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OutlineOutline

• Existing approaches

• Stochastic differential equation based approach

– open loop oscillator phase noise analysis (joint work

with Alper Demir and Jaijeet Roychowdhury)

– nonlinear nonautonomous circuit noise analysis

– noise analysis of phase feedback systems (PLL and

DLL)
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Traditional Noise AnalysisTraditional Noise Analysis

Non-oscillatory circuits

• based on linear perturbation analysis

• linearize circuit equations around large-signal steady-

state response
Output

noisenoise

Input LPTV transfer function

• compute LPTV transfer function to obtain output noise

in time and frequency domain

Oscillator circuit

• linear circuit operation assumed

• predicts infinite integrated noise power
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Stochastic Analysis Based
Approach

Stochastic Analysis Based
Approach

• model circuit noise sources as time-varying white noise

• circuit represented as a system of differential equations

• inputs to the DE system are stochastic processes (cir-
cuit white noise sources)

• circuit equations: system of stochastic differential equa-
tions

• SDEs solved using techniques from stochastic calculus

For oscillators

• linear perturbation analysis is not valid

• developed new nonlinear perturbation analysis for oscil-
lators
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PreliminariesPreliminaries

Unperturbed (noiseless) circuit equations

ẋ = f(x) + b(t)

• b(t), T -periodic input signal

• Noiseless T -periodic solution xs(t)

Perturbed (noisy) circuit equations

ẋ = f(x) + b(t) +D(x)ξ(t)

Perturbed response

z(t) = xs(t) + xp(t)
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Perturbed Oscillator Output:
Phase Plane View

Perturbed Oscillator Output:
Phase Plane View
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Linear analysis predicts

that xp(t) grows

unbounded even for small

perturbations

Linear analysis result not

consistent!
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Key Idea of Our ApproachKey Idea of Our Approach
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Phase Error αPhase Error α

dα

dt
= vT (t+ α(t))ξ(t)

• vT (t) = vT1 (t)D(xs(t))

• D(xs(t)): noise source intensities at steady-state

• vT1 (t): Floquet basis vector for the LPTV system

For ξ(t) uncorrelated white noise processes

E [α(t1)α(t2)] = cmin(t1, t2)

where c is the time-average of vT (t)v(t).
Oscillator output xs(t+α(t)) asymptotically wide sense sta-
tionary

S(ω) =
∞∑

i=−∞
XiX

∗
i

ω2
0i

2c
1
4ω

4
0i

4c2 + (ω + iω0)2
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Phase Noise SpectrumPhase Noise Spectrum
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ResultsResults

• output process wide sense stationary

• the output spectrum splits as Lorentzian in presence of

noise

• total noise power same as unperturbed oscillator output

• finite noise power density at the carrier

• the relative contribution of circuit noise sources to oscil-

lator phase noise: useful to design low noise oscillators

• one scalar is sufficient to characterize phase noise: ideal

for modelling

• efficient computation of phase noise in time and fre-

quency domain
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Noise Analysis of
Non-Autonomous Circuits

Noise Analysis of
Non-Autonomous Circuits

• driving periodic signal from a real (noisy) oscillator

• view non-autonomous circuit and oscillator as composite

oscillator
RF IF

LO

oscillator

IFcomposite
oscillator

RF=⇒

• Output noise asymptotically wide-sense stationary
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Effect of Input Signal Phase
Noise

Effect of Input Signal Phase
Noise

• Circuit equations

ẋ = f(x) + b(t+ αin(t)) +D(x)ξp(t)

where αin(t) =
√
cinB(t)

• Solution of the form

xs(t+ α(t)) + y(t)

• circuit output noise wide-sense stationary component of

dz = J(t)z(t)dt+D(xs(t))dBp(t) +
√
cẋs(t)dB1(t)

where

J(t) =
df

dx

∣∣∣∣
xs(t)

• can use existing LPTV noise analysis techniques with
extra noise source
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Effect of Input Signal Phase
Noise

Effect of Input Signal Phase
Noise

10
−20

10
−19

10
−18

10
−17

10
−16

10
−15

10
−14

10
−13

0

2

4

6

8

10

12

14

16

c (sec2Hz)

In
cr

ea
se

 in
 N

F
 (

dB
)



➤➤ ➤➤➤➤

Extension to Circuits with
Multi-Tone Excitations

Extension to Circuits with
Multi-Tone Excitations

• circuit driven by two (or more) large periodic signals

• circuit response quasi-periodic x(t) = x̂(t1, t2)|t1=t2=t

• practical application: noise performance degradation in

presence of blocker

• circuit output noise wide-sense stationary component of

dz(t) =
∞∑

i=−∞

∞∑
k=−∞

J(i, k) exp
[
(iω1 + kω2)t

]
z(t)dt

−√c1
∂x̂s(t1, t2)

∂t1

∣∣∣∣
t1=t2=t

dB1(t)

−√c2
∂x̂s(t1, t2)

∂t2

∣∣∣∣
t1=t2=t

dB2(t) +D(xs(t))dBp(t)
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Two Tone Noise Analysis
Results

Two Tone Noise Analysis
Results
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Noise Analysis of Phase
Feedback Systems: PLL
Noise Analysis of Phase
Feedback Systems: PLL

PD LPF VCO Vout
Vin γ(t)

β(t) = αin(t)− αvco(t)

• VCO noise equation reformulated with phase feedback

dαvco

dt
= vT (t+ αvco(t))ξp(t) + vcontrol(t+ αvco(t))γ(t)

• Vin has Brownian motion phase error αin(t)

• Loop filter dynamics

G
d

dt

β(t)
γ(t)

...

 = E

β(t)
γ(t)

...

+ Fξq(t)

q noise sources in LPF and PD
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PLL Noise Analysis ResultsPLL Noise Analysis Results

• overall

d

dt

β(t)
γ(t)

...

 = −A

β(t)
γ(t)

...

+Dξp+q+1(t)

• β(t) a component of an Ornstein-Uhlenbeck process and

E [β(t1)αin(t2)] =
n∑
i=1

µi exp(−λimin(0, t2 − t1))

E [β(t1)β(t2)] =
n∑
i=1

νi exp(−λi|t1 − t2|)

for appropriate µi and νi, λi eigenvalues of A, n−1 loop

filter order
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PLL Noise Analysis Results
(contd.)

PLL Noise Analysis Results
(contd.)

• PLL output xs(t+αvco(t)) asymptotically wide-sense sta-

tionary

• spectrum

Sxs,xs(ω) =
∞∑

i=−∞

∞∑
k1,...,kn=0

2XiX
∗
i exp

−ω2
0i

2
n∑
l=1

(µl + νl)


[∏n

l=1

[
i2ω2

0(µl + νl)
]kl] (1

2ω
2
0i

2cin +
∑n
l=1 klλl

)
[∏n

l=1 kl!
] [(1

2ω
2
0i

2cin +
∑n
l=1 klλl

)2
+ (ω + iω0)2

]
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PLL Output SpectrumPLL Output Spectrum
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