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PART I. Discovering Sum
ldentities

A BonusProblemin "ConcreteMathematics'

Chapter 6. Special Numbers, Bonus Problem 69:
Find a closedform for

Sien
k=1

whereH, : = 3¢, +.
Knuth’s answelto the problemis
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_%n (—1+9n+10n2)+%n (%+n) (L+n) (-Hy+2Hn)

N

with theremark
"1t would be nice to automate the derivation of formulas such asthis".

N
<< Sigma'
Sigma - Asummation package by Carsten
Schneider —©RISCLinz —V1.01 3 (12 /06 /02)
nmySum= Si gmaSum[k”* 2 Si gmaHNunber [n + k], {k, 1, n}]
n
. k2 H<+n
k=1
Si gmaReduce [mySum]
% (-n (1+n) (-1+10n) -
6n (1+n) (1+2n)H, +12n (1 +n) (1+2n) Hy)
N

All objects are nested sums and products

n
Z‘ k2 H,n // Get Ful | Definition
k=1

Z”. 2 [HHJFZ". 1
n+op

k=1 01=1

GetDefinition[ ('), K]

[] (Ane)

O]_:l
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N

Two worlds:

automatictranslation

ring of sequencesk® I1Z - fields

The useris despensedrom differencefield theory (C.S.)

Solvingfirst orderlineardifferenceequationsn I1x—fields(Karr,1981)
)
Simplified version(C.S.)

Calkin’s Identity

PROBLEM: Find a closedform for

S5 m)

res = Si gnaReduce [y Sumj

a

(-a+n) (2) + (2+2a—n)Z' (Lnl)

L1 =0

1

2
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res=res /. {a->n}

wom 55 (3 ()]

k=0 \j=0

Si gmaReduce [y Sum]

Sty

t1=0 to=0

N

Generalized summation algorithm (C.S):

Simplify nestedmultisumsby appropriatesumextensions

res = Si gmaReduce [mySum Si npl i fyByExt -> Dept h]

a

2@-m (o) 07 () -

Lj_:O

aream (3 (5) ) 03 (10))

Lj_:O L]_:O

1
2

2
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res=res /. {a->n}

2 l@en ZO(:) ”Llo((tnl).)z
res / {; (I‘l) -> 2" LZ:':O((:))Z_ (2nn)}
L (2M) s @en @)?)

e Finding arecurrence

rec = Gener at eRecurrence[nySum RecOrder -> 2]
Order : 2

Solution !
{4 (1+2n)SUMNn] + (12 +7n) SUM1 +n] +

(-1-n)SUM2Z2+nj} == -2 (-10 + 9 n) [Zn ( " )

L
L1:0 1

« Z's creativetelescopingrick canbeappliedin I1Z—-fields(C.S.)

— Recurrencefor nestednultisumscanbe computed
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rec=rec /. {Zn (:) -> 2"}

L1=0
{4 (1+2n) SUMN] + (12 +7n) SUM1 +n] +
(-1-n)SUM2+n] == -2 (-10 +9n) (2M)3)

e Solving the recurrence
recSol =

Sol veRecurrence[rec[[1]], SUM[n], Tower -> {(Znn ) }]

[{o, n (Znn)' 2"}, {1, % (2+n) (2")3})

N

« Solvingof lineardifferenceequationsn I1Z—fields(C.S.)
first order——— arbitraryordel

— Recurrencesanbesolvedin termsof nestedmultisums

e Finding the linear combination
Fi ndLi near Conbi nation[recSol, nySum 2]

—%n (Znn)' 2f-‘+% (2 +n) (2M)3

We obtainfor all n=0:

Krattenthale-Example

PROBLEM: Find a closedform for
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i_ Ho (3+k+n) ! (-1 (-1)" |
£ (L+k)! (2+k)! (-k +n) !

Loon Bk (1)K (1-(2+n) (-1H)M)
nt ok k (1+k) 12 (k+n) !

(3+n) !

(The number of rhombus tilings of a symmetric hexagon,Fulmek&Krattenthaler)

vSum1l

n. He 3+k+n) 1 (-1)K (-1)"

Suml = -
=t ;1 (1+k) ! (2+k) ! (-k+n) 1’

e Finding arecurrence

recl = GenerateRecurrence[nySunl, RecOrder -> 3]
Order : 3

Solution !

m@+n) 2+n)? (3+n) (4+mM?(9+2n) (-1+n) ! SUMn] -
nl1+n) (2+n) (3+n) (4+n) (9+2n)
(13+8n+n?) (-1+n) ! SUM1+n] -
n(l+n) (2+n) (3+n) (4+n) (5+2n) (6+6n+n?)
(-1+n) ! SUM2+n]+n (1+n) (2+n) (3+n)?
(4+n) (5+n) (5+2n) (-1 +n) ! SUM3 +n] =
~2(5+2n) (7+2n) (9+2n) (4+n) ! (-1)™

e Solving therecurrence
Sol veRecurrence[recl[[1]], SUM[Nn]]
{{01 1}’ {01 <2+n> <_1)n}}

N
Solving the recurrence with sum extensions
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recSol = Sol veRecurrence]
recl[[1]], SUM[n], NestedSumExt ->Infinity,

]
{{0, 1}, {0, (2+n) (-1)"},

n L1

’ L1 ’ (_1>L'2
{o, —;0 (3+2 1) (-1)¢- ;1 PaC Ty b

n L1
: PN 1+
1, 22_0 (3+211) (-1)- Zl - (2+2L2> 1

Fi ndLi near Conbi nation[recSol, nySunl, 3]

n t1

25" B+2u) (-1)= )" L21+L2

L1:0 L2:1 <2 " L2> :
n L1
) L ’ <_1)L'2
ZZ_O <3 +2 Ll) <_1> . I, Lo <2 + LZ)

Sol veRecurrence[recl[[1]],
SUM[n], NestedSuntxt ->Infinity]

{10, 1}, {0, (2+n) (-1)"},

n
n-2(1+n) 5 —Llu

1 L1 (2+c1)
0 2 (1+n) bo{L
(3+3n+n2) (-1)"+2 (1+n) (2+m2 (1) 5+ Ly
L]_:l

(L+n) (2+n)
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N
. n. 1+ L1
Si gmaReduce[Z ,
=1 L1 (2 + L)
Si npl eSunRepr esent ati on -> Tr ue]
N (5+3n)+4 (1+n) (2+n) Zn +
L]_:l
4 (1 +n) (2+n)
N
Solving the recurrence with Harmonic numbers

recSol 1 =
Sol veRecurrence[recl[[1]], SUM[n], Tower -> {H,}]

{{O, 13, {01 -n (9+5n) +4 (1 +n) (2+n)Hn},

(L+n) (2+n)
{0, (2+n) (-1)"},

1 (-n (32 +33Nn+9n2) +8 (1+n) (2+n)%Hy) (-1)" 1
' 4 (1+n) (2+n)

e Finding thelinear combination

sol uti onl = Fi ndLi near Conbi nati on[recSol 1, nySunil, 3] //
SigmaSi nplify
1
(L+n) (2+n)
(5+2n-2n°-n2+2(1+n) (2+n)%2H,) (-1)™)

(-5-3n-2 (1+n) (2+n) H, +

vSum 2

N @B+k+n) 1 (1)K @ -@+n) (-1)M)
Sun® = - :
v ;1 K ((L+k)t )2 (-k+n) 1.
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e Finding arecurrence

rec2 = Generat eRecurrence[nySun2, RecOrder -> 2]
Order : 2
Solution !

(nd+n) (3+n) (4+n) (7+2n) (-1+n
(L+(3+n) (-1)") (=1 + (4 +n) ( 1

+

n (

;r')SUl\/[n -
6n(l+n) (3+n)%2 (-1+n) ! (- 2+n) (-1)™)
(-1+ (4 +n) (-1)") SUM1 +n] - 1+n) (-1+n)

(-(2+n) (3+n) (5+2Nn) - (2+n) (3+n) (5+2n
(2+n)2 (3+n)2(5+2n) ((-1)M2) SUM2 +n

2 (4+n) ! ((5+2n) (7+2n) - (3+n) (5+2n) (

(-1)" - (5+2n) (7+2n) (10+6n+n?) ((-1

(2+n) (3+n) (4+n) (5+2n) (7+2n) ((—1)”)3)}

rec2 =rec2[[11]1 /. {((-1)M)3 => (=1)", ((-1)")% => 1}
n(lL+n) (3+n) (4+n) (7+2n) (- 1+n) !
(L+(3+n) (-1)") (=1 + (4 +n) ( 1)) SUI\/[I"I] -
6N (1L+n) (3+m2 (=1+n) ! (-1+(2+n) (-1)™)
(-1+ (4 +n) (-1H)")ySUM1l+n] -n(1+n) (-1+n
(-(2+n) (3+n) (5+2n)+ (2+n)2 (3+n)2 (5
(2+n) (3+n) (5+2n) (-1)") SUM2 +n] =
((5+2n) (7+2n) - (5+2n) (7+2n) (10+6n+n
(3+n) (5+2n) (7+2n) (-1)" +
(2+n) (3+n) (4+n) (5+2n) (7+2n) (-1)")
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e Solving the recurrence

Sol veRecurrence[rec2, SUM[n],
Nest edSunmExt ->Infinity, WthM nusPower -> True]

{{0, -n (2+n) (4+n) + (9+28n+23n*+8n%+n*) (-1)"},

{0, —(2+n) (-941 +108 n + 27 n?) +
(-698 + 756 n + 621 n? + 216 n® + 27 n*) (-1)"1,

(1, % ~(1+3n+n2) (9+28n+23n2+8n3+n%) +

n2+n) (4+n) (L+3n+n?) (-1)" +
(=2 (L+n) (2+n) (3+n)+2 (1+n) (2+n)2 (3+n)

)
Mo 34+ (21 +32+3) (-1
SILIDY R }

Lj_:O

e Solving the recurrence with Harmonic numbers

n-3+ (2 +3 3+ dd) (-1«
SigmaReduce[Z tlemronr ) (00) ,

1+L1

L1=0
Si npl eSunRepr esent ati on -> True]

n

L1, 1+3n+n2) <—1)”—6Z'

2

recSol 2 = Sol veRecurrence[rec2,
SUM[n], Tower -> {H,}, WthM nusPower -> True]
{{0, -n (2+n) (4+n) + (9+28n+23n°+8n%+n*) (-1)"},
{0, -(2+n) (-57 +16n+4n?) +
(-21+112n+92n*+32n%+4n*) (-1)"}, {1,
1

75 (-n (650 + 630 N +143n?) +152 (1 +n) (2+n) (3+n) H, +

(-195 + 1040 n + 1845 n? + 916 n3 + 143 n* -
152 (1+n) (2+n)? (3+n) Hy) (-1)") }}
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e Finding the linear combination

sol uti on2 = Fi ndLi near Conbi nati on[recSol 2, nySun®, 2] //
SigmaSi nplify

~(3+n) (-1+3n+2n?)+2(1+n) (2+n) (3+n) H, +

((3+N) (-1+6N+7n2+2n3) -2 (1+n) (2+n)%2 (3+n) Hy)
(-1)"

v Suml+Sum?2

N

solutionl+solution2/ ((n+1) (n+2) (n+3)) //
SigmaSi nplify

-2+ (2+n) (-1)"
Forall n=1 we have:

D H B+k+n) 1 -k (-nn
Z (1+k)! (2+k)! (-k +n) !

k=1

n _ (3+k+n) ! (-H)¥ @-@2+n) (-1H)M)
Nt ko1 k (1+k) 12 (-k+n) !

(3+n) !

(-2) + (2+n) (-1)"

N

Finding SumExtensiongC.S.):
« Inspiredby Abramov/PetkovsekndHendrik/Singer

sumextensions Liouvillian extensions

» Generalizatiorio theITZ—-differencdield setting
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Ismail, Stanton
Tribasicintegralsandidentitiesof Rogers—Ramanujaype
Y 1)z ) (1+) 1 S (1 - N
jZ()[( (ﬂq](q )j ( q<q>))/

((9%29" q);” (1-q)) =

(-7 D (ﬁ Q”] (2. a) R
o — | (1-a@)’)
j

n
mySum= »
Z‘o 1-9

rec = Gener at eRecurrence|
nmySum Tower -> {{Si gmaPower [q, n], n}},
Wt hM nusPower -> True]

Order : 1
Solution !
{-(-1+9%9") (1+ (q")%) SUMn] +
(-1-qq”+q (@2 +g? (g")?) SUM1+n] ==0)

A SimpleExample

Find a closedform for
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rec = Gener at eRecurrence[nmySum]

Order : 1
Order : 2
Solution !

{4 (1+n) SUMN] -
2 (3+2n) SUM1+n] + (2+n) SUM2 +n] ==1}

recSol = Sol veRecurrence[rec[[1]],
SUM[n], Tower -> {2"}, NestedSunExt ->Infinity]

n n

{0, 2, {0, 20" 2} {1, -2 )" o))

L]_:l L]_:l

Fi ndLi near Conbi nation[recSol, nySum 2]

n n

nN" 1 n \" 1
2.;1?1_2.21 L
Ny
GOAL: show
n n
Suc(p)nzem S e ns
k=1 k=1

in humanreadablestyle.

N

translation

ring of sequence&™ [1X — fields

)

solvinglineardifferenceequations

Thistransation needgnanynotationsandis very subtle(poles)
= Work just in KM!
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Z’' s Creative Telescoping Trick

GIVEN:

sumny =5 [ (7)

k=1 J

f[nv,k]

Find:co[n], c1[n], cz2[n]andg[n, k] suchthat

gn, k+1] -g[n, k] =co[n]f [n, k] +
ci[n]f[n+1, K] +co[n]f[n+2, K]

for all 1<k<n andall n=1.
Summingthis equationoverk from 1 to n gives

g[n! n+1:| _g[n! 1] =
Co[n] SUMN] +
ci[n] (SUMn+1] -f[n+1, n+1]) +
cCo[n] (SUMN+2] -f[n+2, n+1] -f[n+2, n+2]).

PART Il: Proving Sum ldentities

<< Theor ema’

Theoremagrovidesvariousfacetsof proving,solvingandsimplifying in human
readable fashion.

Needs [" Theor ema' Provers‘ User Provers* Si gmaProver ‘" ]

Sigma - Asummation package by Carsten
Schneider —©RISCLinz —V1.01 3 (12 /06 /02)
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The BinomialandHarmonicNumbers

Proposi ti on[" Bi nom al Har noni c",

[ 2 e ()= [reneze 3 ()
| | |

nz1 \k=1,...,n =1,...,n
Prove [Proposition["Bi nom al Har noni c" ], by -» Si gnaProver ]
Order : 1
Order : 2
Solution !
- ProofObject

V\ébPage|
LaTeX|

PART IIl: Discovering and Proving

INPUT:
Fi ndCl osedFor m[i =1Z (Hi ( " ))]

I
v N

RESULT:
Proposition [ NEW PROPCSI TI ON',

S (M) ()]

i=1,..,n i=1,...,n

v
n

nx1

plus proof.



