Integral relations for solutions of Hill's
equation

Consider the Hill equation

u’ —g(z)u =0,

where g : R — C is even, continuous and of period
w. We assume that there is a nontrivial solution uq
of period 2w. Let uo be a linearly independent solu-
tion. The product v(x,y) = u1(x)us(y) satisfies the
partial differential equation

(07 — 9)v — (g(x) — g(y))v = 0.
Let A : R* — C be the Riemann function of this
equation, that is, for (zg,yg) € R? let A(-, -, zg, yo)
be the unique solution with

A(z,y,z0,y0) =1 ify—yo==x(z — zp).

Then
/K(Aayv w0y A) de + (AByv — v0zA) dy = O

where K is any closed rectifiable curve in R2.



We choose for K the following pentagon
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Theorem. There is a constant p such that, for all
r1,T2,T3 € R,

w
pui(z1)ui(z2)ui(zs) = /_w A(z,z1, 72, 73)u1(x) dz.
The constant p can be expressed by

20T
Wu1, uo]
where o, T are determined by

ul(ztw) = oui(z), uzx(ztw) = Tui(z)+tous(z).

/_1,:



For the Mathieu equation
u” + (A — 2h2 cos(2z))u = 0
we have
A(xa Y, L, yO) — JO((4h2(F]? — F22)1/2)7

B
by

COSx COSYy — COS g COS Yo,

Sin z Siny — Sin xg Sin yo.

For the Lameé equation
u’ + O —v(v 4+ Dk%sn’z)u =0
we have

A(xayax07 yO) — PI/(GI + G2 _I_ G3)a

G1 = kQSnxsnxosnysnyo,
k‘2
Go = —chxcnxocnycnyo,

1
G3 — dex dn.CUO dnydnyo



