Ju=E, (TE)
—> 2 scalar problems: { w=H, (TM)
AuF +k*u® = 0 in £y > +f(x)
ut —u- = —elor iy ony = f(x)
ou™ ou~ o , ...
= = x—1iy _
on  on o (&) ony = (@)

@ Radiation Conditions



Periodicity of the structure = u is quasi-periodic, i.e.

u(x +d,y) = eu(z,y) (e “Tulz,y) is d-periodic).

. (separation of variables) RAYLEIGH SERIES

+ _ - + i r+ifty Qp = + 27T’r’/d
u(:r;,y)—z B, 2 ' < 2 £\2 ()2
r=—00 UNKNOWNS! or+ (B7)" = (k%)

Note: 85 = /(F) — ()
= only finitely many
propagating modes

Simplest case: y < f(x) contains a perfect conductor
= u=u", k=k" and

Aut+kTum=0iny > f(z)
with boundary conditions, on y = f(z),
ou™ 0

—— (e™*7%) (TM)

+ _ ax—1ify TE e
v R

oo
wog) = 3 By it

r=—00



Perfectly conducting grating (TFE):

00
u(a:,y) _ Z Br 6ia,«x+iﬁry

r=—00

Rayleigh’s method:

w(z, f(z)) = Z B, eloretibrf(@)

r=—00

Permissible?: “Rayleigh’s hypothesis”
In general, NO (YES for sufficiently shallow gratings)

h 27

eg. f(z)= 5 cos (Fa:)

Rayleigh’s hypothesis holds <= h/d < 0.142

Petit and Cadilhac, 1966 =
Millar, 1971 =

SINGULARITIES



e VARIATION OF BOUNDARIES: e Singly-periodic gratings
e Perfect conductor, TE

Au+k?u=0

B o Au+ k*u=0 ony > df(x)
U = ’LL([C,y, 5) : { u(x,5f(fb‘),5) _ _eiaac—iﬁ(Sf(x)

1.9 =0:;
_ oz _ tax+ify
u(aﬁ,O,\O/_/) = —€ = u(z,y,0) =e
PLANAR INTERFACE LAW OF REFLECTION
d
2. —at 6 =0:
T |
f(x)uy(z,0,0) + us(z,0,0) = iBf(x)e" ™"
us(x,0,0) = 2iBf(x)e’™
- ’LL(;(:U,y, 0 ) - ...
PLANAR INTERFACE
d2
3. —atd=0: ..

" do?

— RECURSIVE FORMULAS



e RECURSIVE FORMULAS: e Singly-periodic gratings
e Perfect conductor, TE

Au+k?u=0

U=—eioxZiBy

Let
F l [F
— 1Krx f('CU) _ 1Krz o 2T
fle)= 2 Cue™, Tm= ) Cue <K_ 7)
r=-F r=—IF

and o N

u(,y;8) = B (2,y,0) = Y unle,y)0" = Y B(5)e

n=0 r=—00

where

up(x,y) = Z dn,reio‘”“ﬂry and B,(0) = Z dy 0"
r=—00 n=0
Then, the recursive formulas take the form

SIMPLE!

dn,r — _<_iﬁ)ncn,r — ?:_()1 Zq Cn—l,r—q(iﬁq)n_ldl,q




e RECURSIVE FORMULAS: e 2-d bounded obstacles
e Perfect conductor, TE

Let 7 IF
_ Z CLTeirﬁ _ Z Cl’Teirﬁ
r=—F r=—I[F
and 00
u(p,0;6) = E;*(p,0,0) = Zun p,0)8" = Y B.(8)(—i) H{" (kp)

where 00

Z dp (=) HP(kp) and B.(0) = dp,0"

r=—00 n=0
Then, the recursive formulas take the form

g d"J
dpy = —k" Zq Ch,r—g(—1)" ﬁ(ka)/}[(l)( a)

dn ZH() .
— Y K'Y iy oty (—i) = (k) | H (ko)




e RECURSIVE FORMULAS:

-1
= 2 k=0

-1
—2 k0

d>t

n,(r,s) n,(r s)

+ ((z*y;’m))"

_[_
DY EDY

+r)/ljm(_,VYl,m
+ (G

_|_

bt

n,(r,s)

min(kF,r+

l=max(—kF,r—(n—k)F)

e 3-d (biperiodic) dielectric/metallic gratings

oz,adil”L + ﬂ5d2 o ’y:’sdi”{ 5 =0

a"dl (r,s) +ﬁ5 n,( rs)+7rsdn(rs):0'

d2 - — (A2(—iy)" + A3(=iy)" "1 (iK28)) Cr (r.s)

—k 277

min(kF,r+(n—k)F min(kF,s+(n—k)F . n—>k 12,2+ . \nm
l:m(ax(—kl(;‘r—()n—)k)F) Z ( ( ) )F) |:(Z’yl4,—m) kdk,(l,m) - (_Z’yl,m) dk,(l,m)

m=max(—kF,s—(n—k

Ry = (=)™ R ) (i (s = m))| Gt

Tr Sdn (7,8) + Tr, sdn J(r,8) ard (r,3) + Oérd3 (15)
(A + Q) (=) + (@A® = BAY) (i) L(iK>5)] Cr g

min(kF,r+(n—k)F) min(kF,s+(n—k)F) n—
l=max(—kF,r—(n—k)F) Zm:max(ko,sf(nfk)F) [fylm(lfyl m) kdk (I,m)

Aimy = Ol oy + (—0900)" F ey

_ 2, Nk 2,— . ke 1,
g 1O'/rdlc—(i;m) - (_nyl m)n F la'/‘dk,(l’m) - (ZFYZ—:_m)n k 1ﬁ5d —;m)

)nk

( 7’%m)n = 1/65 ) (’LKQ(S - ))i| Cn—k,(r—l,s—m) .

— gy = — (AN (=)™ + A3 (—iy)" 7 (iKar)) Crr)
_k 17

n—k)F min(kF,s+(n—k)F . n—k 11, . \n _
( " Zm:fnax(—lng—)(n)—k)F) |:(Z’yl4,—m) *d _sm) ( ,V)/l,m) dk,(l,m)

o ()" sy = (%50 ) B = 0)] Cotr-tsmm

-
ZkO

_(_Z%,m) B ﬂs k,(l,m) - f)/l—!—m(lf)/l—i_m)

3, 3,— 2 — 2,—
v,y — Bl ey = Vool (o) = Voo

(VA% + BA%) (—iy)" + (@A? — BAY)(=iy)" " (iKar)] O r,s)
min(kF,r+(n—k)F) min(kF,s+(n—k)F) n— 3,+
I=max(—kF,r—(n—k)F) Zm*max( kF,s—(n—k)F) |:(2le m) kﬂSd m)

" de—(?m) fylm( /V)/l m) _kdz (s m)

; n—k— 2, N \n— n—
+ <(17l_1—m) g lardk—(?m) - (_nyl m) i 1 (ZFYI m) i lﬂs lm)

(=) Bl ) G m] Cnmtofr—tmm)-



BUT ...

Are the formal differentiations justified?



THEOREM (O. Bruno and FR)

Assume the boundary of the scatterer is analytic. Then,

(1) the fields are jointly analytic functions of the spatial variables and
perturbation parameters;

(2) the fields can be uniformly continued beyond their domain of definition
(i.e. beyond scatterering interfaces); and

(3) the domain of analyticity in the pertubation parameter extends to all
values for which the deformed scatterer does not self-intersect.

In the case of diffraction gratings, for instance,

(3) = the region of analyticity of the fields in § contains a
neighborhood of the whole real line!

O0— plane

B(d)




(j) 0= 3 noqe ((3)6)g Jo 9oUdZIOAUOD JO YSIP Y} OPISUl ST 03

0=(0)0
b0 = (")
TVINHO4ANOD
(Q)d (2)6
aue|d —Q aueld -3
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