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Abstract Linear codes over commutative artinian rings R are considered. For a linear func-
tional based definition of duality, it is shown that the class of length-n linear block codes over
R should consist of projective submodules of the free module R™. For this class, the familiar
duality properties from the field case can be generalized to the ring case. In particular, the
MacWilliams Identity is derived for linear codes over any finite commutative ring. For com-
mutative artinian rings, the duality concept of linear block codes is extended to convolutional
codes.



1 Introduction

Recently duality of modules over a finite ring R has been studied in [1], where it was shown
that if R is a quasi-Frobenius ring (i.e., R is injective as an R-module) then the duality concept
based on Pontryagin duality via characters is equivalent to the duality concept based on linear
functionals. In that study, the underlying category of codes consisted of all finitely generated
R-modules. In this paper, we will restrict the category of codes to projective modules that are
submodules of R™. As a consequence of this reduction, one can extend the class of rings for
which the usual duality properties hold.

The linear functional-based dual (or orthogonal) of an R-submodule M C R" is defined via
orthogonality in R", i.e., Mt = {f € Hom(R",R) : f(c) =0 all ¢ € C}, which is equivalent to

M+ ={xeR":xm” =0, allm e M}.! (1)

The motivation for this paper arose from the following example of a code over a non quasi-
Frobenius ring, where character-based duality and the duality concept based on linear functionals
do not agree.

Example 1 The commutative ring R = GF(2)[x,y]/(2%,y?, zy) is artinian but not quasi-
Frobenius (i.e., R is not injective as an R-module). Let C C R? be the free rank-1 module
generated by the systematic encoding matriz

G=[1 1+z+y],
i.e, the code C equals
{0o,114+z+y,l+z+yl][zalyyl+ol+a,l+yl+yllz+yz+yl}

The parity check matriz for this code is equal to the generator matriz, H = G; that is, the code
is self-dual, C+ = C, when using the linear functional duality concept.

Pontryagin duality is based on the notion of a continuous character, that is of a continuous
group-homomorphism from the additive group of R to the multiplicative group of the compleze
number field C. Let R denote the set of all such homomorphisms. As an additive group, R is
isomorphic to Z3, viz.,

¢:2o-10Zo-cDZo-y— R
where ¢(r1,7¢,7y) = 11 + 15T + ryy. The set of all characters R is an abelian group. One can
show that there is an isomorhism o : R — R such that every a = ai + azT + ayy defines a
character a(a) = Xq, which operates on an element r = r1 +ryx + ryy by

Xalr) = (-1 oo,
The character-based dual of the code C is defined by orthogonality:
" = {x,xP1 € B : xV(e1) - xP(e2) =1, all [e1 ] € O} (2)
When viewed as subgroup of R?, the Pontryagin dual o' (C") equals

{00,11,[z1+a],[yl+yl,l+za],[1+yy],[l+z+yl+z+y][z+yz+y]}

m is considered as a row vector and m7 denotes the transpose.
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Note that a1 (C") is not an R-module and C+ # a~1(C"). The complete weight enumerator
for the code C and the dual o~'(C") are polynomials in the 8 indeterminates 20y 21y Zgy Zy,

Zitvas Lty Loty Litaty given by

AZ) = Z5+2%0 21101y + Zo + Zy + 27140 704y + Zpyy
B(Z) = Z§+ 73 +2Z: 7140 + 22y Zrgy + Z7 pry + Zory

respectively. Note that A(Z) # B(Z). However, when specializing to weight enumerators for
Hamming weight (i.e., setting Zo = 1 and the 7 other indeterminates to Z ), the resulting poly-
nomials are equal Ay (Z) =1+ 7Z% = By (Z).

The MacWilliams identities always hold for the character-based definition of duals for ‘linear
codes defined over finite abelian groups [2]; in particular, they hold for the polynomials A(Z) and
B(Z) as well as for Ag(Z) and By (Z), when considering the dual pair C and C". For the dual
pair C and C* of codes based on linear functionals the generalized MacWilliams identities do
not hold because C = C+ # a~Y(C") but A(Z) # B(Z). Howewver, in the special case of the
weight enumerator polynomials Ag(Z), By (Z) with respect to Hamming weight, the identity (6)
as giwen below holds.

’

After setting a suitable framework for duals over commutative artinian rings in the next
Section, a generalization of the MacWilliams Identities from the field to the ring case will be
formulated and proved in Section 3 for weight enumerators with respect to Hamming distance.
In Section 4, the duality results are extended from linear block codes to convolutional codes.

2 Duality Properties of Codes over Artinian Rings

Let R be a commutative artinian ring. According to the structure theorem for such rings [3], R
can be written as a finite direct sum of local rings R;, i.e.,

R=R ®R,&...9R,. (3)

Proposition 1 Let R be a commutative artinian ring with a decomposition (3). Then,

(i) R has e mazimal ideals, which are of the form
m; :Rl@---@Ri—l@mg@Ri—H@---@Re
where m;, denotes the mazimal ideal of R;;

(i) the localization of R at the mazimal ideal m; is isomorphic to R;, i.e., R; = Ry,..

Proof: (i) is clear because m/ is maximal in R;.

To proof (ii), we consider the homomorphism i : R; — R,,, given by sending an element
r® € R; to r/1 in Ry, = {r/s:r € R,s € R\ m;} and show that it is an isomorphism. The
homomorphism i is injective because the annihilator of an element 79 # 0 is an ideal that is
contained in the maximal ideal m; and, hence, there is no s € R\m,; such that s-r{) = 0. To show
surjectivity, consider an arbitrary element r/s € R,,,. Using (3), one has r = (r1,...,7i,...,T¢)
and s = (s1,...,8;,-..,8¢), where s; € R; \ m}. Since m/ is a maximal ideal, s; is invertible in
R; with inverse s;. The element s;r; is mapped onto r/s, i.e., there is an element ¢t € R\ m;
such that t(r — ssir;) =0, viz., t = (0,...,1,...,0) with a single component 1 at position . O



Using (3), every R-module M can be decomposed as
M=RrM=M &My&®... 0 M,

where M; = R; ® g M is the tensor product of the R-modules R; and M. The following
proposition is a special case of a well-known local-global result in commutative algebra (see
[4] Chap. 1.3, Corollary 3.4), applied to the special case of artinian rings where R; & R,,, (cf.
Proposition 1 (ii)).

Proposition 2 Let M be a finitely generated module over R. Then, M is R-projective if and
only if M; is R;-projective for all i.

Remark: The R;-modules M; are actually free since the rings R; are local.

The following property of projective modules over commutative artinian rings is crucial for
duality based on linear functionals.

Lemma 1 Suppose M C R"™ is projective. Then there exists a projective submodule Q@ of R™
such that
R"=M® Q. (4)

Proof:  Using the results above, one can assume without loss of essential generality that R
is local artinian and, hence, consider M to be free over R. For this case, (4) was proved in
Appendix IT of [5]. O

It is well-known in commutative algebra that when localizing a finitely generated projective
module U at a prime ideal p, one obtains an R,-module U, that is free (see e.g. Chap. 7.7 in
[3]). This allows one to define the p-rank rk,(U) of a finitely generated projective module U,
which is given by the cardinality of a basis of the localization Ul,.

Proposition 3 Let R be commutative artinian and suppose that U and V are submodules of
R™, which are projective. Then

i) UL is projective and (U)*- = U; moreover, rk,(UY) = n — rk,(U) for any prime ideal
P P
0.

(ii) (U+V)t=Utnvi

(ii) U +V and UNYV are projective and for any prime ideal p, the following rank formula
holds
rko(UNV) +1k,(U+V) =1k,(U) + ko (V).

Remark: If R is artinian but not local than even if U and V are free the intersection U NV
need not be free. A simple example for this fact is obtained by letting R be the ring Zg of
integers modulo 6 and by considering the Zg-submodules U and V of R? generated by [2 3] and
[1 0], respectively. Then, U NV = {[0 0],[2 0],[4 0]} is projective but not free. Thus, when
R is commutative artinian, the class of free modules need not be closed under the intersection
operation, but the class of projective modules is.



Proof:  Using Proposition 2, one can assume that R is local and, hence, that the projective
modules U and V are free.

Proof of (i): Let rk(U) = k and choose a basis g;,...,g; for U. Let G be the corresponding
generator matrix. By the above Lemma, there is a complementary free module U’ such that

R"=UaU. (5)
In other words, the basis of U can be extended by n — k n-tuples q;4,...,q, to form a basis
of R". Let Q be the (n — k)xn-matrix with q;,1,...,q, as rows. The nxn-matrix consisting

of the submatrices G and @ is invertible, i.e.,

[g]'[KT HTHIJ LﬁJ%ﬁ]-[GT Q|

where I denotes the kxk identity matrix and H and K are (n — k)xn and kxn matrices,
respectively. It follows that the rows of H form a basis for U+, hence, UL is free of rank n — k
and, therefore, 7k, (UL) = n — rk,(U). Similarly, the rows of G from a basis for (U1)' and,
therefore, (U+)+ =U.

Proof of (ii):

U+V)t = {xeR":x-y'=0, forallycUoryecV}
= {x:x-ul' =0, forallueU}n{x:x-vI =0, forall ve V}
utnv+

Proof of (iii): (5) implies VNU @V NU' =V. Thus, VNU is a direct summand in the free
module V and, hence, projective. Using (i), it follows similarly that V- NU" is projective. Now
(ii) and (i) imply that U + V is projective.

We now show the rank formula. The above Lemma implies that there is a free R-module V'
such that R* =V @V’. One hasU+V =UNV+UNV'+VNU’ and the right side is actually
a direct sum. Thus,

UnVe U+V)2UnvVveUnVeUnVeVnU 2UasV
and this implies the rank formula
rk(UNV)+rk(U+V)=rk(UV)=rk(U) +rk(V).
which also holds after further localization at a prime ideal p. O

In terms of category theory [3], the result of Proposition 3 can be expressed by saying that
is a (contravariant) duality functor from the category of projective submodules U C R" onto
itself. Here, the considered morphisms must be defined for the entire space R™. Duality means
that the functor that results from applying * twice is naturally equivalent to the identity functor.

L

Example 2 The commutative ring R = GF(2)[x,y]/(z%,y?, zy) is artinian but not quasi-
Frobenius. The non-projective R-module U = {0,z} has the dual U+ = {0,z,y,z +y}. But
U # (UYL = Ut and, therefore, + is not a duality functor on the category of finitely generated
R-modules. This shows that the restriction to projective modules is essential.



The two notions of duality (1) and (2), which are based on linear functionals and on char-
acters, coincide for finite commutative quasi-Frobenius rings [1]. In the case of other rings, the
two duality notions can be viewed to be complementary. E.g., the ring of integers Z is not
quasi-Frobenius (not injective) and not artinian. The linear functional based functor does not
give the desired duality properties but Pontryagin duality does.

A complementary example is given by the field of rational numbers Q. The rationals are
not locally compact and, hence, Pontryagin duality does not provide the duality property but
duality based on linear functionals does.

3 The MacW:illiams Identities

In the sequel it is assumed that the ring R is finite and commutative; in particular, R is artinian
and the results of the preceeding section apply. The considered class of codes are projective
modules U C R™. The spectrum of a code U and its dual U~ is given by

Ai={ueU:wy(u) =i}

B =|{veUt:wg(v) =i}

where wgr(u) denotes the Hamming weight of a codeword u and |V| denotes the cardinality of
aset V.
The MacWilliams Identities give a relation between the weight coeflients A; and B;.

Theorem 1 (MacWilliams Identity) Let R be a finite commutative ring and let A; and B; be the
weight coefficients of an R-linear code U and its dual U, resp. Then, the following polynomial
identity holds

n

iBiXi = ﬁZAju — X)) {1+ (|R| - )X}, (6)
=1

=1

Remark: From Example 1 it is clear that the generalized MacWilliams Identity does not hold
for generalized distance measures.

Proof: The proof goes along the lines of the original proof No. 1 in [6]. Setting X =1/(1+Y")
in (6), one obtains
n
; 1
Bi(1+Y)""'=—
Z-Zzl ' U

n
STAYI(Y +|R)™ .
j=1

Expanding and comparing coeffients of Y yields

[ n—1 _|R| [ =7
e e ) (7)

Jj=1

It is enough to show (7) for all £ =0,1,...,n.
For each subset s = {s1,...,8¢} C {1,...,n} of cardinality ¢, we define a free rank-£ sub-
module Fy C R™ with support in s:

Fy ={x € R" : supp(x) C s} = Re;, ... D Rey,



where eq,...,e, is the standard basis for R" and supp(x) denotes the support, i.e., the indices
with non-zero components, of x. Let ¢ = {1,...,n} \ s be the complementary set of s. Then,
clearly F;- = F;. Using Proposition 3, one obtains

(U+F)* = U'nF
Thn(U+Fy) = k(UL NE)T =n—rk,(UtNF)
Tk (U) + 1k (Fs) = 1hkpn(UNFy) + rkp, (U + F),

where m is one of the e maximal ideals of R. Since rk,,(Fs) = £, the last two equations imply
n— L+ rkn(UNFy) = rkp(U) = rkn, (UL N F) (8)

or, equivalently,
1
|R |n—€—|—rkm(UﬂFs)—7‘km(U) |R |7‘k:m(U NFy) (9)

where R, denotes the localization at the maximal ideal m.

For fixed cardinality ¢, consider pairs (s,u), where u € U N F;. For each choice of s, there
are |U N Fy| = [1,,, |Rm|™(UNFs) such pairs, where the product is over all the e maximal ideals
m of R. Considering all possible choices for s, the total number of such pairs is

Z H |Rm|rkm(UﬂFs).
scq{l,...,n} ™
|s| = ¢

A second way of counting these pairs is as follows. For each u € U of weight j, there are
n — j zero components. Thus, any subset t = {t1,...,t,—¢} C {1,...,n}\ supp(u) of cardinality
n—J

choices
n—4

n — £ defines a complementary set s, which can be paired with u. There are

for t or s, respectively. There are A; codewords of weight j in U, hence

¢ .
S IR =S (1)
sC{l,...,n} ™ 7=0

|s| =¢

Applying the same argument to U, one obtains

n—~_ .
Z H |Rm|rkm(UJ—ﬁFt) — ZBi ( ng—z ) .
tc{l,...,n} ™ =0
[t =n—1¢

Using (9) and the fact that the complementary sets s and ¢ are in one-to-one correspondence
yields

n—~¢ .

n—1 L
ZBz( ‘ ) = ¥ IR
=0 tc{l,...,n} ™

[t|=n—1¢



_ Z H |Rm|n—2+rkm(UﬁF8)—rkm(U)
tc{l,...,n} ™
[t|=n—1¢

£ .
SRR i e

m j=0

IR &K, ((n—j
|U| ZAJ n—~0 )"

J=0

a

Example 3 [2 2] generates a Zg-module U = {[0 0], [2 2], [4 4]}, which is projective but not free.
The dual code is

ULt ={[00],[30],[03],[33],[24],[42],[15],51],[12],[21],4 5], [5 4]}

The weight enumerator polynomials of U and U+ are A(X) = 142X? and B(X) = 1+2X4+9X?,
respectively. The MacWilliams identities are readily verified:

B(X) =

Lo =

i A;(1—-X)Y(1+5X)" .
=0

4 Duality of Convolutional Codes over Rings

An (n,k) convolutional code over a field F' can be viewed as a block code over the field of
rational functions F'(D) [7]. For a commutative ring R, we can define the ring of rational
functions similarly as in the field case by
f(D) }
R(D)={——=": f(D),s(D) € R[D],s(0) =1 Z;.
(D) = { sy : /(D)D) € AIDLs(0) = Lm €

An convolutional code over R is an R(D)-submodule of R(D)™. The following proposition is
crucial to extend the duality results from linear block codes to convolutional codes.

Proposition 4 If R is commutative artinian, then so is R(D).

Proof: Due to the structure theorem for commutative artinian rings (cf. 3), the ring of
rational functions decomposes as

R(D) = Ri(D) ® Ra(D) @ ... @ Re(D).

Thus, one can assume that R is local, artinian with a nilpotent maximal ideal p, say p' = 0 but
Pt —1) £ 0.

We will show that R(D) is local and has the nilpotent maximal ideal pR(D). By the
mentioned structure theorem, this implies that R(D) is artinian.

Since g is nilpotent, it is clear that also pR(D) is nilpotent. Thus, it remains to show that
R(D) is local, which will be proven by showing that R(D)\pR(D) consists of invertible elements.

Let r(D) = f:(—g)) € R(D) \ pR(D). Since s(D) is invertible it is enough to show that also

(
f(D) € R[D] \ pR[D] is invertible. Write

#(D) = a(D) + b(D)



where a(D) € (R \ p)R[D] and b(D) € pR[D]. By successive multiplication of a(D) + b(D) by
complementary binomial-like terms, one obtains

f(D)-(a(D) -
f(D) - (a(D) = b(D))(a*(D) +b

N O
~
S
N
=
|
[\V]
~—~
o
S—
|
[wol
N
Y
)
>

Continuing in this way, one finds a polynomial (D) such that f(D) - h(D) = a* (D) — b*'(D)
for some £, such that ¢ < 2¢. Since pt = 0, it follows that b2 (D) vanishes and, therefore,
F(D)-h(D) = a* (D). By construction, the trailing coefficient az of a(D), i.e., the first non-zero
coefficient of lowest order, is a unit of R because it lies in R\ p. Therefore, also the trailing
coefficient of a2’ (D), which equals ak, is a unit. Thus, f(D)-h(D) = a? (D) and, a fortiori, also
f(D) is invertible in R(D). O

The dual (or orthogonal) of a convolutional code C' C R(D)™ is defined as in the block code
case:

Ct = {x(D) € R*(D) : x(D)-¢(D)" =0, all ¢(D) € C}.

Corollary 1 Let R be a commutative, artinian ring. Then, every convolutional code C' over R
has a dual C*, which satisfies (C+)*+ = C. Moreover, if C C R(D)" is free of rank k, then C+
has rank n — k.
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