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ROTA’S THEOREM
UNIVERSALITY OF THE SHIFT

S_(aro,xl,...,) = (xl,azg,...,)

(o, 1, ..., ) — !

=y

r — (z,Ax,Az,...)
Al ! S

Ar — (Az, A%z,...)

V — M Cz V[

Al ! S_

V — M Cz V[




vg+ -+ v25 > v+ Avy + -+ Afvy

544 1A

z(vo+ -+ - +v52°) —> Avg+ Avy + - - - + Advy)

P
Viz] — V

St 4 1A

P
Viz] — V

Ker® = (21 — A)V 2]

A= 5 |(VI/ (1 = A)V[2])




SUBMODULE REPRESENTATION

Ker® = (21 — A)V 2]

V ~V[z]/Ker® = V]z]/(z] — A)V|[z]

M C V[z] & M = DV[z]

D unique up to a right unimodular factor

MczWV[zYe M=XP

D unique up to a left unimodular factor

Reduction to column (row) proper form.



POLYNOMIAL MODELS

D(z) € F™™[z],det D(z) # 0

mp : F™z] — F™[2]
wpp = Dr_D™1p

Xp=Immp = {f € F"[z]|f = Dh, hez"F"[z""]]}

Spp = mpzp(z)

dim Xp = degdet D

GENERIC SCALAR POLYNOMIAL MODELS

d(z) = 2" + dp12" 7+ +dy = H?:1(Z — a)

Xq={p|degp < n}

d(z)

<z — Oy

pi(2) = MLz — ;) =

(Sapi)(2) = qipi(2)




RATIONAL MODELS

D(z) € F™™[z],det D(z) # 0

D . 2 YFP[[27Y] — 2Pz Y]
7Ph =n_D7'n.Dh

XP =ImnP

SPh = m_zh(z)

d<2> = 2" + dn_lz”_l + 0t do = H?:1<Z — aj)

X = {L] degp < n}

Xp=DXP




FACTORIZATIONS AND INVARIANT SUBSPACES

M C Xp

SpM C M < M = EXp; D=EF

M c XP

SPMcMe M=XF: D=FEF

Direct connection between polynomial matrices and geometry.
Linear system theory and factorization theory are equivalent.



DUALITY

frg € FP((z71))

9, ] =52 o0 G-i1i
(FPl2])" = Pl

Xp ~ FP[z]/ DFP?[z]

(Xp)* = (F7[z]/ DF?[2))" ~* (DFY[2]) = XP




COMMUTANT LIFTING THEOREM

N

F™z] - F™Mz]

7

7TD 7TD

Zf = Mf, M e Fm=<m[]
ZKermp C Kermp,
MD = DN

Zf - 7TD1Mf




SPECTRAL MAPPING THEOREM

KerZ = FXg
D =FG and G is a g.c.r.d. of D and F
ImZ = EXg

D=FGand F is a g.c.l.d. of D and F

Z surjective & FE and D are left coprime
JA, B for which DB — FA=1
Z injective <& D and E are right coprime

JA, B for which BD — AE =1
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HANKEL OPERATORS

2 szj = 25 AjB’LLj

CAz'—l
£ Ol — A) g = xm, O0
CA 1y, A'B 1
Yijuizt = a2 Z]. Y > .ZC’A’J”_lBu7
ol =1 2 ;
Yi
1=1 i

Yi = 25 CAi+j_1BUj =2 G@'_,_j’u,j

Gi = CAi_lB

Hof =n_Gf
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LINEAR SYSTEMS

Tpi1 = Az, + Bu,

z = Ax + Bu

y=Cz+ Du

G(s) = D + C(sI — A)'B — (#ﬁ) _

RAR'|RB

|

CR' | D

|

82

— NM-'=M'N

= VI 'U+w

G G
G = G0+?1+—2+---

13



THE FUHRMANN SHIFT REALIZATION

G=VTU+W.

A|B
(2
(A= Sp
Bg:ﬂ-TUgv

| Cf = (VT 1f),
| D = G(0).

The realization is reachable
~
T and U are left coprime

The realization is observable
~
T and V are right coprime.

A nonsingular polynomial matrix D,
unique up to a right unimodular factor,
is equivalent to a reachable pair (A, B),
unique up to similarity.
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STRICT SYSTEM EQUIVALENCE
(FSE)

G=VT ' U+W=VT 'U+W

The shift realizations are isomorphic

M, T left coprime

T,M right coprime




DOUBLY COPRIME FACTORIZATIONS

G = ( G1 Gy ) proper, rational &0(Gp) =n

6(G)=n< ImHg, C ImHg,

G = (éi ZB;i ) minimal

A{| B
dBy,Cy; Go = (71’72)




HANKEL OPERATORS

G RATIONAL p x m.
Hg : F™[z] — 2 1 F?[[z7Y]]

Hgf =m_(Gf), for feF™[.

S_HG — HGS+

S KerHy C KerHg

S_ImHg; C ImHg

KerHg = DF™[2]
ImHg = X*

G=ND'1=E'M
(CoprimeFactorizations)

MD=FEN Xp~Xg
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LEFT WIENER-HOPF FACTORIZATIONS
AND TOEPLITZ OPERATORS

U(z) polynomial unimodular
['(z) proper rational unimodular

A(z) = diag (2", ..., 2"), 1 > -+ > L,

T : FPz] — FP[2]

Tof =7 .Gf

Tq is injective < u; > 0

Tq is surjective < u; <0
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RATIONAL MODELS

(C, A) € FP*" x F™*" observable
CzI — A1 =T(2)"'H(2)
e = {C(T — A '€lé € F"} € F2(2)

XT ={h € F?(2)|r_Th = 0}

X(c,4) = XT

T(2)C(zI — A~ =H(2)é = X c XT.

£ C(zI — A" injective = dim X =n

T(z) =U(2)A(2)'(2) right W-H factorization

A(z) = diag (2", ..., 2'7),
heXT <TheXV2 = dim X7 = dim XV2

UAh € FP[2] & Ah € FP[z] = dm XT =dim X2 =5l v, =n
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MODULE STRUCTURE

o F" — XT
£ CzI — AU

S_X(C’A) C X(C,A)

AT = ST = S_|X(c 4
CTh = (h)-

ATH(€) = m_2C(aT — A)7I¢ = C(=1 — A) " AEH(AC)
CTY(€) = (C(=I — A) %)y
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REALIZATION THEORY

G=ND1=x% G =C(zI - A)'B

=1 ,i+1
Hg
ABSTRACT Pl e Ry
N\ /!
F™z]/KerHg
CHOOSE REPRESENT.
Hg _
Fol] — 2R 4 =5
WD\ /( B§ — 7TD§
¥ Cf = (ND7'f),
D
CHOOSE BASTS
CONCRETE
Matrix

Representation




REALIZATION THEORY

g = pq
A= 5,
B = m ¢
Cf = (pg'f)=

CONTROLLABILITY REALIZATION
Standard basis: {1,z,...,2""1}

0 . —qo 1
1 0
A= 7B = 70 = ( (51 9n )
1 —qn-1 0
CONTROLLER REALIZATION
Control basis: {e1,...,en}
0 0
A= B = . ,C:<p0 <. -pn—l)

1 0

—qo
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REALIZATION THEORY

g—=—4q p
A =5,
B = mp§
Cf = (¢7'f)=

OBSERVER REALIZATION
Standard basis: {1,z2,...,2"" 1}

0 . —q0 Po
1
A= ,B = ,C=(0..01)
1 —Gn-1 Pn—1
OBSERVABILITY REALIZATION
Control basis: {e1,...,e,}
0 1 a1
A= B ,C=(10..0)
1 )
—qo R | gn-1
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<2

Controller X Observability
Realization p(Cq) Realization
K K

B(q,a B(q,p)

T op(Ch ]
Controllabilit Observer
Realization Realization

—qo 0 1
b __
C'q—
. 1
I —gn —qo . —Qn-1
q1 Gn-1 1
1
K =[I]3 =
dn—-1 1
1
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CONTINUED FRACTION REALIZATION

4-1=4¢, go=2Pp
%‘+1(Z) = ai+1(z)%'(z) - ﬁiqi—l(z), deg g;+1 < degg;

Q—l — Oa QO =1
QRr+1(2) = ap41(2)Qr(2) — BrQr-1(2)

9(z) =
Bo
a1(z) - . By
(2 - B
iz - =
ar1(2) = 4 55
A = 5,
B¢ = 7rqf
Cf = (pg7'f)=
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CONTINUED FRACTION REALIZATION
LANCZOS Basis:

{17 Zyenny an_l) Qb ZQ17 BRI Zn2_1Q17 I Qr—la DRI znr_l_lQr—l}

A A
A9 Az .
A=
Ar—lr
Arr—l Arr
0 —a((,i)
1
Au' — y T = 17 r,
1 _agi)—l
0 .01
0
A1 =
0 . 0
Aiiv1 = Bic1Aigaq
1
0
b=|. |, e=(0.. 8 0..0)
0
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LYAPUNOV BALANCED REALIZATION

g=dnec H®
H%:Xd*—>Xd
oL > -+ > 0y

pZ pz
{d*’

Y, = diag (o1, ...,00)
AY +YA=—BB

AN+ YA =-CC.

-

Gjbibj
i+

BALANCED REALIZATION
Schmidt basis: {p},...,p:}

),BZ(bl,...,bn>,C: (elbl,...,enbn)
Aj
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OUTPUT INJECTION vs. STATE FEEDBACK

C(zI — AL = T(2)'H(z)
T(2)C = H(z2)(zI — A)
3¢ : F" —s XT
§r Ozl — A)7H

aiFn—>XT
§ = H(z)¢

(2I — A)"'B=H(2)D(2)™!

BD(z) = (21 — A)H(z2)

E|¢IXD—)F”’

> fizi = 22 AZBfZ

1. Use row spaces
2. Use transposed matrices.
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INVARIANT SUBSPACES AND FACTORIZATIONS

(C, A) € FP*™ x F™*" observable
C(zI —A) ' =T(2)"1H(z)

Fr=VoW

an=(ia o (4 1)

(Cy, Ay) € FP*™ x F™*™ gbservable
Cl(Z[ — Al)_l = Tl(z)_lHl(z)

CzZI-A)"=(C ) ( (2 — A1)™" —(2I — Ay) ' As(2] — Ag) ™ )

0 (21 — Ag)™!
= ((Cu(el = A7 =Ci(e] = A7 As(2] = Ag) 7'+ Ca(2] — Ag)™")

=TT Ty H(2)

T="1T, X" cXT

h € XT1 = Th = TQ(Tlh) € Fp[Z]
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CONTROLLED INVARIANT SUBSPACES

A F*" — F", B:F™ — F"
= Azx + Bu

Y C F" is controlled invariant if 4F : F"* — F™
(A+ BF)Y CV

Y C F" is controlled invariant
p—
AV CV+ImB

CONDITIONED INVARIANT SUBSPACES

A:F*" — F" (C:F"— F™

= Ax
y=Crz

Y C F" is conditioned invariant if 3H : F?P — F"
(A+HC)Y CV

Y C F" is conditioned invariant
p—
AVNKerC)CV
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CONDITIONED INVARIANT SUBSPACES - PREVIEW

(C, A) € FP*" x F™*" observable
Czl —A)'=T(2)'H(z) =

T(z)C = H(z)(zI — A)
H(z)KC = H(z)KC

(T(2) + H(2)K)C = H(z)(zI — A+ KC)
Clzl — A+ KC)™ = (T(2) + H(z)K) ™ H(z) = T(2) " H(z2)
(A-KC)WcVvesycy
V={C(zI - A+ KC)*|¢ e V} = XT1

Xp=TXT = TX" =T, T\ XT1 = Ty Xz,

XT” — 7 XT

V:TQXTl :XTﬂTQFp[Z] = XrNM

V=XrNnM, zM CM
fevVnKerC= Srf=zfeXrNM=YV.

31



GEOMETRIC CHARACTERIZATION
OF
CONTROLLED INVARIANT SUBSPACES

G =D;'E,= E,D;!

A|B
6~ (%13)
(A = SPr
B¢ =n D',

| Ch = (E,h)_,
| D = G(0).

Y C XPr is controlled invariant
p—
Y =aPr[,

L C z7'F™[[27!]] a submodule, L = X*

NO UNIQUENESS
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GEOMETRIC CHARACTERIZATION
OF
CONDITIONED INVARIANT SUBSPACES

G =D;'E,= E,.D;!

Al B
G:(%m)
(A= Sp,

B¢ = wp, Ej§

Cp = (Di'p)_1 = lim,_, 2D(2)"!p(2)
| D = G(00).

VY C Xp, is conditioned invariant
S
Y = XDl N M

M C FP?[z] a submodule, M = TFP?|z]
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STABILIZABILITY AND DETECTABILITY
SUBSPACES

F=R,C
A:F*" — F", B:F™ — F"

z = Az + Bu
Y C F" is inner stabilizable if 3F : F* — F'™

(A+ BF)V CV and A + BF|y is stable

Y C F" is outer stabilizable if 3F : F'* — '™
(A+BF)Y CV and A+ BF|x/y is stable

A:F" — F", (C:F"— F?

= Ax
y=Crz

Y C F"is inner detectable if 3H : FP — F"
(A+ HC)V CV and A+ HC|y is stable

Y C F" is outer detectable if 3H : FP — "
(A+HC)Y CVand A+ HC|x/y is stable

NOTE: Controllability of (A, B) implies outer (anti)stabilizability.
Observability of (C, A) implies inner (anti)detectability.



ALGEBRAIC CHARACTERIZATION

G = D;'E, = E,D;!

Al B
G(%m)
(A= Sp,

B& — WDlElé-)

Cp = (pD; Y _1 = lim,_,0 2Dy(2) " p(2)
D = G(0).

VY C Xp, is outer antidetectable
<~
V == XDl M E_|_Cm[Z]

E. antistable
& right Wiener-Hopf indices of E7'D; nonnegative

VY C Xp, is outer detectable
~
Y = XDl M Cm[Z]E’_

E_ stable
& right Wiener-Hopf indices of E~'D; nonnegative
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ALGEBRAIC CHARACTERIZATION

G =D;'E, = E,D;!
D|C

o~ (514)

(A =80

B¢ =n_D, ',

Cf — (Erf)—l
D = G(o0).

Y C X7 is inner stabilizable
& left Wiener-Hopf indices of D,E~! nonnegative

p—
VY = nPr X E-
E_ stable

Y c XPris inner antistabilizable
S
V — WDTXE'F

E, antistable
& left Wiener-Hopf indices of D,E ' nonnegative
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