Notes prepared by L. Breen
for the IMA Summer Program

n-Categories: Foundations and Applications
7-18 June 2004

Notes on 1- and 2-gerbes

A word of warning in lieu of introduction:

The aim of the following notes is to discuss in an in-
formal manner the construction and some properties
of 1- and 2-gerbes. The material pertaining to the con-
struction of the associated cocycles is mainly based on
the author’s texts [1] and [2]. A notable improvement
here is that some diagrams in [2] have been refomu-
lated here as (hyper)cubical diagrams, which mirror
in the present context certain diagrams introduced by
W. Messing and the author in [3].

Since the concepts discussed are very general, it has
at times not been made explicit to precisely which
mathematical objects they apply. For example, when
we refer to “a space” this might mean a topological
space, but also “a scheme” when one prefers to work in
an algebro-geometric context. Similarly, in computing



cocycles, we will always refer to spaces X endowed
with a covering U := (U;);er, but the entire discussion
remains valid when [], U; is replaced by a covering
morphism Y — X in an appropriate Grothendieck
topology.

Finally, there has been no attempt at a serious bib-
liography, or at making careful attributions of the re-
sults mentioned.

1. Torsors and bitorsors

Let G be a bundle of groups on a space X.

Definition 1.1. A right principal G-bundle (or
right G-torsor) on X is a space P 5 X above X,
together with a right group action P xx G — P
of G on P such that the induced morphism

P X x G ~ P X x P
(1)
(p,9) +~— (p, pg)
18 an 1somorphism. In addition, we require that
there exist a family of local sections s; : U; — P
of m, for some open cover U = (U;);er of X.



Isomorphism classes of G-bundles on X are classified
by the degree 1 cohomology set H*(X,G). This set
has a distinguished element, the class of the trivial
G-bundle T, A principal G-bundle is isomorphic to
T if and only if it has a global section s : X — P.

Definition 1.2. Let X be a space, and G and H
a pair of bundles of groups above X. An (H,G)-
bitorsor E on X is an X -space on X, together with
a left principal action of H and a right principal
action of G on E, which commute with each other.

We refer to a (G, G)-bitorsor simply as a G-bitorsor.

Examples: i) The trivial G-bitorsor on X.

i) A right G-torsor P on X is an (P, G)-
bitorsor, where P* = AutgP is the gauge group
bundle of P.

i) Let
l—G—H— K —1 (2)



be a short exact sequence of groups. Then H is a
G-bitorsor on K.

In particular, a right G-torsor P is an (H, G)-bitorsor
if and only if the gauge group bundle P! of P is
isomorphic to H.

Let @ be an (H, K)-bitorsor, and P be a (G, H)-
bitorsor on X. The contracted product

P xxQ
(ph,q) ~ (p, hq)

PATQ = (3)

is a (G, K)-bitorsor on X. In particular, for a given
bundle of groups G on X, the category (resp. stack)
of G-bitorsors is a grouplike (one also says groupal)
monoidal category (resp. stack) on X.



Twisted objects:

Let P be a right G-torsor on X, and £/ an X-object
on which GG acts on the left. We say that the X-object
PE .= PAYE, defined as in (3), is the P-twisted form
of E/. The choice of a local section of P above an open
set U determines an isomorphism ¥’ By~ Ey.

Conversely, if 7 is an X-object for which there exist
a open cover U of X over which FEj is locally isomor-
phic to E, then the sheaf Isom(F, E;) is a right-torsor
on X under the X-group G := Autx F.

Proposition 1.3. These two constructions are in-
verse to each other.

Example: A rank n vector bundle V on X is locally
isomorphic to the trivial bundle R% := X xR", whose
group of automorphisms is the trivial bundle of groups

GL(n,R)y := GL(n,R) x X



on X. The associated right GL(n, R)x-torsor on X
is the bundle of frames Py := Isom(R%,, V) of V, and
the vector bundle V may be recovered from the bundle
of frames Py as

vV~ Py ACLORx R

in other words as the Py-twist of the trivial vector
bundle R’ on X.



Cocyclic description of a bitorsor:

Consider an (H, G)-bitorsor P on X. Let us choose
a familly of local sections s; : U; — P of P, for some
open cover U = (U;); € I. The associated G-valued
l-cocycles g;; for the underlying right G-torsor, are
defined, as usual, by the equations

Sj = SiYij -
The H-torsor structure on P is then described by the

family of U; isomorphisms u; : Hyy, — G|y, defined
by

hz' S; — S; uz-(hz-)

The pair (u;, g;;) satisfies the cocycle conditions

9ii 9ik = ik
{ .] J (4)

gy Wy = Uy

Remark 1.4. When P is a G-bitorsor, the u; take
their values in the group Aut(G), and the pair of equa-
tions (4) define a 0-cocycle of an open cover U of X,



with values in the crossed module G — Aut(G).
The cocycle pair (u;, g;;) corresponding to the choice
of another family of local sections s/ is cohomologous
in an appropriate sense to the pair (u;, ¢;;).

The following proposition is known as the Morita
theorem by analogy with the corresponding character-
ization in terms of bimodules of equivalences between
certain categories of modules.

Proposition 1.5. ( Giraud|8] ) ) An (H, G)-bitorsor
Q) on X determines an equivalence

Tors(H) — Tors(G)
P — PATQ

between the corresponding categories of right tor-
sors on X.

i) Any such equivalence ® between two categories
of torsors is equivalent to one associated in this
manner to an (H, G)-bitorsor.



To a given equivalence ® is associated the right H-
torsor () == ®(T), where T¢ is the trivial right G-
torsor. Since G ~ Aut(Tors(G)), a section of G in-
duces by functoriality a right G-torsor structure on

0.



2. (1)-STACKS

Definition 2.1. A category fibered in groupoids
above a space X consists in a family of groupoids
Cy, for each open set U wn X, together with an
inverse 1mage functor

f>k . GU — GUl

associated to every inclusion of open sets f : Uy C
U (which is the identity whenever f = 1y), and a
natural transfomation

Org: (f9) =g [
for every pair of composable inclusions

U, L v, Lu.
For each triple of composable inclusions

U3‘£>U2i>U1‘i>Ua

we require that the composite natural transforma-
tions



Vign: (fgh)" = h*"(fg)" = h"(g"f")
and
Xtgh: (fgh) = (gh)" f* = (h7g") .

corncide.

The following is the analogue for fibered groupoids of
the notion of a sheaf of sets, formulated in an informal
style:

Definition 2.2. A stack in groupoids above a space
X 1s a fibered category in groupoids above X such
that

o (“Arrows glue”) For every pair of objects x,y €
Cy, the presheaf Are,(x, y) is a sheaf on U.

o (“Objects glue”) Descent is effective for objects
in C.

The descent condition asserts that we are given, for
any open cover U = (U,) of an open set U C X,



a family of objects x, € €y, and a family of arrows
Dap Ta|Uys — LB|Ung such that

¢ozﬁ ¢57 — ¢ow

above Ugg..

The descent condition (x;, ¢;j, Vasy) is effective if
there exists an object x € €y together with isomor-
phisms xy, ~ x, compatible with the morphisms

?bozﬁ-



3. 1-GERBES

We begin with the global description of the 2-category
of gerbes, due to Giraud |8]. For other early discus-
sions of gerbes, see [6], [7].

Definition 3.1.4) A (1)-gerbe on a space X is a
stack in groupoids G on X which is locally non-
empty and locally connected.

i) A morphism of gerbes (resp.
a natural transformation between a pair of such
morphisms) is a (Cartesian) functor between the
underlying stacks (resp. a natural transformation
between this pair of cartesian functors).

Example: Let G be a bundle of groups on X. The
stack Tors(GG) of right G-torsors on X is a gerbe on
X.

A gerbe P on X is called neutral (or trivial) when
the fiber category Px is non empty. In particular, a
gerbe Tors(G) is neutral with distinguished object the
trivial G-torsor on X.



The choice of a global object x € Px in a neutral
gerbe P determines an equivalence of gerbes

P —  Tors(G)
y = ISOHI(]D(.T, y)

on X, where G := Autg(x).

Let P be a gerbe on X and U = (U;);e; be an open
cover of X.

We now choose objects z; € ob Py for each ¢ €
I. These objects determine corresponding bundles of
groups G; := Autyp,, (z;) above Uj.

When in addition there exists a bundle of groups G
above X, together with Ui-isomorphisms G|y, ~ G,
for some open cover U := (U;);er, we say that P is a
G-gerbe on X.



4. SEMI-LOCAL DESCRIPTION OF A GERBE

Consider a G-gerbe P on X, and let us choose a
family of local objects x; € Pp.. These determine a
family of local equivalences

®; : Py, — Tors(G) 1,

above U;. Restricting to U;;, we get an induced family
of equivalences

N -1 .

Tors(G)y,; — P, — Tors(G)y,,

and this corresponds to a G-bitorsor F;; above Uj;.

By construction, we have natural transformations
(I)z'j (I)jk — q)zk

above Ujji, so that there is a corresponding isomor-

phism of G-bitorsors

VYiji © Pij AC P, — Py, (5)



above Ujji.. The latter satisfies the corresponding co-
herence (=2-cocycle) condition above Ujjx; described
by the commutativity of the following diagram of bitor-
sors above Uk

Pij N Pjr N Py Pir, \ Py (6)

Pij N Py Py

Additional comments:

i) The isomorphism (5), satisfying the coherence con-
dition (6), may be viewed as a 1-cocycle on X with
values in the monoidal stack of G-bitorsors on X. We
say, following Ulbrich [12] , that the family of bitorsors
P;; form a bitorsor cocycle on X.

i) In the case of abelian G-gerbes (|2 definition
2.9), with G' an abelian group, the monoidal stack of
bitorsors on U;; may be replaced by the symmetric
monoidal stack of G-torsors on Uj;.



i4) For the multiplicative group G = G L, the P
may be viewed as line bundles L;;. This the point
of view regarding abelian GL; gerbes taken by N.
Hitchin in [9].

iv) The semi-local construction extends from G-gerbes
to general gerbes, with the stack of G-bitorsors above
Ui,; replaced by the family of stacks of (G, G})-bitorsors
P, and with (5) replaced by the corresponding iso-
morphism of (G}, G;)-bitorsors

Wijr: Pij N9 Py — Py,

satisfying the commutativity condition (6).

v) Let us instead consider generalized open sets on
X in the sense of Grothendieck topologies, and re-
place the given trivializing open cover U of X by a
covering morphism Y —— X in this Grothendieck
topology. The giving of an object x € Py determines
a Y-group G := Autyp,,, together with a (p3G, piG)-
bitorsor P above Y X x Y satisfying the coherence
condition analogous to (6) above Y Xx Y xx Y. A
bitorsor P satistying the coherence condition is also



called a bundle gerbe [10] , and this therefore corre-
sponds to the giving of a gerbe P on X, together with
a trivialization of its pullback to Y.



5. COCYCLIC DESCRIPTION OF A GERBE

Let us now choose arrows

g, (7

above U;;. (Actually, this is a simplification, since the
gerbe axioms only allow us to choose such an arrow
locally, above each element U of an open cover of
Ui;. This reflects the fact that while a derived functor
H' may be described by Cech cocycles, this is not in
general the case for a functor H?, and such an explicit
description of H? requires the choice of a hypercover
of X. For simplicity, we suppose from now on that
the topological space X is paracompact. In that case,
we may dispense with hypercovers, and carry out the
entire discussion in a Cech context)

Conjugation by the arrows ¢;; induces homomor-
phisms of group bundles



M
Gj Uij ’ G Uij <8>

7 Gij Y ¢¢_j1

above the open sets U;;, in other words homomor-
phisms characterized by the commutativity of the di-
agrams

for all v € Gy,

The choice of objects z; and arrows ¢;; determines,
in addition to the morphisms A;;, a family of objects
gijk € Giy,, for all (2,7, k), defined by the commuta-
tivity of the diagrams



Pk

T} L j
dik Dij
X X

9ijk
above Ujjp.

This in turn induces the following commutative dia-
gram of bundles of groups

Nk
Gy————G; (9)
Aik )\’Lj
: G,
Y9k

above Uy, where 7 is the inner conjugation in G Ui’

G - Aut(G)
g — (ig:y—gvg7 Y.



The commutativity of diagram (9) may also be stated
algebraically as the equation

)\ij )\jk = igijk )\ik (10)

Lemma 1. The elements g;ji. satisfy the \;;-twisted
2-cocycle equation

Nii(Gkl) Gijt = GijkGiki (11)
mn Gileij'

Note that equation (11) is equivalent to the commu-
tativity of the diagram of groups

G,——G, (12)
ikl Aij (k1)
G Yijk Gi

above Ujj.

Proof of lemma 1:



Consider the following cube

o

99 Lj
bil
bi;
T, 9iji T
9jki
Pk
Aij (k1)
Gikl b
T, * Lj
Gik
Gij
€T, €T;
! 9ijk g

in which the left, back, top and bottom faces are of
type (12), and the right-hand one of type (8).

Since these five faces are commutative squares, and
all the arrows in the diagram are invertible, the sixth
(front) face is also commutative.

[l



A pair (A, ¢ijx) satisfying the equations (10) and

(11):

{ Aij Ajk = gy ik 13)
Nii(Gikt) Gijt = Gijk Giki

is called a G;-valued cocycle pair.

It may be viewed as consisting of a 2-cocycle equation
for the elements g1, together with auxiliary data at-
tached to the morphisms A;;.

However, in contrast with the abelian case, these two
equations cannot in general be uncoupled.

When P is a G-bitorsor, the term A;; in the cocycle
pair is a section above U;; of the group Aut(G), and
giji 1s a section of G' above U,j;.. By analogy with the
cocyclic equations (4) attached to a G-bitorsor, the
pair of equations (13) now defines a Cech 1-cocycle on
X with values in the crossed module G — Aut(G),
and the corresponding element of the cohomology set



H'(X,G — Aut(G)) is independent of the choices
of local objects and arrows in P.

In geometric terms, this can be understood once we
introduce the following definition:

Definition 5.1. Let G be a monoidal stack on X.
A right G-torsor on X is a stack Q on X together
with a right action functor

OQx G —Q

which is coherently associative and satisfies the
unit condition, and for which the induced functor

OQx G —0xQ

defined as in (1) is an equivalence. In addition, we
require that Q be locally non-empty.

Remark 5.2. The three following observations, when

put together, explain in more global term why G-
gerbes are classified by the set H'(X, G — Aut(G)).



e To a G-gerbe P on X is associated its “bundle of
frames” Eq(Tors(G), P), and the latter is a torsor
under the monoidal stack

Eq(Tors(G), Tors(G))

e By the Morita theorem, this monoidal stack is
equivalent to the monoidal stack Bitors(G) of G-
bitorsors on X.

e The cocycle computations leading to (4) imply
that the monoidal stack Bitors(G) is the stack as-
sociated (by sheafification) to the monoidal prestack
defined by the crossed module G — Aut(G).



Topological interpretation of a G-gerbe

To a group G we attach the topological group-like
monoid Eq(BG) of self-homotopy equivalences of the
classifying space of G. The fibre of the evaluation map

ev, : Eq(BG) — BG

of an equivalence at the distinguished point * of BG
is the submonoid Eq,(BG) of pointed equivalences,
and the latter is homotopy equivalent, by the functor
m1(—, *), to the discrete group Aut(G).

The induced fiber sequence

Aut(G) — Eq(BG) — BG

deloops to a sequence

G — Aut(G) — Eq(BG)

where the left hand map is the inner conjugation ho-
momorphism. This yields an identification of Eq (BG)
with the mapping cone of the map i : G — Aut(G),
which preserves the multiplication.



This proves:

Proposition 5.3. The simplicial group associated
to the crossed module G — Aut(G) is a model for
the grouplike topological monoid Eq(BG).

In this context, the set of 1-cocycles on X with values
in the crossed module G — Aut(G) classify the fi-
brations on X which are locally homotopy equivalent
to the Eilenberg-Maclane space BG.

Example 5.4. (Schreier, circa 1930) The following
modernized proof of Schreier’s classification of (non-
abelian, non-central) group extensions is a strength-
ened version of the discussion carried out in (2).

Consider a short exact sequence of groups (or bundle
of groups) (2). This induces a fibration

BG — BH - BK

above BK, and all the fibers of 7 are homotopically
equivalent to BG. It follows that equivalence classes



of such extensions are classified by the pointed set
HYBK, G — Aut(Q@)).



6. 2-STACKS AND 2-GERBES

Definition 6.1. A fibered 2-category in 2-groupoids
above a space X consists in a family of 2-groupoids
Cy, for each open set U in X, together with an in-
verse image 2-functor

f*ieU—>@U1

associated to every inclusion of open sets f : Uy C
U (which is the identity whenever f = 1y), and a
natural transfomation

Org: (f9) = 9" 1"
for every pair of composable inclusions

v, L LU

For each triple of composable inclusions

U3‘£>U2i>U1‘LUa

we require a modification



¢f7g7h
(fgh>*\Mh*g*f*

Xf.9.h

betweeen the composite natural transfomations
Urgn: (fgh)" = 1" (fg)" = h*(g"f")
and
Xrgh o (fgh)" = (gh)" [* = (R'g") J".

Finally, for any Uy — Us, the two methods by
which the modifications o compare the composite
2-arrows

(fghk)" = (ghk)" f* = (hk)"'g"f" = E*h"g" f*
and
(Fghk) = I (fgh) = W (h*(fg)) = K'I'g" [

must coincide.



Definition 6.2. A 2-stack in 2-groupoids above a
space X is a fibered 2-category in 2-groupoids above
X such that

e For every pair of objects X,Y € Cp, the fibered
category Are, (X, Y) is a stack on U.
e 2-descent s effective for objects in C.

The 2-descent condition asserts that we are given, for
an open cover U, of an open set U C X, a family
of objects x; € Cy,, of l-arrows ¢up @ T — g
between the restrictions to Cy, , of the objects x, and
xz and a family of 2-arrow

L
W Pas
Yoyl
T g, O

for which the tetrahedral diagram of 2-arrows induced
by ¢ in Cy,, , commutes:



The descent condition (x;, ¢;j, Vasy) is effective if
there exists an object € €y together with isomor-
phisms x;;, >~ x, compatible with the ¢;; and 1.3, .

Definition 6.3. A 2-gerbe P is a 2-stack in 2-
groupoids on X which is locally non-empty and
locally connected.

To each object x in Py is associated a grouplike
monoidal stack (= gr-stack) G, := Ary(z, x) above

U.

Definition 6.4. Let G be a grouplike monoidal stack
on X. We say that a 2-gerbe P s a G-2-gerbe
if there exists an open cover U = (U;)ier of X,
a family of objects x; € Py, and U;-equivalences

9U2~ = 9%

The choice of a path ¢;; : z; — x; above Uj;
determines, as in (7), a monoidal equivalence \;; :
9|Uz‘j — SIU@" In addition, the paths ¢;; allow us to



choose an object g;j1. € 9Uijk together with a 2-arrow
mz-jk:

X j (14)

T; (15)

as the unique 2-arrow such that the following diagram
of 2-arrows with front face v;;,; commutes:



bil

9ikl

. ®ij
Iy
9ijl ,

Pk
Nij(gix1)
Gk
Ll J
Mk
Vijkl/ Gij
)

9kl




Vijkl+
for

L] [ ] n

le conditio

e

cyc

3-Cco

The

)
9ijl
)‘ij(gjlm)
)
l Nij(Gjkt)
"
VZ] ‘
/ | i (Vikim)
Jijm )\Zj
)
km
.l )‘“(g]
9ik | |
. )
.k Ilm
gZ] i (gr
)‘ij)‘jk
Vikrlm/ 2
)
km : )
gZ )\7,]{7 (gl{f | szk/ xz
{Miiks Gkim }
my;
)

ijk



The bottom 2-arrow {m;jk, grim} is essentially the
2-arrow obtained by evaluating the natural transfor-
mation

fmjk ) igijk)\ik = )\ij )\jk

induced by the 2-arrow m;j;; (14) on the object gi;r €
Gz’ = Aut(p(.??i)l

N M Gkim)

— Aij)\jk (gklm)

g5 ik (Ghim)




Proof of the 3-cocycle condition:

Jilm

Cbil L

Jijm

Nij(Gikm)

Piki
L
inner | left right top | bottom |front| back | outer
Ojklm Cikim COHJ(¢z'j) Cz'jlm {,} Cijkl Cijkm 3-cocyle
Miim | Vikim | Mejim | Mjp(Mpim) | Mk | Mejkm
TABLE 1




Here is the description of the bottom cube, labelled
{, }, in table 1:

¢ .
T Ik €L j
Dik Pij
Mk
ik =
T = i
ik (Grim)
9kim
Aij Nk (kim)
K024 .
Ty, ik T;
sk
Pik; Gij
X; X

9ijk



Algebraic description of the 3-cocycle con-
dition:

The commutativity of the 3-cocycle cube translates
to a very twisted algebraic 3-cocycle condition:

i (Vkim) (19 y 50 vy = (PO [0, Grim] 0 Vi

This is an equation satisfied by elements with values
in the fibre of Ar (G) above Ujjim.

Similar non-abelian 3-cocycle relations first appeared
in the work of Dedecker [5] , in the context of co-
homology of groups, rather than as here for Cech-
cohomology.

The definition of v;;; as the front face of the cube
(15) induces by conjugation the following equation
among elements of the fibre of Ar £¢(3G) above Ujjp:



Mt (%) 1, = (Agj (M) (M79m,) (16)

Observe finally that g;;; is an object of § above Uy jp,
and \;; an object of ob €¢(§) above U;;.

The previous discussion may be summarized as the
assertion that the quadruple (N;j, Mk, Gijk, Vijki) as-
sociated to a G-2-gerbe P on X determines a Cech
1-cocycle on X, with values in the “crossed module of

gr-stacks”

G — &q(9)

Remark 6.5. 7) When § is the gr-stack associated
to a crossed module 0 : G —— 1I, this coeflicient
crossed module of gr-stacks is a stackified version of
the crossed square associated by K.J.Norrie ( see [11],
4]) to the crossed module G —

G Der*(m, G) (17)
5[ |
m Aut(G — )




It is however less restrictive than Norrie’s version,
since the latter would correspond to the diagram of
gr-stacks

G — Isom(9)

whereas we really need to consider, as in (17), equiva-
lences of the monoidal stack G with itself, rather than
simply isomorphisms.

i) It was important for us to choose in
(14) a cubical filler for the edges defined by the arrows
¢ij. If we had postulated in (14) that gir = 1.,
the 3-cocycle v (15) would have taken its values in
the abelian group of 2-arrows from the 1-arrow 1, to
itself. More precisely, one would only obtain in this
manner the 3-cocycles v with values in the center ZG
of the group G.
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