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Abstract

We study discrete vortices in the anti-continuum limit of the discrete two-dimensional non-
linear Schrodinger (NLS) equations. The discrete vortices in the anti-continuum limit represert
a nite set of excited nodes on a closed discrete contour with a non-zero topological charge.
Using the Lyapunov{Schmidt reductions, we nd su cien t conditions for contin uation and ter-
mination of the discrete vortices for a small coupling constant in the discrete NLS lattice. An
example of a closeddiscrete contour is consideredthat includes the vortex cell (also known as
the o -site vortex). We classify the symmetric and asymmetric discrete vortices that bifurcate
from the anti-continuum limit. We predict analytically and con rm numerically the number of
unstable eigenvalues assciated with eac family of the discrete vortices.

1 Intro duction

Following the rst paper of this series[1], we addressdiscrete systemsand di eren tial-di erence
equations, which have becometopics of increasing physical and mathematical importance. The
variety of physical applications where such models are relevant, and their signi cant di erences
from the mathematical theory of partial di erential equations,cortribute to recert interestin these
topics. The applicability of such models extendsto areasas diverseas nonlinear optics, atomic and
soft condensed-matterphysics, aswell as biophysics: speci ¢ details and referencescan be found in
our rst paper [1] aswell asin reviews|[2, 3, 4, 5, 6, 7].

The secondpaper is dewoted to existenceand stability of coherent structures in two-dimensional
lattices, which include both discrete soliton [6, 7] and discrete vortices [8]. Thesetwo-dimensional
coheren structures have emergedrecertly in studies of photorefractive crystals in nonlinear optics
[9, 10] and droplets of optical lattices in Bose-Einsteincondensateq11, 12]. A signi cant boost to
this subject was given by the experimental realization of two-dimensional photonic crystal lattices
with periodic potentials basedon the ideas of [9]. As a result, discrete solitons were obsened in
[13, 14], while more complex structures suc as dipoles, soliton trains and vector solitons were
obsened in [15, 16, 17].



Most recenly, obsenations of discrete vortices were reported by two independert groups [18, 19]
where the fundamertal vortices with topological charge one were experimentally created and de-
tected in photorefractive crystals. Two main examplesof charge-onediscrete vortices include a
vortex cross(an on-site certered vortex) and a vortex cell (an o -site certered vortex). Thesestruc-
tures were previously predicted in a contin uous two-dimensionalmodel with the periodic potential
[201.

These discoveries have stimulated further theoretical work and numerical computations. Thus, in
[21], discretevortices of chargetwo were shown to be unstable, while discrete vortices of chargethree
were found to be stable. Basedon the theoretical predictions of [21], further experiments on local-
ized structures were undertaken to unveil other interesting structures, suc as the discrete soliton
nedklace which is more globally stable comparedto the charge-threevortex [22]. The discrete vor-
tices have beenalso extendedto three-dimensionaldiscrete models [23]. Furthermore, asymmetric
vortices have beenrecertly predicted in the two-dimensionallattices in [24].

The above activity clearly signalsthe importance and experimental relevance of discrete solitons
and vortices in two-dimensionaldiscrete lattices. Howewver, most of the above mertioned works are
predominartly of experimental or numerical nature, while the mathematical theory of existence
and stability of discrete localized structures has not beendeveloped to a similar extent. The aim
of the present paper is to develop a categorization of discrete solitons and vortices in the discrete
two-dimensional nonlinear Schredinger (NLS) equations. We start from a well-understood limit
(the so-calledanti-continuum caseof zero coupling betweenthe lattice nodes) and examining per-
sistenceof the limiting solutions for small coupling by meansof the Lyapunov-Schmidt theory. This
method allows us to discusspersistenceand stability of the localized structures by analyzing nite-
dimensional linear eigervalue problems. The theoretical predictions agreewell with full numerical
computations of the discrete two-dimensionalNLS equation.

Our main results are summarized for the simplest localized structures in Table 1. These results
corroborate and extend the previously reported experimertal and numerical ndings. In particular,
we show that the soliton nedlace obsened in [15, 22] is indeed spectrally stable. We also quartify
the stability of the charge-onevortex in accordanceto [8, 18, 19, 20], the instabilit y of the charge-
two vortex in accordanceto [8, 21] and the stability of the charge-three vortex in accordanceto
[21]. We further demonstrate the instabilit y of all asymmetric vortices proposedin [24].

contour vortex of chargeL | # of unstable # of stable # of continuation

Swm eigervalues eigervalues

M=1 symmetricL = 1 none two pairs two parameters

M =2 symmetricL = 1 six complex none one parameter
onereal

M =2 symmetric L = 2 onereal V e pairs two parameters

M =2 symmetric L = 3 none sewen pairs one parameter

M =2 asymmetricL = 1 | six real one pair one parameter

M=2 asymmetricL = 2 | three real three pairs two parameters

M =2 asymmetricL = 3 | onereal Six pairs one parameter

Table 1: The numbers of small unstable, stable and zero eigenvalues, assaiated to vortices of the
discrete two-dimensionalNLS equation with small coupling constart.



The paper is structured as follows. Abstract results on existenceof discrete solitons and vortices
are derived in Section 2. Persistenceof localized modesfor a particular squarediscrete cortour is
consideredin Section 3. Stability of the persistert solutions is addressedin Section 4. Analytical
results are comparedto numerical computations in Section5. Section 6 concludesthe paper with
a summary of our results and discussionsof interesting directions for future study.

2 Existence of discrete vortices

We considerthe discrete nonlinear Schrodinger (NLS) equation in two spacedimensions[5]:
iUpm + (Up+zm + Un 1m ¥ Unm+1 + Upym 1 QUpm ) + jUn;mjzun;m =0 (2.1)

where upm (1) : Ry ! C, (n;m) 2 Z2, and > O is the inverse squared step size of the discrete
two-dimensionalNLS lattice. Time-periodic localizedmodesof the discrete NLS equation (2.1) take
the form:

Unm () = am el 4o am 2 C; o (n;m) 2 22 (2.2)
where ¢ 2 Rand 2 R areparameters. Sincelocalizedmodesin the focusingNLS lattice (2.1) with

> O may existonly for > 4 [4] and the parameter is scaledout by the scalingtransformation,
nm = p_l\n;m; = A (2.3)

the parameter > O will henceforth be setto = 1. In this case,the complex amplitudes .
solve the nonlinear di erence equationson (n; m) 2 Z2:

(l J n;mjz) nm = ( ntetmt nom Tt am+r t onm 1): (2-4)
As = 0, the localized modesof the di erence equations(2.4) are given by the limiting solution:

(
e nm . (n;m)2S;
© - 2.5
nm 0; (n;m) 2 Z2nS; (2.5)

where S is a nite set of nodeson the lattice (n;m) 2 Z? and ., are parametersfor (n;m) 2 S.
Since ¢ is arbitrary in the ansatz (2.2), we can set ,,.-m, = O for a particular node (ng; mg) 2 S.
Using this corvertion, we de ne two special types of localized modes, called discrete solitons and
vortices.

De nition 2.1 The localized solution of the di er ence equations (2.4) with > 0, that hasall real-
valued amplitudes ., , (n; M) 2 Z2 and satis es the limit (2.5) with all ,,n = f0; g, (n;m) 2 S,
is called a discrete soliton.

De nition 2.2 Let S be a simply-connected discrete contour on the plane (n; m) 2 Z2. The local-
ized solution of the di er ena equations (2.4) with > 0, that has complex-valuel amplitudes . ,
(n;m) 2 Z2 and satis es the limit (2.5) with ,m 2 [0;2 ], (n;m) 2 S, is called a discrete vortex.

De nition 2.3 Let S be a simply-connected discrete contour on the plane (n; m) 2 Z?, such that
each node (n; m) 2 S has exactly two adjacent nodesin vertical or horizontal directions along S. If
the phasedi er ence between two adjacent ,.m for (n;m) 2 S is constant in S, the discrete vortex
is called symmetric. Otherwise, it is called asymmetric. The total numbker of 2 phasedi er ences
acrossthe closal contour S is called the topological charge of the discrete vortex.
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In particular, we considerthe ordered simply-connecteddiscrete contour S = Sy, :
Svw = f(1;1);2;1);:;(M+ L1);(M+ 1,2);:5(M+ LM + 1);
(MM + 1);25 (LM + 1) (5 M);25(L;2)g; (2.6)

where dim(Sy ) = 4M . According to De nition 2.3, the contour Sy for a xed M could support
symmetric and asymmetric vortices with somecharge L. An example of the simplest vortices for

M = 1lis the symmetric charge-onevortex cell ( 1;1 =0, 21= 5, 22= , 12= 37) [8, 20] and
an asymmetric charge-onevortex ( 1,1 = 0, 21 = , 22= , 12= + ), where 8 f0;5; g
[24].

It follows from the general method [2, 25] that the discrete solitons of the two-dimensional NLS
lattice (2.4) (see De nition 2.1) can be cortinued to the domain 0 < < ¢ for some o > 0.
It is more complicated to nd a con guration of .., for (n;m) 2 S that allows us to cortinue
the discrete vortices (seeDe nition 2.2) for > 0. The cortinuation of the discrete solitons and
vortices is basedon the Implicit Function Theorem and Lyapunov{Schmidt Reduction Theorem
[26, 27]. Abstract results on existenceof such cortin uations are formulated and proved below, after
the introduction of somerelevant notations.

Let O(0) be a small neighborhood of = 0, such that O(0) = ( o; o) for some o > 0. Let
N = dim(S) and T bethe torus on[0;2 |V, sudthat . for (n;m) 2 S form avector 2 T. Let
= L?(Z?;C) bethe Hilb ert spaceof square-summablecomplex-valued sequences . A(n:m )222

equipped with the inner product and the norm:

X
(n;m )2 22 (n;m)22z2

Let u denoteanin nite-dimensional vectorin that consistsof componerts u,, for all (n;m) 2 z2.

Prop osition 2.4 There exists a unique (discrete soliton) solution of the di er ence equations (2.4)
in the domain 2 O(0) that satises (i) nm 2 R, (n;m) 2 Z2 and (ii) lim, ¢ nm = gor)n , where
O is givenby (2.5) with ,m = f0; g, (n;m) 2 S. The solution () is analytic in 2 O(0).
Pro of. Assumethat ., 2 R for all (n;m) 2 Z2. The di erence equations(2.4) are rewritten as

zerosof the nonlinear vector-valued function:

fam( 5 )=(@1 ﬁ;m) n;m (netm* nozm* amaa ¥ nom 1) =0 (2.8)

The mapping f : O() 7' isC'on 2 andhasa bounded cortinuous Frecet derivative,
given by:

Lom= 1 3 ﬁ;m (S+1;:0+t S 1.0+ Soi+1 + So; 1) (2.9)

where sqo.q0 is the shift operator, sud that SpomoUnm = Un+nom+mo. It is obvious that
f( ©00=0,  kerL@)=; (2.10)

where @ is the discrete soliton of De nition 2.1and L© is the operator L computedat = ©
and = 0. It follows from (2.9){(2.10) that L@ : 7!  hasa boundedinverse. By the Implicit
Function Theorem [27, Appendix 1], there exists a local C* mapping :0(0)! , suchthat ()
is cortinuousin 2 O(0) and @ = (0). Moreover, sincef( ; ) is analytic in 2 O(0), then

() is analytic in 2 O(0) [26, Chapter 2.2]. ]



Remark 2.5 Proposition 2.4 does not excludea possibility of continuation of the limiting solution
(2.5) with ,m = f0; gfor all (n;m) 2 S to the complex-valug solution () in 2 O(0).

Prop osition 2.6 There exists a vector-valued function g : T O(0) 7! RN, suchthat the limiting
solution (2.5) is continued to the domain 2 O(0) if andonlyif 2 T isarootofg( ; )= 0in
2 O(0). Moreover, the function g( ; ) is analyticin 2 O(0) andg( ;0)=0forany 2T.

Pro of. When ., 2 C for some(n; m) 2 Z2, the di erence equations(2.4) are complemened by
the complex conjugate equationsin the abstract form:
f(; ;)=0; f(; ;)=0: (2.112)

Taking the Fredet derivative of f( ; ; ) with respectto and , we compute the linearization

operator H for the di erence equations (2.4):
! !

1 2 omj? ﬁ.m 1 0
H.. = ; ; Si1-0+S 1.0+ Sp- + Sp- . 2.12
nm 2 1 2 o (S+1:0 1;0+ So+1 * So; 1) 0 1 (2.12)
Let HO = H( ©@;0). It is clearthat HO : 7! is a self-adjoint Fredholm operator of

index zerowith dim ker(H@) = N. Moreover, eigervectors of ker(H®) re-normalize the parame-
ters nm for (n;m) 2 S in the limiting solution (2.5). By the Lyapunov Reduction Theorem [27,
Chapter 7.1], there exists a decomposition = ker(H©@) 1 suc that g( ; ) is de ned in terms
of the projections to ker(H©). Let fe,m Omm)2s beasetof N linearly independert eigervectors
in the kernel of H@ . It follows from the represertation,
!
1 e2i nm
HO, = o 2 L ;(mm) 2 S; (2.13)
that ead eigervector en, in the setf enm ginm )2 s hasthe only non-zeroelemert (e nm ;e Fam )T
at the (n; m)-th position of u 2 . By projections of the nonlinear equations (2.11) to ker(H©),
we derive an implicit represenation for the functions g( ; ):

. . —- . .2 i . i .
2ghm () = @ jami) '™ um €™ am
€ b omm ( n+l;m + q 1;m + nm +1 + n;m l)
+ el nm ntimt notmt am+1t nam o1, (2.14)

for (n;m) 2 S, wherethe factor (2i) is intro duced for corveniert notations. Let nm = € " Uy
for (;m) 2 Sand pm = upm for (n;m) 2 Z2nS. Since eigervectors of ker(H©) are excluded

from the solution in! , we have unm 2 R for (n;m) 2 S, sud that
2ign;m( ;) = e o (ne mt*T nimt nm+a1t nam 1)
ei mm n+l:m + 1m + nm +1 + nm 1 (2-15)

andg( ;0)=0forany 2 T. Sincef( ; ; ) isanalyticin 2 O(0), then g( ; ) is analytic in
2 O(0) [27, Appendix 3]. ]

Corollary 2.7 The function g( ; ) can be expandel into convergent Taylor seriesin O(0):

X 1
g( ;)= kg(y; g )= H@g( ;0): (2.16)



If theroot () ofg( ; )= 0isanalyticin 2 O(0), thenthe solution () is analyticin 2 O(0),

suchthat
R

()= @+ (2.17)
k=1

where © is given by (2.5).

Lemma 2.8 Let () bearootofg( ; )=0in 2 O(0). An arbitrary shift ( )+ opo, wher
02 Randpg = (1;1;:::;1)", givesa one-parameter family of roots of g( ; ) = 0 for the same .

Pro of. The statemert follows from the symmetry of the di erence equations (2.4) with respect
to gaugetransformation [27, Chapter 7.3]. [

Prop osition 2.9 Let  be the root of g ( ) = 0 and M ; be the Jacobian matrix of g@® ()
at = . If the matrix M ; has a simple zem eigenvalue,there exists a unique (modulo gauge
transformation) analytic continuation of the limiting solution (2.5) to the domain 2 O(0).

Pro of. By Lemma 2.8, the matrix M ; has always a non-empty kernel with the eigervector
po = (1;1;:::;1) due to gaugetransformation. Let X, be the constrained subspaceof CN :

Xo=fu2CN: (po;u) = 0g: (2.18)

If the matrix M 1 is non-singular in the subspaceX o, then there exists a unique (modulo the shift)
analytic continuation of the root in 2 O(0) by the Implicit Function Theorem, applied to the
nonlinear equation g( ; ) = 0 [27, Appendix 1]. ]

Prop osition 2.10 Let be a (1 + d)-parameter solution of g®( ) = 0 and M ; have a zer
eigenvalue of multiplicity (1 + d), where 1 d N 1. The limiting solution (2.5) can be
continued in the domain 2 O(0) only if g@ ( ) is orthogonal to ker(M 1).

Proof. Let pg and fp,gl; be eigervectors of ker(M ;). We de ne the constrained subspaceof
Xo:
Xg=fu2 Xo: (p;u)=0; 1 = 1;::;dg: (2.19)

If g@( )2 Xy, the Lyapunov-Schmidt Reduction Theoremin nite dimensions[27, Chapter 1.3]
shows that the solution  cannot be continuedin 2 O(0). ]

Proposition 2.6 givesan abstract formulation of the continuation problem for the limiting solution
(2.5) for 6 0. Proposition 2.9 givesa su cien t condition of existenceand uniqueness(up to gauge
invariance) of such continuations. Proposition 2.10 givesa su cien t condition for termination of
multi-parameter solutions. Particular applications of Propositions 2.6, 2.9 and 2.10 are limited by
the complexity of the setS in the limiting solution (2.5), since computations of the vector-valued
function g® ( ), g@ ( ), and the Jacobian matrix M ; could be technically involved. We apply
the abstract results of Propositions 2.6, 2.9 and 2.10to the simply-connecteddiscrete contour Sy, ,
de ned in (2.6).



3 Persistence of discrete vortices

We consider discrete solitons and vortices on the contour Sy dened by (2.6). Let the set ;
correspond to the ordered cortour Sy, starting at 1 = 1.1, 2= 21 andendingat n = 1.,
whereN = 4M. In what follows, we usethe periodic boundary conditions for ; on the circle from
j=1toj=N,suththat o= N, 1= n+1,andsoon.

The discrete vortex has the charge L if the phasedi erence changeson 2 L along the discrete
contour Sy . By gaugetransformation, we can always set ; = 0 for corvenience. We will also
choose , = with O for corvenience,which correspndsto discrete vorticeswith L 0.

3.1 Solutions of the rst-order reductions

Substituting the limiting solution E]ozn in the bifurcation function (2.15), we nd that g ( ) in

the Taylor series(2.16) is non-zerofor the contour Sy and it takesthe form:
g ()=sin(; ja)+sin(; 1) 1 j N: (3.1)

The bifurcation equationsg® ( ) = 0 are rewritten as a system of N nonlinear equations for N
parameters 1, 2,..., n asfollows:

sin(2  1)=sin(3 2)=m=sin(n N 1)=siN(1 n): (3.2)

We classify all solutions of the bifurcation equations (3.2) and give explicit examplesfor M = 1
and M = 2.

Prop osition 3.1 Leta; = coq j+1+ j)forl j N,suchthat ;=0 = ,and n+1 =2 L,
where N = 4M, O and L is the vortex charge. All solutions of the bifurcation equations
(3.2) reduce to the four families:

(i) discrete solitonswith = f0; g and

=100 1 ] N (3.3)
such that the set fa; g, includes| coecients a = 1and N | coecients & = 1, where
0O | N.

(i) symmetric vortices of chargeL with = &, wheel L 2M 1, and
i = 7L(21M 1); 1 j N; (3.4)
suchthat all N coe cients are the same: aj = a= Cc0S 5~
(iii) one-parameter families of asymmetric vortices of chargeL = M with 0< < and
( )
j+1 i = mod(2 ); 2 jJ N; (3.5)
suchthat the setfa; g\, includes2M coe cients a = cos and 2M coe cients a = cos .

(iv) zer-parameter asymmetric vortices of chargeL 6 M and

n+2L 4M
= =5 —~50— i 1 .n N Lnéam; (3.6)



suchthat the setfa g'.; includesn coecients a = cos andN ncoecients a = cos
and the family (iv) doesnot reduce to any of the families (i){(iii).

Pro of. All solutions of the bifurcation equations(3.2) are given by the binary choice (3.5) in the
two roots of the sine-functionon 2 [0;2 ], wherethe rst choicegivesa; = cos and the second
choice givesa; = cos . Let us assumethat there are totally n rst choicesand N n second
choices,wherel n N. Then, we have

N+t =N + (N n)( )=(2n N) +(N n) =21L;

where L is the integer charge of the discrete vortex. There are only two solutions of the above

equation. When s arbitrary parameter, we have n = N7 = 2M and L = M, which givesthe

one-parameterfamily (ii). When = is xed, we have
_on+2L 4M
S 2 n 2™

Whenn = N 2L, we have the family (i) with N 2L phases ; = 0 and 2L phases ; =

Since discrete solitons do not have topological charge, the parameter L could be half-integer: L =
(N DN=2,where0 | N. Whenn = 4M, we have the family (i) forany 1 L 2M 1.
Other choicesof n, which are irreducible to the families (i){(iii), produce the family (iv). ]

Remark 3.2 The one-parameter family (iii) connects special solutions of the families (i) and (ii).
When = 0and = , the family (ii) reducesto the family (i) with | = 2M. When = 5, the
family (iii) reducesto the family (i) with L = M. We shall call the correspnding solutions of
family (i) as the super-symmetric soliton and of family (ii) as the super-symmetric vortex.

Remark 3.3 There exist N; = 2N 1 solutions of family (i), N> = 2M 1 solutions of family (ii),
and N3 solutions of family (iii), where

2 1 NI

— »oN 1 .
N3 =2 KIN K

(3.7)

k=0
The number N4 of solutions of family (iv) can not be computad in general. We consider such
solutions only in the explicit examplesof M = 1and M = 2.

Example M = 1and N = 4. There are N; = 8 solutions of family (i), N, = 1 solution of family
(i), N3 = 3 solutions of family (iii), and no solutions of family (iv). The three one-parameter
asymmetric vortices are given explicitly by

@ 1=0 2= 5 3= ; 4= + (3.8)
) 1=0 2= ; 3=2; 4= + (3.9)
(© 1=0, 2= 3= ; 4=2 : (3.10)

Example M = 2 and N = 8: There are N; = 128 solutions of family (i), N, = 3 solutions
of family (i), N3 = 35 solutions of family (iii), and N4 = 14 solutions of family (iv). The three
symmetric vortices have topologicalchargelL = 1( = 3),L=2( = 3),andL = 3( = 37). The
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one-parameterasymmetric vortices include 35 combinations of 4 upper choicesand 4 lower choices
in (3.5), starting with the following three solutions:

(@ 1=0 2= 5 3=2; 4=3; 5=4; g= +3;, 7=2 +2; g=3 + ;
(b) 1=0 2=, 3=2; 4=3,;, 5= +2,; g= +3, 7=2 +2,; g=3 +
(€ 1=0 2= ; 3=2,; 4=3,;, 5= +2, =2+ ; 7=2 +2;, g=3 + ;
and soon. The zero-parameterasymmetric vortices include 7 combinations of vortices with L = 1
for seven phasedi erences  and one phasedi erence % and 7 combinations of vorticeswith L = 3
for one phasedi erence  and sewen phasedi erences %
3.2 Contin uation of solutions of the rst-order reductions
We compute the Jacobian matrix M ; from the bifurcation function g ( ), givenin (3.1):
8
2 cog js1 j)+cos(j 1 ) =],
(M 1) = S coy i); i=j 1 (3.11)

0; ji jjo2
subject to the periodic boundary conditions. The matrix M ; is de ned by the coe cien ts a; =
Cos( j+1 j) for1 ] N. It hasthe samestructure asthat in the perturbation theory of

continuous multi-pulse solitons in coupled NLS equations [28]. Three technical results establish
location of eigervaluesof the matrix M ;.

Lemma 3.4 Let ng, zo, and po be the numbers of negative, zem and positive terms of a =
COos( j+1 i1 N, suchthat nop + zg+ pp = N. Let n(M ), z(M 1), and p(M ;) be
the numkers of negative, zeto and positive eigenvaluesof the matrix M 1, de ned by (3.11). Assume
that zo = 0 and denote: I I
Xy W X
Al = a] = q — .
i=1 j6i i=1 i=1
If AL 6 0, then, z(M 1) = 1, and either n(M 1) = ng 1, p(M 1) = po or n(M 1) = ng, p(M ;) =
po 1. Moreover, n(M ;) is evenif A; > 0andis oddif A; < 0. If A; = 0, thenz(M ;) 2.

. (3.12)

Pro of. The rst statemert follows from Appendix A of [28]. Let the determinant equation be
D( )= det(M 1 | )= 0. By induction argumerts in [28, 29],it can be found that D (0) = 0 and

DY0) = NA;. On the other hand, DY0) = ; » N 1, Where y = 0 (which exists always
with the eigervector po = (1;1;::;1)T, seeProposition 2.9). Then, it is clear that ( 1)"M ) =
sign(A1). When A, = 0, at least one more eigervalue is zero, such that z(M 1) 2. n
Lemma 3.5 Letall coecients a = cos(j+1 ), 1 j N bethesame:a = a. Eigenvalues
of the matrix M ; are computed explicitly as follows:

n = dasin? Wn; 1 n N: (3.13)
Proof. Wheng =a, 1 | N, the eigervalue problem for the matrix M ; takesthe form of

the linear di erence equation with constart coe cien ts:

a2x;  Xj+1 Xj 1) = Xj; X0 = XN X1 = XN+, (3.14)

9



The discrete Fourier mode x; = exp iZNJ for1 j;n N resultsin the solution (3.13). [

Lemma 3.6 Let all coe cients & = cog j+1 iZ1l N alternate the sign: a = ( 1) a,
where N = 4M . Eigenvaluesof the matrix M ; are computed explicitly as follows:

.n
n = n+2M:2aS|nN; 1 n 2M; (3.15)

suchthat n((M ;) =2M 1, z(M ;) = 2, andp(M 1) = 2M 1. These numkbers do not changeif
the set f g; ng:l is obtained from the sign-alternating set by permutations.

Proof. Whena = ( 1)a,1 j 4M, the eigervalue problem for the matrix M ; takesthe
form of a coupled system of linear di erence equation with constart coe cien ts:

a(y; v 1)= Xxj; a(x; Xj+1)=Yj; 1 j 2M; (3.16)
subject to the periodic boundary conditions: x1 = Xom +1 andyg = yam . The discrete Fourier mode
Xj = Xoexp i22,\j,|n andy; = yoexp i22,\j,|n forl j;n 2M resultsin the solution (3.15). In this

casewehaven(M 1) =2M 1,z(M 1) = 2,andp(M 1) = 2M 1, such that D(0) = DY0) = Oin
the determinant equationD( ) = det(M ;1 1 ). In orderto provethat z(M ;) = 2 remainsinvariant
with respect to permutations of the sign-alternating set f g g]-N:1 , we nd from Mathematica that
| | 11
W X1t o 1 K 2 X 1 1
D0) = aj N + N — ; (3.17)
i=1 i=1 iz j=ivp HA PN

+
Qi & +1 aian

where0 < y < y are numerical coe cients. Let A denote the sign-alternating set fa; g'-; ,

sudh that a = ( 1) a, and A denote a set obtained from A by permutations. It is clear that

! !
Xtoq 1 X1 oq 1

+ +
Qi di+1 aian Qi +1 aian

i=1 i=1

and I 1
KIX 4 XX 4

aiq aiq

i=1 I=i+1 i=1 I=i+1 A

Therefore, the expressionin brackets in (3.17) can be estimated as follows:
| |

( ) xr st | + Xax1
N N N =
o1 a; aj+1 alarl\. A i=1 1=ie1 aia|' A
Xt oq 1 XX
( N N) A + + N — < 0,
=g Sidie1 aian (21 jmieg O A

wherethe last inequality follows from the fact that D°{0) < 0 for A . Therefore, z(M 1) = 2 for A.
Combining it with estimatesfrom Appendix A in [28], we have n(M ;) = p(M 1) = 2M 1. ]

Using Lemmas3.4, 3.5, and 3.6, we classifythe cortin uation of solutions of the rst-order reductions,
which are described in the families (i){(iv) of Proposition 3.1.

For family (i), excluding the caseof super-symmetric solitons (see Remark 3.2), the numbers of
positive and negative signs of @ are di erent, sud that the conditions zo = 0 and A; 6 0 are
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satised in Lemma 3.4, and hencez(M ;) = 1. By Proposition 2.9, the family (i) has a unique
cortinuation to discrete solitons (seeDe nition 2.1). Continuations described in Remark 2.5 are
only possiblefor super-symmetric solitons.

For family (ii), all coe cien ts a; are the same: g = a = cos ﬁ 1 N. By Lemma 3.5,
there is always a zero eigervalue ( y = 0), while remaining (N 1) eigervaluesare all positive for
a>0(whenl L M 1), negativefora< O(whenM +1 L 2M 1), andzerofora= 0
(whenL = M). By Proposition 2.9, the family (ii) hasa unigue contin uation to symmetric vortices
with chargeL,wherel L 2M 1landL 6 M (seeDe nitions 2.2 and 2.3).

For family (i), there are 2M coecients @ = cos and 2M coecients a = cos , which are
non-zerofor 6 5. By Lemma3.6,wehaven(M ;)=2M 1,z(M )= 2,andp(M,)=2M L
The additional zero eigervalue is related to the derivative of the family of the asymmetric discrete
vortices (3.5) with respectto the parameter . Therefore, cortin uations of family (iii) of asymmetric
vortices, including the particular casesof super-symmetric solitons of family (i) and super-symmetric
vortices of family (ii), must be consideredbeyond the rst-order reductions.

For family (iv), sincen 6 2M, the conditions zop = 0 and A; 6 0 are satis ed in Lemma 3.4, and
hencez(M ;) = 1. By Proposition 2.9, the family (iv) has a unique cortinuation to asymmetric
vortices for 6 0.

3.3 Contin uation of solutions to the second-order reductions

Results of the rst-order reductions are insu cien t to conclude on persistenceof the asymmetric
vortices of family (i), including the super-symmetric soliton of family (i) and the super-symmetric
vortex of family (ii). Therefore, we cortinue the bifurcation function g( ; ) to the secondorder of

in the Taylor series(2.16). It follows from (2.4) that the rst-order correction of the Taylor series
(2.17) satis es the inhomogeneousproblem:

. . 0 0 0 0 .
@ 23D R Phnt Vimt Shat oo (3.18)
We de ne solution of the inhomogeneousproblem (3.18) in ! , Such that the homogeneous

solutions in ker(H©@) are removed from the solution D This is equivalent to the constraint:

nm = Unm g onm Unm 2 R for all (n;m) 2 Sy. We dewelop computations for three distinct
casessM = 1,M = 2and M 3. This separationis due to the special structure of the discrete
contours Sy, .

Case M = 1. The inhomogeneousproblem (3.18) has a unique solution @ 21

1 )
glzn = E [COS(J' 1 j ) + COS( j+1 J)] ei; (3-19)

wherethe index j enumeratesthe node (n; m) on the contour Sy, ,
511?11 =¢i: (3.20)

where the node (n; m) is adjacert to the j-th node on the contour Sy, while ﬁlﬂn is empty for all

remaining nodes. By substituting the rst-order correction term ﬁ,l?n into the bifurcation function
(2.15), we nd the correction term g®@ ( ) in the Taylor series(2.16):

1.
g?() = Ssin( e j)feos( )+ cos(jaz jaa)l

11



#ogsin( 1 pleod; g pvood; 2 g Ol 1] N @21

We compute the vector g, = g@ () at the asymmetric vortex solutions (3.8){(3.10):

0 1 0 1 0 1
0 2 0
(a)gzzg)gg; (b)gzzg)ozgsin cos ; (c)gzzgozisin coSs
0 0 2

The kernel of M ;1 is two-dimensionalwith the eigenvectors pg and p;. The secondeigernvector p;
is related to derivativesof the solutions (3.8){(3.10) in

0 1 o 1 0o 1
0 0 0
(®m=%é? (mngig (®m=%é§:
1 1 1

The Fredholm alternative (p1;g92) = 0 is satis ed for the solution (a) but fails for the solutions (b)
and (c), unless = f0;5; g. The latter casesare included in the de nitions of super-symmetric
discrete solitons and vortices (seeRemark 3.2). By Proposition 2.10, the solutions (b) and (c) can
not be continuedin 6 0, while the solution (a) can be continued up to the second-ordereductions.

Case M = 2: The soluton @ 21 of the inhomogeneousproblem (3.18) is given by (3.19)
and (3.20), except for the certer node (2;2), where

=dz+rdertrdotéden: (3.22)
The correction term g® () is given by (3.21) but the even ertries are modi ed as follows:
g? ()1 gP()+sin(;  Esin(; je)tsin( jwa)i §= 2468 (329

The vector g, = g@ () canbe computed for ead of 35 one-parameterasymmetric vortex solutions,
starting with the rst three solutions:

0 1 0 1 0 1
2 2 2
1 1 1
0 1 1
(@) gz = ; sin cos ; (b) g2 = 01 sin cos ; () gz = 02 sin cos :
1 1 1
0 1 1
1 1 0

The secondeigervector p; 8f the kernelof M 1 is 6elate1d to derivativesof the family in , e.g.

1
0
E (b) p1 =

12

(@ p1= ; () p1=

P N WS> WNDNPE
P N WDNWDNELO
P NEFENWDNPRFPLO



The Fredholm alternative condition (p1;g2) = O fails for all solutions of family (iii) but one,

excluding the special values = f0;5; g. The only solution of family (iii), where g, = 0, is
characterized by the alternating signsof coe cien ts a; = cos( j+1 j)yforl j N.
Case M 3: The soluton @ 21 of the inhomogeneousproblem (3.18) is given by (3.19)

and (3.20), exceptfor the four interior corner nodes(2;2),(M;2),(M;M), and (2; M), where
W o=€eitsdin;  j=LM+12M+1;3M + L (3.24)

The correction term g®@ ( ) is given by (3.21), except for the adjacert ertries to the four corner
nodeson the contour Sy : (1;1), (1;M + 1), (M + 1;M + 1), and (M + 1;1), which are modi ed
by:

g?() ! g?()*+sin(; 2 (= 2M+22M + 23 + 2
g?() 1 gP()+sin(;  je2) §=M;2M;3M;4M: (3.25)

Again, there is only one solution of family (iii), where g, = 0, which is characterized by the
alternating signsof coe cientsa = cos(j+1 ;) forl j N. All other solutions of family (iii)
do not satisfy the Fredholm alternativ e condition (p1;92) = O.

By using results of thesecomputations, we classify cortin uations of solutions of the super-symmetric
solitons of family (i) and asymmetric vortices of family (iii). Let M , be the Jacobian matrix
computed from the bifurcation function g® ( ), givenin (3.21), (3.23) and (3.25). Since(p1;9,) 6 0
for 6 f0;5; g, exceptfor the caseof sign-alternating set f g gj'\‘:l with a = ( 1) a, it follows
from regular perturbation theory that (p1;M 2p1) 6 0. Therefore, the secondzero eigervalue of
M ; bifurcates o zerofor the matrix M ; + M ,. By Proposition 2.9 (which needsto be modi ed

for the Jacobianmatrix M 1+ M »), the super-symmetric solutions of family (i), which aredi erent
from sign-alternating setsa; = ( 1) a, are uniquely cortinued to discrete solitons (seeDe nition

2.1).

By Proposition 2.10, all asymmetric vortices of family (iii), except for the sign-alternating set
a = cog j+1 i)=( 1y*rcos,1 j N,cannotbecontinuedto 6 0. The only solution
which can be continued up to the second-orderreductions has the explicit form:

4 32 ( 1), 4 2= 4 3t ; 4 1= 4 3%t 5 4= 4 3t + ; (3.26)
wherel | M andO . This solution includes two particular casesof super-symmetric
solitons of family (i) for = O0Oand = and super-symmetric vortices of family (i) for = 5.

Continuation of the solution (3.26) must be consideredbeyond the second-orderreductions.

3.4 Jacobian matrix of the second-order reductions

The Jacobianmatrix M ; of the rst-order reductionsis empty for super-symmetric vortices of family
(i) with L = M. In order to study stability of super-symmetric vortices, we needto compute the
Jacobianmatrix M , from the second-orderbifurcation function g@ ( ), givenin (3.21), (3.23), and
(3.25). Thesecomputations are deweloped separatelyfor three casesM = 1,M = 2, andM 3.
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Case M = 1. Non-zeroelemerns of M , are given by:

8
> +1; i=];
Moy = & i=j 2 (3.27)
0 ji ]j60;2
or explicitly for N = 4: 0 1
1 0 1 0
o 1 0 1 E
M, = : 3.28
2 %) 1 0 1 0 (3:28)
0 1 0 1

The matrix M , has four eigervalues: ; = , = 2and 3= 4 = 0. The two eigernvectors for
the zero eigervalue are ps = (1;0;1;0)" and ps = (0;1;0;1)". The eigervector p4 corresponds to
the derivative of the asymmetric vortex (3.8) with respect to parameter , while the eigervector
po = p3 + p4 correspondsto the shift due to gaugetransformation.

Case M = 2: The Jacobian matrix M , is given in (3.27) except for the ewven entries which are
modi ed as follows:

8 - .
2 L =5
(M2)i ! (M) +_ +1; i=j 2 j=2468 (3.29)
: 1 i=j 4
The matrix M , for N = 8 takesthe explicit form;
0 1
1 0 3 0 0 0 3 O
o 0 o 1 o 1 0 1%
1o 1 0 L 0 0 O
1 1
M,=B 0 2 ol 0 0 3 ol 1&., (3.30)
o 0 3 0 1 0 3 O
o 1 0 1 o 0 o 1%
o o o i 0 1 0O
o o 1 0 3 o0 O

The eigervalue problem for M , decouplesinto two linear di erence equationswith constart coef-
cients:

X Xj+1 Xj 1= 2X; i=1234
22 Vi1t Y 1= 2Y; = 1234

subject to the periodic boundary conditions for x; andy; . By the discrete Fourier transform, seethe
proof of Lemma3.6,the rst problemhaseigervalues: ;1 =1, ,=2, 3= 1,and 4= 0, whilethe
secondproblem haseigervalues: 5s=1, ¢= 2, 7= 1,and g= 0. The two eigervectorsfor the
zero eigervalue are p4 = (1;0;1;0;1;0;1;0)" and pg = (0;1;0;1;0;1;0;1)", where the eigervector
pg corresponds to the derivative of the asymmetric vortex (3.26) with respect to parameter and
the eigernvector po = p4 + pg correspondsto the shift due to gaugetransformation.

Case M 3. The Jacobian matrix M , is givenin (3.27), except for the adjacert ertries to the
four corner nodeson the contours Sy : (1;1), (1;M + 1), (M + ;M + 1), and (M + 1;1), which
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are modi ed by

g 1; i=]j=2M;M+ 2,2M;2M + 2;3M;3M + 2;4M;
(M2)ij | M2y +_ +1; i=j 2=M;2M;3M;4M (3.31)
T+l i=j+2=2M + 2,2M + 2;3M + 2
The matrix M , for N = 12 takesthe explicit form:
0 . L 1
1 0 3 0 0 O O O O O 3 O
o o o £ o0 o 0 0 0 0 o0 3}
1o o o f 0 0 0 O O 0 O
o $ 0 1 0 3 0O 0 0 0 0 O
o 0 3 0 O O 3 0O 0 0 0 O
M,=g8 0 0 0 : o1 o o 1% o1 0 0 O0 (332)
o 0o o o % o0 1 0 3 0o 0 O
o o o o o 3 0 o o % o0 o©
o 0 0o o O O 3 0O 0 0 3 O
0o 0 0 O O O OO 3 O 0o 3
1o o o o o o o I o o0 O
o 2 o o o o o o o % o o©

The eigervalue problem for M , decouplesinto eigervalue problemsfor two 6-by-6 matrix, which are
related by the Toeplitz transformation. As a result, the spectra of thesetwo matrices are identical
with the eigervalues, obtained with the use of MATLAB:

1= 7= 0780776 ,= g= 05 3= ¢g=0;
4= 10= 05 5= 11 = 1:28078 6= 12= 15

We con rm that the matrix M , has exactly two zero eigervalues, one of which is related to the
derivativ e of the asymmetric vortex (3.26) in and the other oneis related to the shift dueto gauge
transformation.

Computations of the matrix M , for super-symmetric vortices of family (ii) conrm the results of
the second-orderreductions for asymmetric vortices of family (iii). Although all N3 solutions of
family (iii) reducesto the super-symmetric vortex of family (ii) in the rst-order reductions, it is
the only family (3.26) that survivesin the second-orderreductions, suc that the super-symmetric
vortex of family (ii) with L = M and = - canbe deformedand cortinued up to the second-order
reductions to the asymmetric vortex (3.26).

All individual results on persistenceof localized modeson the discrete contour Sy, are summarized
as follows.

Prop osition 3.7 Consider the discrete soliton and vortices of the nonlinear equations (2.4) that
bifurcate from the limiting solution 5102,1 in (2.5) on the discrete contour Sy in (2.6). There exists
a unique (modulo gaugetransformation) continuation to the domain 2 O(0) of discrete solitons
of family (i) in (3.3), exept for the casel = 2M and g = ( 1) a, of symmetric vortices of family
(i) in (3.4), exaept for the caseL = M, and of zer-parameter asymmetric vortices of family (iv)
in (3.6). Asymmetric vortices of family (iii) in (3.5) can not be continued to the domain 2 O(0),

exept for the only solution (3.26).
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Hyp othesis 3.8 There exists a one-parameter (module gaugetransformation) continuation to the
domain 2 O(0) of the family of asymmetric vortices (3.26) with O , Which includes the
one-parameter continuation of the two exceptions of Proposition 3.7.

We will not be proving Hypothesis 3.8 beyond the second-orderreductions. Instead, we use Propo-
sition 3.7 to study stability of persistert localized modes of the discrete NLS equation (2.4).

4 Stabilit y of discrete vortices

The spectral stability of discrete vortices is studied with the standard linearization:
Upm (1) = @ o v a el +hme! (n;m) 2 Z?; (4.1)
where 2 C and (anm ;bm ) 2 C? solve the linear eigervalue problem on (n; m) 2 Z?2:

; 2 2 — .
1 2J nm]” @nm n;m bﬂ:m (an+1 m + an 1;m + An;m +1 + An;m 1) - la nm;

hm@m 12 ami® by (Bhsz:m + B m + Bym+r + bom 1) = ibnm:

The stability problem (4.2) can be formulated in the matrix-v ector form:

H =i (4.2)
where 2 consistsof 2-blocks of (anm ;bwm )T, H is de ned by the linearization operator
(2.12), and consistsof 2-by-2 blocks of

!
1 0
0 1
The discrete vortex is called spectrally unstable if there exists and 2 in the problem

(4.2), such that Re( ) > 0. Otherwise, the discrete vortex is called weakly spectrally stable. By
using the Taylor series(2.17), the linearized operator H is expandedas follows:

H=HO® + HO + 2H® 4 o( 3); (4.3)

where H® s de ned in (2.13), while the rst-order and second-ordercorrections are given by

! !
510271 () © @ © @ 10

n;m + n;m n,m n;m n;m

)
Hg;zn = 2 © @ © @ © @ (+1:0% 1o+ o041 * 0 1)
nm n;m nm n,m + nm nm 0 1

and
O G+ O Gh O 2 thj? %

H@, = 2 *
nm @ @ @ @ 4, 0 @ 1)2 2i 1) 2
nm nm nm nm nm nm nm J nm J

It is clear from the explicit form (2.13) that the spectrum of HO' = ' hasexactly N negative
eigervalues = 2, N zeroeigervalues = 0andin nitely many positive eigervalues = +1. The
negative and zero eigervalues = 2and = 0 mapto N double zero eigervalues = 0 in the
eigernvalue problem H©® =i | The positive eigervalues = +1 map to the in nitely many
eigervalues = i. Sincezero eigervaluesof H(© are isolated from the rest of the spectrum of
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H© | their splitting can be studied with the regular perturbation theory [30]. On the other hand,
if the discrete vortex solutions . for (n;m) 2 Z? decays su cien tly fast asjnj+ jmj! 1, the
corntinuous spectral bands of H are located on the imaginary axis of near the points = i,
similarly to the case nm,m = O for (n;m) 2 Z? [31]. Therefore, the in nite-dimensional part of the
spectrum doesnot produce any unstable eigervaluesRe( ) > 0 in the stability problem (4.2) with
small 2 O(0). We shall considerhow zeroeigervaluesof H® and H© split as 6 0 for solutions
of the nonlinear equations (2.4), which are categorizedby Propositions 3.1 and 3.7.

4.1 Splitting of zero eigenvalues in the rst-order reductions

The splitting of zeroeigervaluesof H is related to the Lyapunov{Schmidt reductions of the nonlinear
equations (2.11). We shaw that the samematrix M 1, which givesthe Jacobian of the bifurcation
functions g ( ), de nes also small eigervalues of H that bifurcate from zero eigervalues of H©
in the rst-order reductions.

Lemma 4.1 Let the Jacobian matrix M ; have eigenvalues J-(l), 1 N. The eigenvalue
problemH' = ' hasN eigenvalues ; in 2 O(0), suchthat

; - m. ; .

I!m—— i 1 j N: (4.4)

0

Pro of. We assumethat there exists an analytical solution () of the nonlinear equations(2.11).
The Taylor seriesof () isde ned by (2.17). By taking the derivativein , we rewrite the problem
(2.11) in the form:

Hp ()+ Hs ()*+Hs ()=0; O= % (4.5)

wherethe linearization operator (2.12) is represeried asH = Hp+ Hs. Using the series(2.17) and
(4.3), we have the linear inhomogeneousequation:

HO @4y, ©=p: (4.6)

Let g/ ( ), j = 1;::;N be eigervectors of the kernel of H© . Each eigervector e; ( ) contains the
only non-zeroblock i(¢' i; e '1)T at the j-th position, which correspondsto the node (n; m) on
the contour Sy, . It is clear that the eigervectors are orthogonal as follows:

e )g()=2y; 1 ij N 4.7)

Let & ( ), j = 1,:::;N be generalizedeigervectors, suc that ead eigervector & ( ) cortains the
only non-zeroblock (¢' 1 ;e " i)T at the j-th position. Direct computations shawv that

HOe()=2 ¢g(); 1 j N: (4.8)
The limiting solution (2.5) can be represenied as follows:
X
@)= &)
j=1

By comparingthe inhomogeneousquation (4.6) with the de nition (2.15) of the bifurcation function
g( ) and its Taylor series(2.16), we have the correspondence:

67 ()= 3 &()Hs O()
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Consider a perturbation to a xed point of g&( ) = 0 in the form = + c; wherec =
(ci;co;inen)T 2 RN It is clear that

X
(O)(): (0)+ Ciei+O( 2); ej():ej Cjej+0( 2);
i=1
where ©@ = (0)( ), & = ¢( ), and & = &( ). By expanding the bifurcation function
g®( )near = , wede ne the Jacobian matrix M ;:
g ()=g" + (Mic) +O(?);
where

X 1 X
(M) =5 (giHse)a 56 (&:Hs&): (4.9)
i=1 i=1
On the other hand, the regular perturbation seriesfor small eigervalues of the problem H' =
are de ned as follows:

r=r O Dy 2@ 4 (), = 1+ 2,+0(%; (4.10)

' (0) P i ©) i ey
where = j=1 Ge€, according to the kernel of H™. The rst-order correction term
satis es the inhomogeneousequation:

HO' @4 O © = | O, (4.11)

Projection to the kernel of H© givesthe eigervalue problem for :

1 X &)
> g;HVe ¢ = 1g: (4.12)
i=1
By direct computations:
1 X &
> (éj;HSéi)= COS(J' j+1)+ COS(] j 1) = ej;Hp €
i=1 i=1
such that the limiting relation (4.4) follows from (4.9) and (4.12) with H® = H{P + Hy. "

We apply results of Lemma 4.1 to the solutions of the rst-order reductions, which are described in
families (i){(iv) of Propositions 3.1and 3.7. The numbers of negative, zeroand positive eigenvalues
of M 1 are denoted as n(M 1), z(M ;) and p(M 1) respectively. These numbers determine the
numbers of small negative and positive eigervalues of H for small positive . They are predicted
from Lemmas 3.4, 3.5and 3.6.

For family (i), we compute the parameter A; in Lemma3.4asA; = ( )N '(2l  N), wherel is
de ned in Proposition 3.1. By Lemma3.4,wehaven(M ;) =N | 1,z(M;)=1,andp(M 1) =1
foro I 2M landn(My) =N I,zM,)=1,andp(M)=1 1for2Mm +1 | 4M.
In the caseof super-symmetric solitons for | = 2M, by Lemma 3.6, we have n(M 1) = 2M 1,
z(M 1) =2,andp(M 1) = 2M 1.

For family (i), by Lemma 3.5, we have n(M 1) = 0,z(M ;) = 1,andp(M ;)= N 1forl L
M l1andn(M,)=N 1,z(M;)=21,andp(M;)=0forM+1 L 2M 1, wherelL is
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de ned in Proposition 3.1. The caseof super-symmetric vortices L = 2M can only be studied in
the second-orderreductions, sinceM ; = 0.

The family (iii) is represened by the only one-parameter solution (3.26) for eahh L = M. By
Lemma3.6,wehaven(M ;)= 2M 1,z(M 1) = 2,andp(M 1)=2M 1forO , excluding
the caseof super-symmetric vortices = 5 but including the caseof super-symmetric solitons = 0
and =

The family (iv) is characterized by the value of cos 6 O, L 6 M, and 1 n N 1,
n 6 2M, specied in Proposition 3.1. The parameter A; in Lemma 3.4 is computed as A; =
( DN "(cos )N 1(2n N), sucthat z(M ;) = 1in all cases.In the casecos > 0, by Lemma
34, wehaven(M 1) =N n landp(M;)=nforl n 2M 1andn(Mi)=N n and
pM1)=n 1for2M +1 n N 1. In the opposite caseof cos < 0, we haven(M ;) = n
andp(M;) =N n 1forl n 2M landnMi)=n landp(Mi) =N n for
2M+1 n N 1.

The splitting of zeroeigervalue of H is related to splitting of zeroeigervaluesof H in the stability
problem (4.2).

Lemma 4.2 Let the Jacobian matrix M ; have eigenvalues J-(l), 1 N. The eigenvalue
problemH =i hasN pairs of eigenvalues ; in 2 O(0), suchthat
2
im-L=2® 1 | N (4.13)

0
Pro of. The regular perturbation seriesfor small eigervaluesof H are de ned as follows:
= 0Py @y Preaory =P e e Prarot (g

where, due to the relations (4.7) and (4.8), we have:

X X
0 — C] ej : @ = 71 C] éj X (415)
j=1 i=1

according to the kernel and generalizedkernel of H(© . The second-ordercorrection term @
satis es the inhomogeneousequation:

HO @4 HO ©=j @45, O (4.16)

Projection to the kernel of H(© givesthe eigervalue problem for :

2

M ic= 71c; (4.17)

wherec = (c1;¢;:;cn) T and the matrix M 1 is the sameasin the eigervalue problem (4.12). As
a result, the relation (4.13) is proved. ]

The numbers of negative, zero and positive eigernvalues of M ;, denoted as n(M 1), z(M 1) and
p(M ), are computed above. Let rq, z;, and i; be the numbers of pairs of real, zeroand imaginary
eigervalues of the reduced eigervalue problem (4.17). We consider stability of families (i){(iv),
described in Propositions 3.1 and 3.7.
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For family (i), we havei; = N | 1,z =1 andry=1for0 | 2M 1;i;=N | 1,
z1=2,andr; =1 1forl=2M;andi; =N I|,zz=1,andr; =1 1for2M +1 | N,
wherel is de ned in Proposition 3.1.

For family (ii), we havei; = 0,zz=1,andr; =N 1forl1 L M 1;i;=0,z =N, and
rp=0forL=M;andi;=N 1,zz=1andp;=0forM+1 L 2M 1,wherelL isdened
in Proposition 3.1.

For the only one-parametersolution (3.26) of family (iii) for eacr L = M, we havei; = 2M 1,
z1=2,andr;=2M 1forO and 6 .

For family (iv) with cos > O,wehavei; =N n 1,zz=1andr;=nforl n 2M 1and
i1=N n,zz=1,andr;=n 1for2M +1 n N 1. In the opposite caseof cos < 0, we
haveii;=n,zz;=1,andri;=N n 1forl n 2M 1landi;=n 1,zz=1,andr;=N n
for2aM +1 n N 1.

There are se\eral featureswhich are not captured in the rst-order reductions. For super-symmetric
solitons of family (i), when!| = 2M but & 6 ( 1) a, the additional zero eigervalue splits at the
second-orderreductions, which leadsto an additional non-zeroeigervaluesof the stability problem
(4.2). For super-symmetric vortices of family (i), whenL = M, the matrix M ; = 0, such that
non-zero eigervalues occur only in the second-orderreductions. Finally, for symmetric vortices of
family (ii), multiple real non-zeroeigervaluesof the rst-order reductions, accordingto the roots of
sin? « in the explicit solution (3.13), split into the complexdomain in the second-orderreductions.
These questionsare studied next in the reverseorder.

4.2 Splitting of non-zero eigenvalues in the second-order reductions

We corntinue the regular perturbation series(4.14) to the second-orderreductions. By using the
explicit rst-order correction term (3.19), we compute the explicit solution:
X X . X

e+ - (sin( j+1 i)G++sin(j 1 )G )&+ G (e+1 + & 1); (4.18)
j=1 j=1 j=1

@ - _2

where the vectors e; 1 are obtained from g; by shifts of non-zero elemers of e; from the node
(n;m) 2 Sy to the adjacert nodes(n; m) 2 Z2nSy . The third-order correction term  © satis es
the inhomogeneousequation:

HO @ e q® @ =j 0 @4, O4pgj; O (4.19)

Projection to the kernel of H(® givesthe extended eigervalue problem for ; and »:
2

M ic = —210+ IO‘( 1 26+ 1L10); (4.20)
where the matrix L, is de ned by
sin(j i) i=] 1
L) = 4.21
Loy =, i ije1 (421)

subject to the periodic boundary conditions. Let ; be an eigervalue of the symmetric matrix M ;
with the linearly independert eigervector c;. Then,
P — (Cj ; L1CJ' )
1= 2, 2= (4.22)
: (ci5c)
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Since the matrix L is skew-symmetric, the second-ordercorrection term 5 is purely imaginary,
unless(cj;L1cj) = 0. For discrete solitons of family (i), we have sin( j+1 i) = 0, such that
Ly=0and ,=0.

For symmetric vortices of family (i) with L 6 M, the matrix M ; hasdouble eigervalues,according
to the roots of sin? «- in the explicit solution (3.13). Using the samediscrete Fourier transform as
in the proof of Lemma 3.5, one can nd the valuesof ; and , in this case.

Lemma 4.3 Let all coe cients & = cog j+1 jyandly = sin( j+1 i>»1 j N bethe
same:a = a and b = b. Eigenvaluesof the reduced problem (4.20) are given explicitly:

1= IOgls:inwn; 2= 2ibsin2N—n; 1 n N: (4.23)

According to Lemma 4.3, all double roots of ; for n 6 N7 and n 6 N split along the imaginary
axisin 2. When a > 0, the splitting occursin the transversedirections to the real valuesof ;.
When a < 0, the splitting occursin the longitudinal directions to the imaginary valuesof ;. The

simple roots at n = Ng and n = N are not a ected, since ,= 0forn= N7 andn= N.

For asymmetric vortices of family (iii), it follows from the explicit solution (3.15) that , = 0 for
all roots, sothat the splitting of eigervaluesdoesnot occur in the second-orderreductions.

For asymmetric vortices of family (iv), the value of , can not be computedin general.

4.3 Splitting of zero eigenvalues in the second-order reductions

We extend results of the regular perturbation series(4.10) and (4.14) to the caseM ; = 0, which
occurs for super-symmetric vortices of family (i) with chargeL = M. It follows from the problem
(4.11) with M 1 = Othat ; = 0 and the rst-order correction term ' @) hasthe explicit form:

1 l)(\l >(\|
C M= 5 @ g &+  G(ea+e 1) (4.24)
j=1 j=1

where the vectors g; ; are the sameas in the formula (4.18). The second-ordercorrection term
' @ satis es the inhomogeneousequation:

HO' @+ HO: @ 4 4@ © = O (4.25)

Projection to the kernel of H(© givesthe eigervalue problem for ,:

1 1 1)(\1 2
g ;HW @ *3 e ;HPe ¢ = .q: (4.26)
i=1

NI =

By direct computations in the three separate cases,one can showv that the matrix on the left-
hand-side of the eigenvalue problem (4.26) is nothing but the matrix M 5, which is the Jacobian
of the nonlinear function g@ ( ), computed for the super-symmetric vortex of family (ii). Let the
number of negative, zero and positive eigervaluesof M , be denotedasn(M ;), z(M ») and p(M »)
respectively. For super-symmetric vortices of family (i), we have n(M ;) = 0, z(M ) = 2 and
p(Mj,) = 2forM = 1;n(M,) = 1,zM3) = 2and p(M,) = 5for M = 2; and n(M ,) = 4,
z(M3)=2and p(M ;)= 6for M = 3.
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Splitting of zero eigervaluesof H is studied with the regular perturbation series(4.14). When
M 1 = 0, it follows from the problem (4.16) that ; = 0, sud that the regular perturbation series
(4.14) can be re-ordered as follows:

= @4 W42 @400 = g+ 2,400 (4.27)
where

©) — X . @ @ X .
= Gé&, = + > G &, (4.28)
j =1 J =1
and' @ isgivenby (4.24). The second-ordercorrectionterm @ is found from the inhomogeneous
equation:
HO @ 4o @Oy O =3, @45, O (4.29)

Projection to the kernel of H© givesthe eigervalue problem for :
2

M,c= jl,c+ %c; (4.30)
wherec = (cp;C;:0n)T, the matrix M , is the sameasin the eigervalue problem (4.26), and the
matrix L, follows from the matrix L, in the form (4.21) with sin( .+ i) = 1, or explicitly:

8

2 +1; = L

(Lo)ij = S 1 i=j+1 (4.31)
©0 ji jje1

subject to the periodic boundary conditions. SinceM , is symmetric and L, is skew-symmetric,
the eigervalues of the problem (4.30) occur in pairs ( 1; 1). Computations of eigervaluesof the
reduced eigervalue problem (4.30) are reported in the three distinct cases:M = 1, M = 2 and
M 3

Case M = 1: The reducedeigervalue problem (4.30) takesthe form of the di erence equation with
constart coe cien ts:
Ge2*2G G 2= ig+21(Ga G 1); j=1234

subject to the periodic boundary conditions. By the discrete Fourier transform, the dierence
equation reducesto the characteristic equation:

... n 2
1+2ISII’17 =0 n=1;2;3 4

The reducedeigervalue problem (4.30) hastwo eigervaluesof algebraicmultiplicit y twoat ;= 2i
and 1= 2i and zero eigervalue of algebraic multiplicit y four.

Case M = 2. The reduced eigervalue problem (4.30) takes the form of the system of di erence
equationswith constart coe cien ts:

Xioe + 26 Xj 1= 2X+21(y Y 1) j=1234
Vi1 w2 t Y 1

Vi+21(Ga X)) J=1234

where x; = ¢ 1 andy; = ¢y subject to the periodic boundary conditions. The characteristic
equation for the linear systemtakesthe explicit form:

. n . n . n
1221 (o 8sm2T +8sm2T 1 (1" 2sm2T =0; n= 1,234
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The redBced eigervalue problem (4.30) has three eigervalues of algebraic multiBIicit y four at
17 ?L 1=  2i,and ; = 0, and four simple eigervaluesat , = i 80+ 8 and
1= 80 8.

Case M 3: Eigenvalues of the reduced eigervalue problem (4.30) with M = 3 are computed

numerically by using Mathematica. The results are as follows:

1.2 = 3:68497,; 3.4= 56> 3:20804; 7:8 = 2:25068; 9;10 = 11:12 = i;
13;14 = 1516 = 0:5399%  17.18:1000 = 0:634263 0:282851; 21220304 = O:

Using these computations of eigervalues, we summarize that the second-orderreduced eigervalue
problem (4.30) has no unstable eigervalues whenL = M = 1; a simple unstable (positive)
eigervalue whenL = M = 2; two unstable real and two unstable complex eigervalueswhen L =

M = 3. We note that destabilization of the super-symmetric vortex with M = 2 occurs due to the
certer node (2;2), which couplesthe four even-numbered nodes of the contour S, in the second-
order reductions. Due to this coupling, there exists a simple negative eigervalue of the Jacobian
matrix M , and a simple positive eigervalue in the reduced eigernvalue problem (4.30). Similarly,

destabilization of the super-symmetric vortex with M = 3 occursdue to the coupling of eight nodes
of the contour S3 with four interior corner points (2;2), (2;M), (M;M), and (M;2), which result
in the four negative eigervalues of the matrix M , and four unstable eigervaluesin the reduced
eigervalue problem (4.30).

We note that if the matrix M , would be de ned by the formula (3.27) forany M 1 (i.e. if all
nodesinside the contour Sy would be removed by drilling a hole), the eigervaluesof M , would
be all positive and the eigervalues of the reduced problem (4.30) would be all purely imaginary,
similarly to the caseM = 1.

4.4 Additional splitting in the second-order reduction

For super-symmetric solitons of family (i), whenl = 2M but a; 6 ( 1) a, the Jacobian matrix
M ; hastwo zero eigervalueswith eigervectorspg and p1, but the Jacobianmatrix M 1+ M , has
only one zero eigervalue with eigervector po. Therefore, the splitting of zero eigervalue occurs in
the second-orderreduction. Extending the regular perturbation series(4.10) to the next order, we
nd that ; = Oforc= pqg, and

_ (P1iM 2py).

(P1;p1)
Extending the regular perturbation series(4.14) to the secondorder, we have nd that % = 0 for
c=pi1,L;=0 and
2 - 2(p1;M 2P1) _
(P1;P1)

Thus, the splitting of zero eigervalue in the second-orderreduction is the same as the splitting
of zero eigenvaluesin the rst-order reductions. A positive eigernvalue , results in a pair of real
eigernvalues ,, while a negative eigervalue » resultsin a pair of purely imaginary eigervalues 5.

2 5

All individual results on stability of localized modeson the discrete contour Sy, are summarizedas
follows.
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Prop osition 4.4 Consider the stability problem (4.2) in the domain 2 O(0), assaiated to the
families of discrete solitons and vortices of Propositions 3.1 and 3.7. The following solutions are
spectrally stablein the domain 2 O(0): discrete solitons of family (i) with | = 0; symmetric
vortices of family (ii) with the chargeM + 1 L 2M  1; and symmetric vortex of family
(ii) with the chargeL = M = 1. All other solutions have at least one unstable eigenvaluewith
Re( ) > 0.

We note that stability of discrete solitons of family (i) with | = 0is equivalert to stability of discrete
solitons in the one-dimensionalNLS lattice, which is provedin the rst paper [1]. When | = 0, the
limiting solution (2.5) consistsof alternating up and down pulsesalong the contour Sy, , similar to
Theorem 3.6 in [1].

We alsonote that the purely imaginary eigernvalue of have negative Krein signature, suc that the
Hamiltonian Hopf bifurcations may occur for larger valuesof beyond the neighborhood O(0). The
number of eigervalues of negative Krein signature is related to the closurerelation for the number
of negative eigervalues of the linearized Hamiltonian H (see[l]). We can seefrom computations
of families (i)-(iv) that the closurerelation is satis ed in all cases,except for the super-symmetric
vortices of family (i) with L = M. Indeed, in the caseL = M = 1, the Hamiltonian H has four
negative eigervaluesfor 2 O(0), while it hastwo pairs of purely imaginary eigervaluesof negative
Krein signature and two pairs of zero eigervalues, which exceedsthe allowed negative index of H.
Derivation of amodi ed closurerelation for vortex solutions of the discrete NLS equationsis beyond
the scope of this manuscript.

5 Numerical Results

We perform direct numerical simulations of the discrete NLS equation (2.1) in order to examine
stability of the discrete vortices in the simplestcasesM = 1 and M = 2. The results are shavn on
Figures 1-6 (seealso summary in Table 1).

In computations of solutions of the problems (2.4) and (4.2), we will use an equivalent renormal-
ization of the problem with parameter:

1 4°
This renormalization is equivalent to keepingthe diagonalterm 4 ., in the right-hand-side of
the di erence equations (2.4). As a result, the discrete solitons and vortices exist typically in the
semi-in nite domain " > 0. The anti-continuous limit is not a ected by the renormalization since
" for small .

On the gures 1{6, the top left panel shows the prole of the vortex solution for a specic value
of " by meansof contour plots of the real (top left), imaginary (top right) modulus (bottom left)
and phase (bottom right) two-dimensionalpro les. The top right panel shovs the complex plane

= +i ; for the linear eigervalue problem (4.2) for the samevalue of ". The bottom panelshaows
the dependenceof small eigervaluesasa function of ", obtained via cortin uation methods from the
anti-continuum limit of " = 0. The solid lines represer numerical results, while the dashedlines
shaw results of the rst-order and second-orderreductions.

Figure 1 show results for the super-symmetric vortex of charge L = 1 on the contour Sy, with
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M = 1. In the second-orderreduction, the stability spectrum of the vortex solution has a zero
eigervalue of algebraic multiplicit y 4 and two pairs of imaginary eigervalues 2'i . Thesepairs
split along the imaginary axis beyond the second-orderreductions and undertake Hamiltonian

Hopf bifurcations for larger valuesof " upon collision with the contin uous spectrum (only the rst

bifurcation at "  0:38 is showvn on Fig. 1). It follows from Fig. 1 that the zero eigervalue splits
along the imaginary axis for larger valuesof ", beyond the second-orderreductions.

Figure 2 shaw results for the symmetric vortex of chargeL = 1 on the contour Sy with M = 2.
There are three double and one simple real unstable eigervaluesin the rst-order reductions, but
all double eigenvaluessplit into the complex plane in the second-orderreductions. The asymptotic
result (4.23) for eigervalues = "™ 1+ " 5, with N = 8,a= coq =4) and b= sin( =4) are shown
on Fig. 2 in perfect agreemen with numerical results.

Figure 3 shawsresultsfor the super—symmetrichrtex with L = M = 2. The second-orderreductions
have a Q)air gf simple real eigernvalues " 80 8, a pair of simple imaginary eigervalues
i" 80+ 8, zeroeigervalue of algebraic multiplicit y 4 and a pair of imaginary eigervaluesof
algebraic multiplicit y 4 at i"" 2. The bottom right panel of Fig. 3 shaws splitting of multiple
imaginary eigervalues beyond the second-orderreductions and also subsequet Hamiltonian{Hopf

bifurcations for larger valuesof ".

Figure 4 shaws results for the symmetric vortex with L = 3and M = 2. The rst-order reductions
predict three pairs of double imaginary eigervalues, a pair of simple imaginary eigervalues and
a double zero eigervalues. The double eigenvalues split in the second-orderreductions along the
imaginary axis, given by (4.23) with N = 8, a = cos(3 =4) and b = sin(3 =4) The sewen pairs of
imaginary eigervalue lead to a cascadeof seven Hamiltonian Hopf bifurcations for larger valuesof "
dueto their collisionswith the continuous spectrum. The rst Hamiltonian{Hopf bifurcation when
the symmetric vortex becomesunstable occursfor " 0:096.

Zero-parameter asymmetric vortices of family (iv) on the corntour Sy with M = 2 are shown on
Fig. 5for L = 1 and on Fig. 6 for L = 3. In the caseof Fig. 5, all the phasedi erences between
adjacen sitesin the contour are =6, except for the last one which is 5 =6, completing a phase
trip of 2 for a vortex of topological chargeL = 1. Eigenvaluesof the matrix M ; in the rst-order
reductions can be computed numerically asfollows: ;= 1:154, , = 0, 3= 0:507, 4 = 0:784,
5 = 1732, ¢ = 2252, ; = 2:957and g = 3:314. As a result, the corresponding eigervalues
P 2 " yield one pair of imaginary eigervaluesand six pairs of real eigervalues,in agreemenm
with our numerical results. The bottom panel of Fig. 5 shows that two pairs of real eigernvalues
collide for " 0:047and" 0:057 and lead to two quartets of eigervalues.

In the caseof Fig. 6, all the phasedi erences in the contour are 5 =6, except for the last one
which is =6, resulting in a vortex of topological charge L = 3. Eigenvaluesof the matrix M ; are
found numerically asfollows: 1= 3314, , = 2957, 3= 2252, ,= 1732, 5= 0:784,
¢ = 0507, ;7 = 0, and g = 1:154. Consequetly, this solution has six pairs of imaginary
eigervalues and one pair of real eigervalues. The rst Hamiltonian{Hopf bifurcation occurs for
" 0:086.

We note that numerical results for asymmetric vortices of family (iii) are not shavn. Both analytical
and numerical analysis of such solutions are delicate problems which are open for future studies.
However, all such solutions (if they persist) are unstable in the rst-order reductions.
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6 Conclusions

In the seriesof two papers, we have developed mathematical analysis of discrete soliton and vortex
solutions of the discrete NLS equations. These solutions are relevant to recert experimental and
numerical studiesin the corntext of nonlinear optics, photonic crystal lattices, soft condensed-matter
physics, and Bose-Einstein condensates.

In the presen paper, we have examinedthe persistenceof discrete vortices starting from the anti-
cortinuum limit of uncoupled oscillators to nite coupling constart . We have found persistert
families of such solutions that include symmetric and asymmetric vortices. We have ruled out
other non-persistert solutions by meansof the Lyapunov-Schmidt method. We have subsequetly
categorizedthe persisting solutions to discrete solitons, symmetric vortices and one-parameterand
zero-parameter asymmetric vortices. For persistert solutions, we have derived the leading-order
asymptotic approximations for small unstable and neutrally stable eigervaluesof the stability prob-
lem, up to the rst-order and second-ordercorrections.

We have applied the results to particular computations of discrete vortices of topological charge
L =1L = 2,and L = 3 on the discrete squarecortours Sy, with M = 1 and M = 2. Besides
particular computations collectedin Table 1 and Figs. 1{6, theseresultso er aroad map on stability
predictions for larger contours, aswell as predictions on how to stabilize the discrete vortices. For
example, super-symmetric vortices of chargeL = M 2 can be stabilized by excluding the inner
nodesinside the discrete contour Sy, .

There are remaining open problemsfor future analytical work. First, it would be nice to extend this
analysis to three-dimensional structures, such as the discrete solitons, vortices, or vortex "cubes"
(see[23]). Second,other types of cortours can be studied in the two-dimensional lattice, sudc as
the diagonal squarecortours which would include the \v ortex cross" or the octagon (see[22]). Per-
sistenceof one-parameterasymmetric vortices including the super-symmetric vortices has not yet
beenprovedin the preser paper and it leavesspacefor future work. Finally, the closurerelation for
negative indices of linearized Hamiltonian assaiated with the discrete vortex solutions must be de-
rived and applied independenly of the current studies. While conceptually, the methodologiesand
techniques presened here can be adapted to the problems mertioned above, actual computations
of the higher-order Lyapunov{Schmidt reductions becometechnically involved.
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Figure 1. The (super-symmetric) vortex cell with L = M = 1. The top left panel shaws the pro le
of the solution for " = 0:6. The subplots shawv the real (top left), imaginary (top right), modulus
(bottom left) and phase(bottom right) elds. The top right panel shows the spectral plane ( ; ;)
of the linear eigervalue problem (4.2). The bottom panel shows the the small eigervaluesversus”
(the top subplot shaws the imaginary part, while the bottom shows the real part). The solid lines
show the numerical results, while the dashedlines shaw the results of the second-orderreductions.
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Figure 2: The symmetric vortex with L = 1and M = 2 for " = 0:1.
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Figure 3: The super-symmetric vortex with L = M = 2 for " = 0:1. The bottom right panel is an
extensionof the bottom left panelto larger valuesof ". The remarkable agreemen of the theoretical
predictions (dashedlines) with the numerical results (solid lines) is obvious for small valuesof ".
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Figure 4: The symmetric vortex with L = 3and M = 2for " = 1.
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Figure 5: The asymmetric vortex with L = 1and M = 2 for "

33



w

N

-

-

Figure 6: The asymmetric vortex with L = 3and M = 2 for "

15

05

0.5

15

o 00 00

00 00

L
0.01

L
0.04

L
0.05

L
0.06

L
0.07

L
0.08

L
0.09 01

p—

L
0.01

L
0.02

L
0.03

L
0.04

34

L
0.05

e

L
0.06

L
0.07

L
0.08

0.09 01




