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| ntroduction

e Tanner (1981)generalizedGallager's LDPC codes
(1962)to codesdefinedby generalbipartite graphs.

e Tanner alsodevisedefficient decodingalgorithms.

e Wiberg, Loeliger and Kotter (1996)extendedTanner
graphsto include hidden nodes, and thus to cover trellis
diagramsasa specialcase.

¢ Many well-known decodingalgorithms in
communicationssuchasVA, BCJR, SOVA, and the
decodingalgorithm for turbo codescannow be
consideredasspecialcasef Tanner's algorithms
appliedto atrellis.




e Tanner graph for alinear block code:
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e Tanner graph for Abelian group block codes:

— Without lossof generality, we considera subgroup L of the
alphabetsequencespaceG = Zg, X Zg, X =+ X Zg,.

— The character group G of G is the group of all homomorphisms
¥ : G — Rpg ;) under the operation definedby

(11 0 9p9)(a) =11 (a) + ¢o(a),Va € G.

— Theinner product(,) : G x G — Ry is definedfor every

pair (4, a) by (1, a) = ¢ (a).

— Elementsy) € G anda € G arecalled orthogonal if (¢, a) = 0.

A~

- G=G.

— For any isomorphism & betweenG and G, we definea pairing
L)s :GXG— Rpo,1) by (c,a)s = (®(c),a).

— Then

clalil Cgagig Cnanin
+ + -4 @29 mod 1
81 82 8

(C7 a)(i1 ..... in) -

el

— Both the pairing and the notion of orthogonality (dual code)
dependon &.
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— Consider G = Z3 x Zjs. Thereareonly 4 pairings:

T1Y1 _|_ L2Y2

(Yo = SH+7%

(X, %)y = :%—i——x;”
(X, ¥)en = 4+
(X,¥)py = T+,

We have (11, 12),1) = 0, while (11,12) 5, # 0.

Also for the subgroup L = {00, 11, 22} of G,
Lii 1y = Lz = 100,12, 21}, and Lf, ) = Lf, ) = {00, 11, 22}.

— Let C* ={c},...,c;} beageneratingsetfor L};. Then
(cj,c)e =0,5i=1,...,m

fully describesc € L, and canbe usedto constructa Tanner
graph for L.

— Doesthe choiceof the pairing, or equivalently, the choiceof the
dual code,influencethe Tanner graph in any way?
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Theorem 1 The TG complexity for a group code
L C G =74 X Zg, X -+ X Zg, isindependent of the choice of
the pairing.

We choosethe pairing (, )(i,...1) : G x G — Rpg 1), and the
correspondingdual Ly, ) C G to constructa TG for L.

ForL C G =Zg X Zg, X -+ X Zg,, thedual groupL* C G is
definedby

L'=Lj, , ={c"€G:> cfc;/g;i=0modl, VceL}.
i=1
L isfully describedby

n

> cici/gi=0modl, k=1,...r, (1)
1=1

or equivalently by

1 1
c diag(—,...,—) (C*)' =0 mod 1, 2
81 8n
wherec = (¢y,...,¢,) € LyandC* = {c],...,c}} isagenerator

for L*.
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— Examplel Let G = 7y x Zg X Zg X 79, and

[ _ [ 0000, 0031, 0220, 0251, 0440, 0411,
— 1 1300, 1331, 1520, 1551, 1140, 1111 [ °

Then,

[+ _ {0000, 0240, 0420, 1511, 1151, 0031,
— 1 1300, 1331, 0451, 1540, 1120, 0211 [

A generator for L* is{1151,0240,0031}.

3C1—|—C2—|—5C3+3C4E6Z 02+2C3E3Z C3—|—C462Z

— Finding asimple TG for L — Finding an appropriate
generatorfor L*.

— GivenL, finding a generatorfor L* using exhaustve search is
computationally infeasible!
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e Tanner graph for lattices:

— A lattice is a discrete,additive subgroup A C R™,

— Dual lattice:

AN ={x € span(A) | (x,y) € Z,Vy € A} .
— Label codeof A, L(A), isisomorphic to A/A’, where A isa
rectangular sublattice of A, and is definedasa subgroup of

G =Zg X Zg, X -+ X Zg under component-wiseaddition.

— L(A) representghe dynamical structur e of A with respectto A'.
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e Generalizedconstruction A (GCA):

— LetL C Z,, x --- x Zg . Weconstruct

ay a
_7-”7_“)7

A=A + L diag(
81 8n

whereA' = a | Z® - - @ a,Z.

— The constructionreducedo “construction A” if g; = a; = 2, Vi.

— L isthelabel codeof A.

— Example2 For L = {00, 11} C Zs x Z», maximizing the coding
gain of GCA(L) with respect to a1, a- resultsin the hexagonal
|lattice with coding gain 2/+/3. Thisis achieved for
{0’170’2} = {17 \/g} or {17 1/\/5}

For the same code, construction A resultsin a lattice with unit
coding gain.

e Theorem?2 [L(A)]* = L(A¥).
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e An efficientalgorithm for finding a generatorfor L* is
developed.
GCA B* = (B™')" P*

L A A L*
a; = i, VZ

e Example 1 (Cont.) We obtain the following matrices as a
basis for A and a generator for L:

2
St
B = ., C=10440
04 =20 0031
00 31
We then have:
11 1 4
A 1540
—3 3 1
0O 0 0 1 003

¢ Relationshipsamonga group code,its GCA lattice,
and their duals:

L A
GCA
A
|
Duality a;d; = g;, Vi Duality

y

GCA .

L A
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Tanner graph complexity
e Group codes:

— A TG iscalled minimal if it minimizesboth the number of
checknodesand the number of edges.

— Example1 (Cont.) We have

[+ _ [ 0000, 0240, 0420, 1511, 1151, 0031,
— 1 1300, 1331, 0451, 1540, 1120, 0211 [

L* isnot cyclic. An optimal generator is{1120,0031}.

@EZz EZG 6Z6 eZz

361—|—62—|—263:0m0d.6 C3—|—C4:0m0d.2




e Lattices:

— Low-complexity TG:

1. low-complexity label code
2. low-complexity TG for the codeof part 1

— Measure of label codecomplexity:
G| = ng = |L||L".

— Theorem 3 For any lattice A, and in any graph coordinate
system,
gi 2 [’Y(A)I/QV(A*)I/Q] v r=1,...m,
G| > [y(A)/*y(A%)1/2]"

— The boundsare achieved for many well-known lattices suchas
the Leechlattice, the Barnes-Wall lattices BW,,, n = 2™, m
odd, D,,, D}, n > 3,and E7, E%.
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— For many other important lattices, the boundsare impr oved:

A BWn,n: Qm,m even| Ky Eﬁ,Eg
gi > [(»)'*] V2 3 2
Impr oved bound NG 4 | {2447}
G > ([(yy)'* )" (n/2)"? 3% | 64
Impr oved bound n"/? 412 1 256

— Strictly optimal coordinate systemsjn which the boundsare
achieved, arefound.

— Tanner graph structur e of many important latticesin (strictly)
optimal coordinate systemss studied.

— It is shown that for many important lattices, suchas
BW,, n=2" m >3,and E,, E*, n =6,7,8, the optimal label
codescannotbe supported by cycle-freeTanner graphs.

— This supportsthe conjecturethat “good lattices cannotbe
representedoy cycle-freeTGs”.
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Concluding remarks

e Construction and complexity of Tanner graphsfor
Abelian group block codesand lattices were discussed.

e “Generalized construction A” for latticeswas
intr oduced,and wasusedto develop an efficient
algorithm for finding a generatorfor the dual of an
arbitrary group code.

e Tight lower boundson the label codecomplexity of
lattices were derived.

e For many important lattices, the minimal label codes,
which achieve the lower bounds,cannotbe supported
by cycle-freeTanner graphs.

e Futurereseach:
— Which Tanner graphs are goodfor decodingpurposes?

— Conjecture: Good lattices cannot be supported be cycle-free
Tanner graphs.

— Construction of denselatticeswith low iterati ve decoding
complexity in high dimensions.
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