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Introduction� Tanner (1981)generalizedGallager'sLDPC codes
(1962)to codesdefinedby generalbipartite graphs.� Tanner alsodevisedefficient decodingalgorithms.� Wiberg, Loeliger and Kötter (1996)extendedTanner
graphs to include hidden nodes, and thus to cover tr ellis
diagramsasa specialcase.� Many well-known decodingalgorithms in
communicationssuchasVA, BCJR, SOVA, and the
decodingalgorithm for turbo codescannow be
consideredasspecialcasesof Tanner'salgorithms
applied to a tr ellis.
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� Tanner graph for a linear block code:
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� Tanner graph for Abelian group block codes:� Without lossof generality, weconsidera subgroup � of the
alphabetsequencespace !#"%$'&�()"%$+*,(.-/-0-1(2"3$54 .� The character group 6 of  is the group of all homomorphisms798  �;: <>=@?BA �DC under the operation definedbyE 7 �;F 7G��H EJI H ! 7 � EDI HLKM7G� EDI H�NPO IRQ  .� The inner product S N�TU8 6 (V �W: < =@?PA �DC is definedfor every
pair

E 7XN I H
by S 7XN I T ! 7 EDI H

.� Elements
7 Q 6 and

IYQ  arecalledorthogonal if S 7XN I T !9Z .� 6 [!  .� For any isomorphism \ between 6 and  , wedefinea pairingE N�H^]_8  (` �;: <a= ?+A �JC by
EDb N I H'] ! SB\ EDb HcN I T .� Then EDb N I H'] ! d &fe�&fgh&$ & K d *ie'*igj*$ * K -0-0- K d 4'eB4'gk4$ 4 mod lm! EDb N I H�n g & ApoqoporA g 4 C�s� Both the pairing and the notion of orthogonality (dual code)

dependon \ .
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� Consider  !t" � ()" � . Thereareonly 4 pairings:Eiu NBvwH n � A �DC ! x &iyP&� K x *iyz*�Eiu NBvwH n � A � C ! x &iyP&� K � x *iyz*�Eiu NBvwH{n � A �DC ! � x & y &� K x * y *�Eiu NBvwH{n � A � C ! � x &|yP&� K � x *iyz*� s
We have

E l}l N l0~ H{n � A �DC !9Z , while
E l}l N l0~ H{n � A � C��!9Z .

Also for the subgroup ��! ��Z}Z N l�l N ~}~�� of  ,���n � A �JC !9���n � A � C ! ��Z}Z N l0~ N ~�l�� , and ���n � A � C !#���n � A �DC ! ��Z�Z N l}l N ~}~�� .� Let � � ! � b � � N s�s�s N b �� � bea generatingsetfor � �] . ThenEDb �g N b H'] !9Z NL� ! l N s�s�s N+��N
fully describes

b>Q � , and canbeusedto construct a Tanner
graph for � .� Doesthe choiceof the pairing, or equivalently, the choiceof the
dual code,influencethe Tanner graph in any way?
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� Theorem1 The TG complexity for a group code�t�� !#"%${&�(2"%$'*�(.-0-0-�(�"%$B4 is independent of the choice of
the pairing.� We choosethe pairing

E NcH{n � Aqopopo A �JC 8  (` �W: < = ?BA �iC , and the
correspondingdual � � n � Apopoqo@A �JC �� to construct a TG for � .� For ���� !#" $ &�()" $ *,(.-/-0-1()" $ 4 , the dual group � � �� is
definedby� � !9� �n � Aqopopo@A �DC ! � b � Q  8t�� g�� � � �g � g|�0��g;!9Z mod l N;O b�Q �3� s� � is fully describedby�� g�� � � �� g � g��/��g;!#Z mod l N¡  ! l N s�s�s NB�¢N (1)

or equivalently bybU£ �¥¤�¦ E l� � N s�s�s N l� � H E � � H¥§ !�¨ mod l N (2)

where
b ! E � � N s�s�s N � � H Q � , and � � ! � b � � N s�s�s N b �� � is a generator

for � � .
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� Example1 Let  !©" � ()" � ()" � ()" � , and��! ª Z}Z�Z}Z N Z}Z�«�l N Z¬~�~�Z N Z¬~�­�l N Z}®�®}Z N Z�®�l�l Nl�«�Z}Z N l�«�«�l N l�­�~�Z N l�­�­�l N l}l�®}Z N l}l}l�l°¯ s
Then, � � ! ª Z�Z}Z}Z N Z�~�®}Z N Z}®¬~�Z N l�­�l�l N l}l�­¬l N Z}Z}«±l Nl�«}Z}Z N l�«}«�l N Z}®¬­¬l N l�­�®�Z N l}l�~�Z N Z�~�l}l)¯ s
A generator for � � is ��l}l�­¬l N Z¬~�®}Z N Z}Z�«²l³� .
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� Finding a simpleTG for � �W: Finding an appropriate
generator for � � .� Given � , finding a generator for � � usingexhaustive search is
computationally infeasible!
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� Tanner graph for lattices:� A lattice is a discrete,additive subgroup Ùt� <ÛÚ .
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� Dual lattice:Ù � ! � u`Q���� ¤�� E Ù H�� S u NBv�T Q " N1OLv Q ÙU� s� Label codeof Ù , � E Ù H , is isomorphic to Ù ��Ù�� , where Ù � is a
rectangularsublatticeof Ù , and is definedasa subgroup of !#" $ &�()" $ *�(.-0-0-�(�" $ 4 under component-wiseaddition.� � E Ù H representsthe dynamical structur eof Ù with respectto Ù�� .
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� Generalizedconstruction A (GCA):� Let ���t" $�&�(.-0-0-�()"3$¥4 . WeconstructÙ�!9Ù � K � £ �¥¤�¦ E ¤²�� � N s�s�s N ¤ �� � H�N
where Ù � ! ¤ � ""!#-0-0-#! ¤ � " .� The construction reducesto “construction A” if ��gW! ¤ gW!�~ N;O � .� � is the label codeof Ù .� Example2 For ��! ��Z}Z N l�l³� ��" � ()" � , maximizing the coding
gain of GCA( � ) with respect to

¤ � N^¤��
results in the hexagonal

lattice with coding gain ~}� � « . This is achieved for� ¤ � N^¤�� �Ô! ��l N � «�� or ��l N l�� � « � .
For the same code, construction A results in a lattice with unit
coding gain.� Theorem2 $&%('*),+.-0/ � %('*)1/2+ .
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� An efficient algorithm for finding a generator for 3 / is
developed. 465 � n 487 & C:9Ù Ù � � �; �� ¤ g !���g NWOL�GCA

� Example1 (Cont.) We obtain the following matrices as a
basis for ) and a generator for 3 :
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� Relationshipsamonga group code,its GCA lattice,
and their duals:

Duality Duality

GCA

GCA

I
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[

\ J

\
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Tanner graph complexity� Group codes:� A TG is calledminimal if it minimizesboth the number of
checknodesand the number of edges.� Example1 (Cont.) We have� � ! ª Z�Z}Z}Z N Z�~�®}Z N Z}®¬~�Z N l�­�l�l N l}l�­¬l N Z}Z}«±l Nl�«}Z}Z N l�«}«�l N Z}®¬­¬l N l�­�®�Z N l}l�~�Z N Z�~�l}l ¯ s� � is not cyclic. An optimal generator is ��l�l�~�Z N Z�Z}«±l³� .

]]^^ __``a a a a a aa a a a a aa a a a a aa a a a a aa a a a a aa a a a a aa a a a a aa a a a a aa a a a a aa a a a a aa a a a a aa a a a a aa a a a a a

b b b b b bb b b b b bb b b b b bb b b b b bb b b b b bb b b b b bb b b b b bb b b b b bb b b b b bb b b b b bb b b b b bb b b b b bb b b b b b

ccccc
ccccc
ccc

ddddd
ddddd
ddd

e e e e ee e e e ee e e e ee e e e ee e e e ee e e e ee e e e ee e e e ee e e e ee e e e ee e e e ee e e e ee e e e ee e e e e

f f f f ff f f f ff f f f ff f f f ff f f f ff f f f ff f f f ff f f f ff f f f ff f f f ff f f f ff f f f ff f f f ff f f f f

g gg gg gg gg g
g gg gg gg gg g
g gg gg gg g

h hh hh hh hh h
h hh hh hh hh h
h hh hh hh h

i ii ii ii ii i
i ii ii ii ii i
i ii ii ii i

j jj jj jj jj j
j jj jj jj jj j
j jj jj jj j

k Ó k Ë k Î k ×mlon�Ëlpn8qlrnsqlon�Ë
k Îut k × Rwv mod.
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� Lattices:� Low-complexity TG:

1. low-complexity label code

2. low-complexity TG for the codeof part 1� Measure of label codecomplexity:

�  � ! �z gj� � � g ! � � �{� � � � s� Theorem3 For any lattice Ù , and in any graph coordinate
system, ��g}| ~�� E Ù H ��� � � E Ù � H ��� ��� N � ! l N s�s�s N���N�  � | ~�� E Ù H ��� � � E Ù � H ��� � � � s

� The boundsareachievedfor many well-known latticessuchas
the Leechlattice, the Barnes-Wall lattices � � � N�� !�~ Ú N��
odd, � � N � �� N�� |t« , and � � N � �� .
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� For many other important lattices, the boundsare impr oved:Ù � � � N�� ! ~ Ú N.� even � � � � � N � ��� g | ~ E ��� � H ��� � � � � �}~ « ~
Impr ovedbound

� � ® �}~ � N ® � ��  � | E ~ E ��� � H ��� � � H � E � ��~ H � � � « � � � ®
Impr ovedbound

� � � � ® � � ~�­ �
� Strictly optimal coordinatesystems,in which the boundsare

achieved,are found.� Tanner graph structur eof many important lattices in (strictly)
optimal coordinatesystemsis studied.� It is shown that for many important lattices,suchas� � � N8� !�~ Ú Ns� |t« , and � � N � �� Ns� ! � N��¬N��

, the optimal label
codescannotbesupportedby cycle-freeTanner graphs.� This supports the conjecturethat “good latticescannotbe
representedby cycle-freeTGs”.
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Concluding remarks� Construction and complexity of Tanner graphs for
Abelian group block codesand latticeswerediscussed.� “Generalized construction A” for latticeswas
intr oduced,and wasusedto developan efficient
algorithm for finding a generator for the dual of an
arbitrary group code.� Tight lower boundson the label codecomplexity of
latticeswerederived.� For many important lattices,the minimal label codes,
which achieve the lower bounds,cannotbesupported
by cycle-freeTanner graphs.� Futur e research:� Which Tanner graphsaregoodfor decodingpurposes?� Conjecture: Good latticescannotbesupportedbecycle-free

Tanner graphs.� Construction of denselatticeswith low iterati vedecoding
complexity in high dimensions.
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