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Outline
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Review of Nonlinear Schrodinger equation (NLS) theory

Higher-order dispersion (HOD) effects in:
1. Numerical discretization effects of NLS singularity
2. Optical light bullets

Analysis of NLS egs. w/ HOD

Applying results to:
1. Numerical discretization effects of NLS singularity
2. Optical light bullets

Summary



Nonlinear Schrodingerequation (NLS)

o .

~
[ L]

At x)+ ¢ A+ - jAj7A = 0 A(0; x) = Ap(x)

= @,,, + 0¢+ @, (2"9-order dispersion)
Ag2 HYRY) ;  KkAky:  KkAKs+ kr Ak3

Applications (3= 1):

Laser propagation in Kerr media (water/air/silica)
Deep water waves w/ surface-tension
Bose-Einstein Condensation
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Conseved quantities

~
[ [

At x)+ ¢A+ - jAj7A=0
R .
KF KD = jAP dx

power (mass): N(A) ~ kAk5 = N(0O)

Hamiltonian: H(A) ~ kr Ak3 | 5:rkAKS45 = H(0)

- < 0: self-defocusing (same sign)
- > 0: self-focusing (opposite signs)



Singularity formation (blowup, collapse

o .

Variance identity (Vlasov et al '75):

L
V() - ixj%jAj? dx

ydij 2 A (272

Ve = 8H(O)i 4 %—1kA 2%/ 2

- >0; Yd, 2 =) Vi - 8H(0)
HO) <0 =2 OT"< 1 ; V(TH =0
=) finite-time singularity

Singularity occurs In “all” norms:
\_kAkHl kr Ak, kAki KAk ! 1 as t! t¢ J



Global existence (GE)

Local existence (Ginibre & Velo '79; Kato '87):
KAky: formally bounded =) global existence (GE)

Ak~ KAK2 + kr Ak2
KAK5 ~ kAoks =)  need a bound for kr Ak

Hamiltonian conservation =)

Yot 1

H=H@=) kr Ak3=H()+ KAKSS

. < 0(defocusing): kr Ak5- H(0)=) GE
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Global existence(cont.)

o .

- > 0 (focusing): Gagliardo-Nirenberg inequality

KAKZZ42 . Cog kAKS 17D r AKZd: 8A 2 Hy

Combined with H = H(0) get

3 o ; ;
kr AkS - H(0)+ o~ %0 kAkZ/“*(2 "D kr Ak

U%_l_ 11-[ 1=%,

Yd< 2 or ¥d=2 & kAgks < N¢~ =
¥id

=) GE

YALs = 2=d - critical exponent N - critical power
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1. -
2.

Summary

< 0 (defocusing NLS): GE
> 0 (focusing NLS):
(a) ¥< 2=d(sub-critical ). GE
(b) %= 2=d (critical ):
I. H(0) < 0 sufficient for singularity formation
ii. kAgks , N necessary for singularity formation
lil. collapse can be arrested by small perturbations
(c) %> 2=d (super -critical ):
can have singularity formation

ALs = 2=d




Blowup simulations
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Kelley, PRL '65: (2+1)D NLS — radially-symmetric

x - on 1
Ai(t;r) + ¢, A+ jAj°A = 0; ¢?:@r+F@

Specialized methods:

1. Dynamic rescaling (McLaughlin, Papanicolaou, Sulem,
Sulem '86)

2. Galerkin finite-elements (Akrivis, Dougalis,
Karakashian, McKinney '98)

3. lterative grid redistribution (Ren, Wang '00)



y,=4exp(x’y?)
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Can resolve huge gradients for radially-symmetric NLS

But less useful/harder to implement for:
NLS + perturbations
No radial symmetry

In such cases use standard finite-difference schemes
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Singularity formation w/ FD schemes?
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Fibich & llan '03:

1. How do finite-difference (FD) methods break down'
near NLS singularity?

2. 2"d_order vs. higher-order FD discretizations?
No theory!

Compare — conser vation laws for hyperbolic eqgs.:
How do FD schemes break down near shocks
15t-order discretization =) +numerical diffusion
2"d_order discretization =) +numerical dispersion

Extensive theory

o -



Semi-discrete(2+1)DNLS
-

2"d_order semi-discrete FD scheme (continuous in t)

Ai(t;x;y) + ¢ A+ jAJA = 0; ¢ = @+ @,

Ani 1k 4 An;ki 1i 4An;k + An;k+1 + An+1;k

¢ A v, 2ANK = 2

. . h? . ~
LA = ¢ A+ o (Roo + Ayyyy) + O(RY)

modified equation w/ fourth-order dispersion (40D):

" U [ 3
At y) + ¢ A+ JATA+ —(Apx + Ayyyy) = 0
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Modified equations

For 2"9-order FD discretization get
~ ~ ~ o~ h% . ~
At + CA+ jAj2/4A+ 1_2(Axxxx + Ayyyy) = 0

For m™"-order FD discretization get

H @mA @mAﬂ
@Zm + @Zm

=0;" = ch®Mi?

A+ ¢ A+ JA7A+ (; )™

NLS w/ small, mildl y-anisotr opic HOD



Optical light bullets
B o

Silberberg (1990):

“Under the combined effect of diffraction, anomalous
dispersion, and nonlinear refraction, an optical pulse can
collapsel...] in time and space]|...] yield pulses with
extremely high optical fields.”

Potential applications:

optical switches
high-energy physics

Remains a “hol y grail” in NL Optics



Ultrashort pulsesin a pure Kerr medium
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NL Maxwell's equations for ultrashort pulses in Kerr medium

AZ(Z; X0 ;1) + F?Ai OZétt + jAj2/§+°4Atttt =0

same sign

Bulk medium: x» = (x;y), ¢» = @ + @,
Planar waveguide: x» = x, ¢, = @,

Anomalous 2"9-order dispersion: °»> < 0=) same sign
=) spatio-temporal self-focusing

Small 4" -order dispersion (40D), °4 ¢, 1, becomes
Important for ultrashort pulses
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After rescaling & renaming of variables get
Bulk media (3+1)D:

iAt(t; Xy Y, Z)+ ¢ A+ JAJZA'F "AXXXX =0;¢ = @x t @y+ @z
Planar waveguides (2+1)D:
At x;y) + ¢ A+ jAJPA+ "Apux = 0;¢ = @, + @y

NLS w/ small, strongly-anisotr opic 40D
X - physical time

"= 0=) spatio-temporal collapse in bulk medium &
planar waveguides (3%, ¥§, 5 = 2=dford= 2;3)
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Key questions
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Effects of:

1. mildly-anisotropic high-order dispersion (HOD)

2. strongly-anisotropic fourth-order dispersion (40D)
on singularity formation and global-existence in NLS

Application to:
1. FD discretization effects of NLS eqgs.
2. Optical light-bullets



Isotropic 40D
- -

Mixed-dispersion NLS
At + CA+ JAPA+ "¢PA=0; ¢ =@, + 0+ @,
Simpler problem: Biharmonic NLS (B-NLS):

iAi(x;t) + 2¢ A+ jAjA=0; 2=81

Stability of solitons (Karpman '91-'99, Karpman and
Shagalov '00)

Local existence (Ben-Artzi, Koch, and Saut '00)
Almost no theory!



Biharmonic NLS (B-NLS)
B o

iA(x;t)+ 2¢ ?A+ jAjA=0; 2=81

Conserved quantities:

kAks ~ kAgks  (power/mass)

1

H(t) = i 2k Akzi o

kAKs4% ~ H(0)  (Hamiltonian)

2 > 0. self-defocusing (same sign)
2 < 0. self-focusing (opposite signs)



Global existence In B-NLS
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Local existence theory (Ben-Artzi, Koch, & Saut '00):
kAky . formally bounded =) GE

kAky> " kAKS + kr Ak3 + k¢ Ak3
need only to bound k¢ Ak»

Fibich, llan, Papanicolaou '02
H=H(©O) =)

1

. 2 ~2:
ke A= H(0)+ 5

22
kAkZ%I-Z

= 1 (defocusing): k¢ Aks- { H(O) =) GE
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2= j 1(focusing): Gagliardo-Nirenberg inequality

KAKZZ42 . By kAKS 17072 (e A9 8A 2 Hy

Combined with H = H(0) get

~ B3' ~ 3 + 3 — ~  3/d=
ke AkS - H(0)+ 3 +/4d1kAk§/“*(2' D ke Ak,

M 3+ 11-[ 1=%4

Yd< 4 or ¥d=4 & kAgks < N2~ 5
3d

=) GE

Ng - critical power, ¥g. \.s = 4=d - critical exponent

.

=
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Global existencan B-NLS
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iA(x;t)+ 2¢ ?A+ jAjA=0; 2=81

Theorem 1 (Fibic h, llan, Papanicolaou '02) Sufficient
conditions for GE:

1. defocusing: 2> 0

2. sub-critical focusing: 2< Oand ¥d < 4
3

. . N 3 , 1:%
3. critical: 2 < 0, ¥%d = 4, and kAgk5 < NP := %

Y8, nus = 47d

Similar to GE-theory for NLS (¥4, s = 2=d)

o -



Singularity formation in B-NLS
-

Can observe blowup numerically (2 < 0& ¥d, 4)
But no proof
Open problems:

Variance identity for B-NLS?
Special symmetries of B-NLS?

Related questions:
Optimal constant in inequality =) NP =7
“Ground-state” of B-NLS: A(x:t) = Rg (x) €

8=d+1

i ¢°Rg i Rg+ Ry~ =0

L In NLS theory (Weinstein '83): N, = kRk3



Ground-states& optimal constants

o .

o L Yt 1ﬂ 1:3/4. T ”¢f”32/d_2 JJfllz 2% Yd=2
N¢ = ’ = _n 292
Bsg Bsy,g 06f2H?2 I 15545

Lemma 1 If infimum is attained, then N2 = kRgk35; where
Rp Is the ground-state of

8=cd+1

|¢RB|RB+R =0

P p_
Rg(r)» cé '~ ?coqr= 2) as r! 1

Ground-state is neither positive nor monotonic!

o -



Calculation of waveguidesolns
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d= 1, 3= 4 (critical B-NLS)

Ry i Re+RE = 0
R3(0)=R3Y) = 0;Rg(1)=R3(L)=0

1.15f — R0 ]

S RB"(O)>0

R, ()

0.48}

0 L

0 5 16
r

LCriticaI power for collapse: N2 = kRgk5 ¥4 2:9868 J



Asymptotic blowup profile
-

Collapsing core converges to a modulated ground-state

iAj» L P2()Rp (r=L(1)) ; L) = c5A(0;0:1)j 1 *° 0

R(0) R(0)

1/2
L™y |

r/L | r/L

\— Figure 1: ) As=ce(l+r%it, ®A=cte"



Mixed-dispersion egs.
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Theorem 2 (Fibic h, llan, Papanicolaou '02) Sufficient
conditions for GE In

iAd(t; x)+ ¢ A+ jA7A+"¢%A=0
and in the mildly-anisotropic eqgs.

) D
At X))+ CA+ JAPA+ " Agyxxx =0
=1

are same as for B-NLS. 5

In particular: " < 0, ¥d= 4, kAgks< N8B~ 21

B ¥Yid

o -

1=%4




Corollary 1 (Fibich & llan '02) GE of solns of 2"9 and
mt" -order modified egs. for FD schemes

~ T | ~
A+ ¢ A+ jAP7A + 1—2(AXXXX + Apyyy) = 0 (29
l'l @'m"‘ Nﬂ
.~ ~ - X 23N n A @mA
At + CA+ JAJZAA'F (i 1)m @Zm T @Zm = 03 (mth)

Solns of semi-discrete NLS do not blow-up
Dynamics of the numerical solns?



Dynamicsof modified equation

f
AL @A
@Zm @Zm

Initially HOD accelerates focusing

iAr+ ¢ A+ jAZ7A+ (; 1)™ =0; ">0

¢
H = kr AK3 KAKSZ#2 o kA n k5 + kAym k5
M ?'%+1{22/4*2}'| T qz Y 4

focusing weaklyj focusing

defocusmg

but collapse is arrested by HOD (defocusing case)

R ¢
SRV kAK3/#2 & v kA n k5 + kAym k5
R Z/ﬁ' — gy VY

defocusing defocusing
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FD discretizations of critical NLS (3= 1;d= 2; m = 2;4)
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discretizations initially accelerate focusing
no blowup, multiple focusing-defocusing cycles

L 15t-order modified egs. “valid” only in the first cycle J



Strong anisotropy

X
At X))+ CA+ JAPA+ " Agxxx, =0; (0- k- d)
i=1
H = kr AKS | o™ 1kAk§§§j§ i " kA K5
i=1
Theorem 3 (Fibic h llan, Schoc het '03)
.. 2
= 3 : =
critical exponent = % (d; k) a7 k=

Proof. use “anisotropic” Gagliardo-Nirenberg inequality




2

¥2(d; k) =

di k=2

¥5(d;0) = %, = 2=d

"WWW AW QO

YaLs < ¥2(dk) < ¥, nis

Vi(d:d) = %, s = 4=d

Interpolates between critical exponents of NLS & B-NLS

O<k<d

-



Arr estof spatiotemporal collapse
|78qu medium (3+1)D T

At x;y;2) + CA+ JAPA+ "A =0, "< 0

Y= 1 (Kerr) & ¥%(d= 3;k = 1) = 4=5=) super-critical

Negative 40D cannot arrest collapse

Planar waveguide (2+1)D

iAt(t; X;y)+ ¢ A+ jAjZ%ﬁ\"' "Apxx = 0, " <0

Y= 1& ¥ (d= 2,k = 1) = 4=3=) sub-critical
Negative 40D can arrest collapse =) optical “light bullets™?

o -



Robustnessof light-bullets
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Fibich & llan '04:

Bullets robust to 30D (w/ physical parameters) & noise
Bullets undergo almost-elastic collisions
Conclusion: bullets possible in planar waveguides

L Explanation of experiments: Cheskis et al. '03 J



Positive anisotropic 40D

o .

A(t X y) + ¢ A+ JAJZ%A+ "Axox =0, "> 0

A |22
kAkZ%I-Z

- - 1
—_— 2 . n 2 .
opposite signs

Open problem: opposite signs =) no GE theory

Related open problem: GE theory for

iAt + AXX | Ayy + JAJZA — O

o -
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%= 1,d= 2,2= 0.0, N(0) = 1:25N¢

single focusing-defocusing cycle
strong radiation

L Open problem: GE theory?



Summary

=

Global existence theory for Biharmonic &
mixed-dispersion NLS

Breakdown of FD schemes for NLS: role of HOD effects

NLS w/ negative anisotropic 40D - critical exponent
Planar waveguides: GE =) “optical bullets” (robust)
Bulk media: singularity formation (numerical)

NLS w/ higher-order dispersion — beginning of theory,
lots of open problems:

Proof of singularity formation

Existence of ground-states

GE theory w/ opposite-signs of dispersion
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