Numerical computation of eigenvalues of

the Mathieu equation

The Mathieu equation is

w" 4+ (A — 2h? cos(2t))w = 0.

For given h2 € R we are looking for nontrivial odd
solutions w of period 7. Setting

w(t) = i xTn Sin(2nt)

n=1

we obtain the eigenvalue problem

Az =Mz, == (z1,70,73,...)" € ?(N),
where

di ¢¢ 0 0 O
cl do co O O

A= O ¢ d3 c3 O

Cn — h2, d'n, — 4?7,2



To compute the eigenvalues of A denoted by
AL <A< A3 < ...
use the Ritz method. For given r € N, let

Plr < U2p < ... < Wrr

be the eigenvalues of the » by r submatrix of A con-
sisting of the first » rows and columns of A. We expect
pr.- 0 approximate Ag. Is there an error estimate

Ak — B <777

First observe that

Pk 2= Blk+1 2 HE k42 2> ---5 M pg - = Ag.

r—00

How can we obtain bounds of the form

B — A, <777

Let A\; < A, A — Ay <A with A, A; . computable.
For : € N choose ¢; > 2 so large that

dn > len—1] + len| + A; forn > 4.



For n > ¢;, define

U dpy — N = en|

n
ain = | fij
=

bin = (1 — f242) a0yt
Then, for r > ¢,

A < M f L <1
Mk, r k_l I 3

where



Consequence:

h47“
Prr— A =0 (42""+1r!2(r n 1)!2> as r — oo.

The O-constant is computable. For example, for r >
3,-1<h?2<1,

94p4T

K1, — A1 < 42r+17“!2(7° + 1)!2'

This estimate is quite sharp. For example, if » = 10,
h? = 1, the left hand side of this inequality is &~ 0.56-

1039 whereas the estimate on the right hand side
gives 1.01 - 10739,



