that [V, W] is in A.

The Frobenius Theorem. Let A be a distribution on a manifold M. Then A is integrable
iff A is involutive.

It helps to have the following fairly easy test for involutivity:

Fact. Let M be a manifold and let k¥ > 1 be an integer. Let V1 ... V¥ € VF(M). For
all m € M, let A,, C T,,M be the span of V.1 ... V¥ Assume, for all m,m’ € M,
that dim(A,,) = dim(A,,’). Then A is a distribution on M of rank < k. Moreover, A is
involutive iff, for all integers i, j € [1, k], we have that [V?, V7] is in A.

Let M be a manifold, let £ > 1 be an integer and let V,..., V¥ € VF(M). Let A be
a distribution on M. If, for all m € M, A,, C T,,M is the span of V.1 ... VK then we
say simply that A is spanned by V! ..., V¥,

We can now answer our question: Let M := R3. Let z,y,2 : R3 — R be defined by
z(s,t,u) = s, by y(s,t,u) =t and by z(s,t,u) = u. Let 0,0y, 0, be the standard framing
of R3. Let A be the distribution spanned by V := 9, and W := (z? + 1)9, + (> + 2)0,.
Then V is in A, W is in A and [V,W] = 229, + 220,. Let p := (1,0,0) and let ¢ :
T,R3> — R3 be the standard identification. Then «+(V,) = (1,0,0), «(W,) = (0,2,3) and
[V, W1,) = (0,2,2). Thus [V, W], is not in the span of V,, and W, so [V, W] is not in A.
Then A is not involutive, so, by the Frobenius Theorem, we see that A is not integrable.

A last topic for review for the prelims is Sard’s Theorem.

Definition. Let M and N be manifolds and let f : M — N be a smooth map. A
point n € N is said to be a regular value for f if, for all m € f~(n), we have that
(df)m : ToM — T, N is surjective. We make the convention that, if f=1(n) = (), then n is
considered to be a regular value of f.

It is a consequence of the Implicit Function Theorem that, for any regular value n
of f, the fiber f~1(n) over n either is empty or is a closed submanifold of M.

Definition. A subset X' of a topological space X is said to be meager in X if there exists
a countable collection X1, Xo,... of closed subsets of X such that X C X; U X5 U--- and
such that, for all integers 7 > 1, we have that Int x (X;) = 0.

Definition. Let M be a d-dimensional manifold. A subset M’ of M is said to be null if,
for any chart ¢ : R — M, we have ¢ (M) has zero Lebesgue measure.

Sard’s Theorem. Let M and N be manifolds and let f : M — N be a smooth map. Let R
be the set of regular values of f. Then N\R is meager and null.

END OF TIMEOUT TO DISCUSS MATERIAL RELEVANT TO PRELIMS.
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TIMEOUT TO DISCUSS RELEVANCE OF THE FROBENIUS THEOREM:

Let’s consider looking for solutions of Laplace’s Equation Af = 0 on R2. That is: Let
01,09 be the standard framing of R?. Let F be the set of all smooth functions R? — R.
S:={f € F|(02f)+(02f) = 0}. We wish to describe a strategy for “finding” the solution
set § for Laplace’s Equation.

For all f € F, define J2f : R2 — R® by

(J2f) () = (p, £ (p), (01£) (p), (82£) (), (81) (p), (102£)(p), (93) (P))-

Let G be the set of all smooth functions R?2 — R®. For g € G, we will say that g
is holonomic if there exists f € F such that ¢ = J?f. For all integers i € [1,8], let
m; : R® — R denote projection onto the ith coordinate. For all g € G, for all integers
i€[1,8],let gi:=mo0g:R® - R Let m, : R® — R? be defined by 7(q) = (71(q), m2(q));
this is projection onto the first two coordinates. For all g € G, let g, := 7, 0 g : R2 — R2.
Let id : R?2 — R? denote the identity map.

We leave it as an exercise for the reader to verify, for all g € G, that g is holonomic
iff g = id, 0193 = ga, 0293 = g5, 0194 = g6, O2gs = g7 and Oags = gg. Note that these
conditions imply that

0195 = 010293 = 020193 = 0294 = g7.

Then f +— J2f gives a bijection between S and
S’ :={g € G|g is holonomic and g¢ + gs = 0}.

We therefore wish to “find” S'.

For all g € G, dg : TR?> — TR® and, using standard identifications, this dg identifies
with a map Dg : R* — R'6. One checks, for all g € G, for all p € R?, for all v = (vy,v2) €
R2, that

(Dg)(p,v) = (9(p),v1 - (8191)(p) + v2 - (8291)(D), - - -, v1 - (O198) (P) + v2 - (D298) (D)),

where - denotes ordinary multiplication on R.
For all g € G, we have: g is holonomic iff, for all p = (p1, p2) € R?, for all v = (v1,vs) €
R?, we have
(Dg)(p,v) = (p1,p2,93(0), -, g8(p),

V1, V2,

v1 - ga(p) + v2 - g5(p),

v1 - ge(p) + vz - 97(p),

v1 - g7(p) + v2 - gs(p),
0197)(p) + v2 - (0297)(p)

8

- (
d198)(p) + va - (D298)(P)).

For all ¢ = (q1,---,qs) € R, for all w = (wy,---,ws) € R®, let us say that (¢, w) is
holonomic if

V1 -

~—

V1 -

w3 = W1q4 + Waqs
Wy = W1Qge + Waq7

w5 = wW1q7 + Wags.
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Then, for all g € G, g is holonomic iff both g, = id and, for all p,v € R?, (Dg)(p,v) is
holonomic.

Under the standard identification TR® +— R6, let A C TR® correspond to the set
of holonomic elements of R'®. Then, for all g € G, g is holonomic iff both g, = id and
im(dg) C A.

Let’s say that a subset L C R® is attached if there exists h : R2 — R® such that
L is the graph of h, i.e., such that L = {(p,h(p))|p € R?}. If so, then L is a closed
2-dimensional submanifold of R®. Note, for all f € F, that im(J2f) is attached. That is,
for all holonomic g € G, we see that im(g) is attached. Moreover, for all holonomic g € G,
we have T'(im(g)) = im(dg) C A.

Let £ denote the set of all closed 2-dimensional submanifolds L of R® such that L is
attached and TL C A. Thus, for all holonomic g € G, we have im(g) € L.

Conversely, let L € £. We claim that there is a holonomic g € G such that L = im(g).
By definition of “attached”, we see that L is the graph of some function h : R?> — RO.
Let p: R — R be projection onto the third coordinate, defined by p(t1,...,ts) = t3. Let
f:=poh:R? - R and let g := J2f. We leave it as an unassigned exercise to show that
im(g) = L.

Thus there is a one-to-one correspondence g — im(g) between holonomic g € G and
attached, closed 2-dimensional submanifolds L of R® such that TL C A.

Recall that we wish to describe &’ := {g € G |g is holonomic and gs + gs = 0}. Let
M :={(q1,...,q93) € R® | g6+ gs} = 0. Then

S ={g9€G|g.=1id,im(g) C M,im(dg) C A}.

Note that M is a submanifold of R®. Let Ay := AN (TM), so Ay is a distribution
on M. Then g — im(g) defines a one-to-one correspondence between S’ and

L :={LEE|L§M}.

We therefore wish to “compute” Lyy.

If it so happens that Ajs is involutive, then, by the Frobenius Theorem, there is
a unique foliation Fjs such that TFy = Aps. In this case, let £}, denote the set of
leaves of Fps. Then Ly is just the union, over all L’ € £, of the set of attached, closed
2-dimensional submanifolds of L.

So, to “solve” Laplace’s equation, one must find Fps, then £, and then, for all
L' € £, find the attached, closed 2-dimensional submanifolds of L'.

The beauty of this is that it is exceedingly flexible. For example, if, instead of Laplace’s
equation, one wants all solutions to the nonlinear equation 82 f + (93 f)? = 0, then the only
change we must make is to replace M by {(q1,-..,qs) € R® |gs +¢2} = 0. Moreover, there
is no reason to restrict to second-order PDE. There is, in fact, a natural generalization to
solutions of systems of higher-order PDE on functions R* — R?. Moreover the strategy
can be adjusted to study boundary data, or to analyze systems of PDE on manifolds,
including a whole host of problems that arise from differential geometry.

END OF TIMEOUT TO DISCUSS RELEVANCE OF THE FROBENIUS THEO-
REM.

40



Now let £ > 1 be an integer, let 0i,...,0; be the standard framing of R* and let
dz1,...,dzy be the standard constant 1-forms on R¥. Let 0 : R* — R be the constant
zero function defined by 0(p) = 0. Let 1 : R* — R be the constant one function defined
by 1(p) = 1.

Then, for all integers 4,5 € [1,k], if ¢ # j, then (dz;)(9;) = 0. Moreover, for all
integers i € [1, k], we have (dz;)(0;) = 1.

Let n € [0,k] be an integer. Let I := {(i1,...,i,) €Z"|1 < i1 <2 < -+ <'ip < k}.
For all i = (i1,...,1,) € I, let dz; := dx;, A--- ANdzx;,. For all i = (i1,...,4,) € I, let
0; :== (0iy,---,0;,), 50 0; is a field of n-parallelpipeds, one in each tanget space of RF.

For all 4,5 € I, if i # j, then (dz;)(0;) = 0. Moreover, for all ¢ € I, we have

Recall that Q"RF is a module over C*° (RF).

Fact. The (C*(RF))-module Q"R* is free with basis {dz; |i € i}.

That is to say, for every ¢ € Q"RF, there is a unique I-tuple (f;)s;cr € (C°(RF))! of
C> functions on R¥ such that ¢ = _ f; dz;.
i€l
Fix a € I and f € C°(R*). Let w := fdz,, let

m = (01f) dz1 A dxg, ey Nk 2= (Okf) dzk A dx,

and let n := 1 4+ -+ + . We would like to explain why, in order to have Stokes’
Theorem, we must have dw = 1. Note that Stokes” Theorem implies the box chain form
of Stokes” Theorem. We will use the box chain form of Stokes’ Theorem to show that
(dw)o = no € A"T(ToR*)*, and leave it to the reader to verify, using a similar argument,
that dw and 7 agree other points of R¥, and not just at 0 € R~.

Let b := (1,...,n+ 1) and let 0y := (01,...,0p4+1), 50 Op is a field of (n + 1)-
parallelpipeds on the tangent spaces of R¥. Then (dw, 8,) € C®(R*) and (n, 8,) € C°(RF).
For any p € RF, for any f € C®(RF), let f|, := f(p). We will show that <dw,8b>‘ =
<77’ 8b> ‘O’

We will then leave it as an unassigned exercise to modify the proof and show that a
similar result holds if b is replaced by any element of

0

{(’il,...,’in+1)EZ"‘1§i1<’i2<"'<in+1Sk}.

Once this unassigned exercise is completed, the reader can use that to then show that
(dW)O =10 € /\n+1(T0Rk)*.

For all € = (€g,.-.,€,) € (0,00)" "1 let B. := [0,€0] X --- x [0,€6,] C R let
Ve = € -+ €, and define o, : B, — RF by o.(s0,--.,5,) = (S0,---,5n,0,...,0). For all
integers a > 0, let 0% be the zero element of R*. Then

1 1
_ dw = — <dw, 8b> — <dw7 ab) ‘ 0k

Ve O Ve BEX{Ok—n—l}
as e — 071
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For all € = (eg, ..., €n) € (0,00)" "L, let
EG = [0’61] X X [ann] - Rn,
let U := €1 - - €, define o : B. — Rk by oe(S0,---581) = (0,81,...,8n,0,...,0) and de-

fine 5 : B — R¥ by 0(s0, ..., 5n) = (€0, 515+, 5n,0,...,0). Then, for all € € (0, 00)™ 1,
we have, from the alternating sum definition of the boundary of a box:

0o = (00 —070)—+=(0F—G.)—-,

and we leave it to the reader to think about what belongs in the elipses, but there will be
one term for every face of an (n + 1)-dimensional box.

Let b:=(2,...,n+1) € I. Then 0= (02, ---,0n41). For all € € (0,00)" !, we have
Ll )
do. ;2' ;e_
w= _ (w, 0%
/53 /{eo}stx{O’“”l} b

[oe=] ().
oo {0}x B x{0k—n—-1}

For all € € (0,00)"*!, we have

we also have

and we also have

1
A ,05) = (w, O .
Ve {eo}xﬁe x {0k—n-1} <w b> <UJ b> | (e0,0k—1)

and we have )
— (w, ) — (w,85>|0k.

Ve J{0}x B, x {0k—n—1} b

For any p,q € R¥, for any f € C™(RF), let fl3:=(f(q)) — (f(p)). For all ¢ > 0, we have
Ve = €9V, and, together with the other observations in this paragraph, we get

[ o= fwaple ).

’ k
UE 80'6 60 b 0

We now assume without proof that both

. 1 ) 1
I™:= lim — w and I = lim — w
e—0nt1 Y ';:— e—0n+1 U ;6—

exist. The results of the last paragraph then imply that

(€0,0%~

1 =t 2 w3l = (0100w, 0]

eo—0 60
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Since w = fdx,, we get <w,&b) = f(dxa,abv). As 0y = (O2y...,0n+1) and as Oy =
(01,...,0n11), We get (da:a,ag) = (dz1 A dz,,0p). Note that this function is constant.
Putting all this together, we have

IT—1 = ((81f) . <d.’171 ANdzxg, 8(,)) |Ok = ((7]1, 8b>) |0k.
Assuming the box chain form of Stokes’ Theorem to be true, we conclude that

1 1
_ w — — dw — (<dw7ab>)|0k’

Ve do. Ve oc
as € = 0™*!. However, we also have that

1
- w N It —1]—-- = <,7173b>|0k_...’

Ve o

as € — 0™t1. Recall that n = 9, + - - - + n,. We leave it to the reader to verify that, when
the last elipsis is evaluated, one has

1
- — 9
ve Joo, w <777 b> ‘Ok’

as € — 0"T1. Then
<dw7 8b>|0k = <777 8b>‘0k7

as desired.
Carrying the above logic through with general commuting vector fields on a general
manifold, one verifies that, quite generally, for Stokes’ Theorem to be true, we must have:

Proposition. Let M be a manifold, let n > 0 be an integer and let w € Q"M. Let
Xo, ..., X, € VF(M) be pairwise-commuting. Then (dw)(Xo,...,X,) € C*(M) equals:

[Xo(w(X1,- .-, X))] = [X1(@(Xo, Xay oy X)) + - - = [Xn (@(Xoy - - -» Xnet))]-

Note that, when M = R* and letting Xy, ..., X, range across all the ntuples of vector
fields taken from the standard framing of R¥, then we can use the preceding proposition
to prove the formula: d(f dz,) = df A dz,.

When the vector fields X, . .., X,, do not pairwise-commute, the preceding proposition
does not apply, but there is a version of it that does, and we will describe that next. We
remark that, all through differential topology and differential geometry, this situation
occurs: There’s a formula for a tensor in terms of its effect on a tuple of commuting vector
fields, and an analogous (longer) formula can always be worked out without assuming the
commutation.

Let’s first consider the formula for (dw)(X,Y’), when w is a 1-form and when X,Y €
VF(M). From the preceding proposition, if [X,Y] = 0, then we get

(dw)(X,Y) = X (w(Y)) - Y(w(X))
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. If X and Y are not assume to commute, then we have:

Lemma. Let M be a manifold and let w € Q'M. Let X,Y € VF(M). Then

(dw)(X,Y) = [X(w(Y))] = [Y (w(X))] = [w([X, YT])].

Proof: Let k := dim(M). We may assume that M = R¥. Let 01,..., 0 be the standard
framing of RF. We may assume, for some f, g € C>°(R*) and for some integers i, j € [1, k],
that X = f0; and Y = g0;. Then

(dw)(X,Y) = fg - (dw)(0;, 0;) = fg - (0;(w(95)) — 0;(w(9s))).
We have

X(w(Y)) = f0i(g - w(9;)) = [(fOig) - w(9))] + [fg - (0s(w(0))))]

and
Y(w(X)) = g9;(f -w(0:)) = [(99;f) - w(0:)] + [fg - (9;(w(9;)))]
and
w([X,Y]) = w(f(0:9)0; — 9(0;f)0i) = [(fig) - w(9;)] — [(90; ) - w(i)]-
Then

(X (w(Y)] = [Y(w(X))] - [w(X,Y])] = fg - (0:(w(9;)) — 0;(w(0:))) = (dw)(X,Y),
as desired. QED

We leave it to the reader to carry out similar computations for forms of higher degree.
We simply record the final result:

Proposition. Let M be a manifold, let n > 0 be an integer and let w € Q"M. Let
Xo,...,Xn € VF(M). Then (dw)(Xo,...,X,) € C*®(M) is equal to the sum of

[Xo(w(X1,- .-, Xn))] = [X1(@(Xo, Xay o X)) + - - £ [Xn (@(Xoy - - -» Xno1))]-

and
> (1) w((Xi, X1, Xo, - Xic1, Xig, 0 X1, Xjg, -0, Xo).
i<j
If M is a manifold and w € Q! (M), then we define ker w := {v € TM | w(v) = 0}. This

set is a union of subspaces of the tangent spaces of M and each subspace as codimension
at most 1.

Let M be a manifold and let wy,...,w, € Q*M. Let A := (ker wy) N---N (ker wy,).
For all m € M, let A,, := ANT,,M; then A,, is a subspace of T,, M. Note that A is a
distribution on M iff for all m, m’ € M, we have dim(A,,) = dim(A,,/).

From the preceding lemma, we can derive the differential forms form of the Frobenius
Theorem:
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Theorem. Let M be a manifold and let wy,...,w, € Q*M. Let A := (ker wy) N ---N
(ker wy,). Assume that A is a distribution on M. Assume, for all integers i € [1,n], that
there exist 7%, ...,n% € Q'M such that

dw; = Z wj/\n;.
J

Then A is integrable.

A restatement of this last theorem is: “If the ideal generated by the 1-forms wy, ..., w,
is a differential ideal (i.e., an ideal that is closed under exterior differentiation w — dw),
and if the kernel of the ideal is a distribution, then that distribution is integrable.

Proof: Let X,Y € VF(M), and assume that X and Y are both in A. By the Frobenius
Theorem, we wish to show that [X,Y] is in A. That is, we wish to show, for all integers
i € [1,n], that w;([X,Y]) = 0.

For all integers i € [1,n], we have w;(X) = w;(Y). For all integers i,5 € [1,n],
(wi An%)(X,Y) is equal to the determinant of

0 )

50 (wi An§)(X,Y) = 0.
For all integers i € [1,n], we have dw; = Z wj A 77;-, 50 (dw;)(X,Y) = 0. Then, for
J

all integers ¢ € [1,n], we have
0= (dw;)(X,Y) = [X(wi(Y))] = [Y (wi(X))] = [wi([X, Y])] = —[wi([X, Y])],

so w; ([X,Y]) =0, as desired. QED

We remark that the converse of the last theorem is also true: If wq,...,w, € Q'M
and if (ker wy) N --- N (ker wy,) is an integrable distribution, then the ideal generated by
w1, ...,wy is differential. In fact, that is the “easy” direction of the differential forms form

of the Frobenius Theorem. The “hard” direction is the preceding theorem.
The last section of these notes concerns the proof of the Frobenius Theorem in its
original form:

The Frobenius Theorem. Let A be a distribution on a manifold M. Then A is integrable
iff A is involutive.

Before we give the proof, we develop some notation and terminology.

Let R be an equivalence relation on a set S. For all s € S, we let R(s) denote the
equivalence class containing s, given by R(s) := {s’ € S|(s,s’) € R}. For any Sy C S,
we let R(Sp) denote the union of all equivalence classes meeting Sp; this set is called the
R-saturation of Sy and is defined by R(Sp) := U R(s).

sESy
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Let R and R’ be equivalence relations on a set S. We say that R has countable index
in R" if: for all s € S, there exists a countable subset Sy C S such that R'(s) = R(So).
(That is, if every equivalence class of R’ is a countable union of equivalence classes of R.)

The following is an exercise in set theory, which we leave to the interested reader:

o0

Set Theory Fact. Let X be a set and let X1, Xo,... C X. Assume that UXZ' = X. For all
i=1

integers 7 > 1, let R; be an equivalence relation on X;. Let R be the equivalence relation

(o, ]
on X generated by URZ" Assume, for all integers 7,5 > 1, for all z € X;, there is a

i=1
countable subset C C X such that (R;(z)) N X; C R;(C). Then, for all integers ¢ > 1,
R; has countable index in R|X;.

That is, if each equivalence class of R; meets only countably many equivalence classes
of R;, then each equvalence class of R meets only countably many equivalence classes of
any R;.

For any integer p > 0, let tran, := RP x RP denote the transitive equivalence relation
on RP. For any integer ¢ > 0, let triv, := {(z,z) |2 € R?} denote the trivial equivalence
relation on RY.

We can now given an equivalent definition for the term “prefoliation”:

Definition. Let M be a manifold, let d := dim(M) and let p € [0,d] be an integer. Let
F be an equivalence relation on M. We say that F is a p-dimensional prefoliation
on M if, for all m € M, there exists a chart ¢ : R* — M such that m € ¢(R?) and such
that tran, X triv, has countable index in ¢*(F). In this case, the equivalence classes of F
are called leaves.

Recall that any leaf of a prefoliation is a leaflike manifold and so has a unique maximal
atlas under which the inclusion map is an immersion. This maximal atlas on L is called
the inherited manifold structure on L. Its topology is called the leaflike topology on
L. Recall that a prefoliation is a foliation if all of its leaves are connected in the leaflike
topology. The following three results are not hard:

Foliation Fact 1. Let M be a manifold. Let p € [0,dim(M)] be an integer. Let F be a
p-dimensional prefoliation on M and let F’ be an equivalence relation on M. Suppose that
F has countable index in F’. Then F’ is a p-dimensional prefoliation on M.

Foliation Fact 2. Let M be a manifold. Let p € [0,dim(M)] be an integer. Let F be an
equivalence on M and let F’' be a p-dimensional prefoliation on M. Suppose that F has
countable index in F’. Suppose, for all m € M, that F(m) is an open subset of F'(m), in
the leaflike topology. Then F is a p-dimensional prefoliation on M.

Recall that, for any prefoliation F on a manifold M, the tangent bundle T'F of F
is the union, over all leaves L of F, of T'L.

Foliation Fact 3. Let M be a manifold. Let p € [0,dim(M)] be an integer. Let F and
F' be p-dimensional prefoliations on M. Assume that F has countable index in F’. Then

46



TF=TF.

Corollary. Let M be a manifold. Let F' be a prefoliation on M. Then there is a foliation
F on M such that TF =TF'.

Proof: Choose p € [0,dim(M)] such that F' is a p-dimensional foliation on M. Define F
by: (m,m') € F iff there is a leaf L of F’ such that m and m’ are in the same connected
component of L, in the leaflike topology on L. By Foliation Fact 2, F is a p-dimensional
prefoliation on M. On the other hand, the leaves of F are connected, in the leaflike
topology, so F is a p-dimensional foliation. Finally, by Foliation Fact 3, TF = TF'. QED

Foliation Fact 4. Let M be a manifold and let F be a prefoliation on M. Let Y be a
manifold and let ¢ : Y — M be a smooth map. Assume that (d¢)(TY) C TF. Then there
is a countable C' C M such that ¢(Y) C F(C).

Again, we leave this as an unassigned exercise for the interested reader, but we com-
ment that, in fact, from (d¢)(TY) C TF, one can prove that each connected component
of Y is mapped into a singe connected component (in the leaflike topology) of a single
leaf of . Thus, as Y has only countably many connected components, it follows that the
image of Y is contained in countably many leaves of F, which is exactly what Foliation
Fact 4 asserts.

If X!, ..., XP are vector fields on a manifold M, then

span{X', ..., X?} ;= {e1 X, + -+, XP |m € M,cy,...,c, €R}
is the span of X1, ... XP.

Remark. Let p,d > 0 be integers such that p < d. Let ¢ := d—p and let G := tran, X triv,.
Let M be a d-dimensional manifold and let X!,..., X? be pairwise-commuting vector
fields on M. Let m € M and assume that X}, ..., XP are linearly independent elements
of T,, M. Then there is an open neighborhood M, of m in M an a diffeomorphism 1) :
R? — My such that (d¢)(T'G) = span{X | My, ..., XP|My}.

Sketch of proof: Let 0%, ...,0¢ be the standard framing of R?.

We leave it as an unassigned exercise to prove that there are:

(1) an open neighborhood U of 0 in R?;

(2) an open neighborhood V of m in M; and

(3) a diffeomorphism ¢ : U — V
such that

(A) ¢(0) =m; and

(B) for all integers i € [1,p], . (0|U) = X*|V.

Choose € > 0 such that (—e¢,e)? C U. Let Uy := (—¢,¢)?. Choose a diffeomorphism
a:R — (—¢,¢). Define x : R* — Uy by x(t1,...,ts) = (a(t1),-- -, a(ts)). Let Gy := G|Uy.
Then (dx)(TG) = TGo.

Let ¢ ;= ¢pox : RE — M. Let My := ¢(Up) = ¥(R?). By (B), we have (d¢)(TGo) =
span{X'|My,..., XP|My}. Then

(dp)(TG) = ((d¢) o (dx))(TG) = (d$)(TGo) = span{X*|My,..., X"|Mo}. ~ QED
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The Frobenius Theorem. Let A be a distribution on a manifold M. Then A is integrable
iff A is involutive.

Proof of the Frobenius Theorem: Let d := dim(M). Let p be the rank of A. Let g := d—p.
Let G := tran, x triv,. Let 8%,..., 0? be the standard framing of R%.

We begin with the proof of “only if”. Let F be a foliation on M such that TF = A.
We wish to show that A is involutive.

We may assume that M = R? and that G has finite index in . Then, by Foliation
Fact 3, TF = TG. That is, A = span{d,...,0"}. For all integers i,j € [1,p], we have
[0%,09] = 0, so [0%,09] is in A. Thus A is involutive. This concludes the proof of “only if”.
It remains to proof “if”.

Assume that A is involutive. By the preceding corollary, we wish to show that there
is a prefoliation F on M such that TF = A.

Claim 1: For all m € M, there exists a neighborhood U of m in M and there exist
pairwise-commuting X1!,... X? € VF(U) such that A|U = span{X?,..., XP}.

Proof of Claim 1: We may assume that M is an open neighborhood of 0 in R? and
that m = 0 € R%. By rotating, we may assume that Ag = (T'G)o. Then, for all integers
i € [1,p], we have 9% € Ag. Let H := span{oP*! ... 0%}. Then, no nontrivial linear
combination of d¢,..., % is in TH.

Let U be a neighborhood of 0 in M such that, for all v € U, no nontrivial linear
combination of 9},...,0? is in TH. For all integers i € [1,p], we choose vector fields
Xt e VF(U) in (TG)|U and Y* € VF(U) in (TH)|U such that 0¢|U = X* + Y*.

For any u € U, since no nontrival linear combination of 9., ..., 9P is in TH, it follows
that no nontrivial linear combination of X[, ..., XP is equal to zero. We conclude that
A|U = span{X1,..., XP}. We must show that X1,..., X? are pairwise commuting.

We leave it as an unassigned exercise to verify, for any integer ¢ € [1, d], for any vector
field @ € VF(U) in (TH)|U, that [(9;|U), Q] is again in (TH)|U. Then, as (TH)|U is
involutive, it follows, for any integers i,j € [1,d], for any vector fields P,Q € VF(U) in
(TH)|U, that [(0;|U) + P, (0;]U) + Q] is in (TH)|U.

Thus, for any integers i,5 € [1, p], we see that [X*, X7] = [(8¢|U) — Y?, (07|U) — Y7]
is in (TH)|U; on the other hand, as A is involutive, we see that [X*, X/] is in (TG)|U.
However (TG) N (TH) is the image of the zero section R? — TR?, so, for all integers
i,j € [1,p], we conclude that [X?, X7] = 0, as desired. End of proof of Claim 1.

By Claim 1 and the preceding remark, for all m € M, there exists a neighborhood
My of m in M and a diffeomorphism 1 : R? — M such that (d¢)(T'G) = A|Mp. So, since
M is Lindelof, choose a countable open cover My, M, ... of M and diffeomorphisms

¥y : R — My, Py : R — M,

such that, for all integers i > 1, we have: (d¢;)(TG) = A|M,;.

For all integers ¢ > 1, let F; := (¢;)«(G), so F; is a p-dimensional foliation on M;. For
all integers i > 1, we have TF; = (d¢;)(TG) = A|M;.

Claim 2: For all integers 4,j > 1, for all m € M, there is a countable C' C M; such
that (fl(m)) N Mj - fJ(C)

Proof of Claim 2: Let Y := (F;(m)) N M;. Since Y is open in F;(m), in the leaflike
topology on F;(m), it follows that Y is a manifold. Let ¢ : Y — M; be the inclusion

48



map. Then (d¢)(TY) C TF;. So, by Foliation Fact 4 (but with M replaced by M; and F
replaced by F;), we are done. End of proof of Claim 2.

o0
Now let F be the equivalence relation on M generated by U]:"' By the Set Theory
i=1
Fact above, we conclude, for all integers i > 1, that F; has countable index in F|M;.
Then, by Foliation Fact 1, we have that F|M; is a p-dimensional prefoliation on M;.
So, since M; is an open cover of M, we see that F is a prefoliation on M.
By Foliation Fact 3, we see, for all integers ¢ > 1, that T'(F;|M) = TF;. Then, for all
integers ¢ > 1, we get T'(F;|M) = A|M;. So, since M; is an open cover of M, we see that
TF = A, completing the proof. QED
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