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1 Introduction

In this review we bring together some results on random dynamical systems and
indicate their applications to economics. A random dynamical system is described
by a triplet (S, Γ,Q) where S is the state space, Γ an appropriate family of maps
from S into itself (interpreted as the family of all admissible laws of motion), and
Q is a probability distribution on (some σ-field of) Γ . The evolution of the system
is described somewhat informally as follows: initially, the system is in some state
x in S; an element α1 of Γ is chosen randomly according to the distributionQ, and
the system moves to the state X1 = α1(x) in period one. Again, independently of
α1, α2 is chosen from Γ according to Q, and the state of the system in period two
is obtained as X2 = α2(X1), and the story is repeated. The primary focus of the
review is the behavior of the random variablesXn starting from an arbitrary initial
state. A precise description of the questions that are taken up follows after a more
formal account of the structure of (S, Γ,Q).

� Thanks are due to A. Goswami and B.V. Rao for their detailed comments on an earlier version.
Correspondence to: M. Majumdar
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Let S (the state space) be a Borel subset of a complete separable metric space
andS be theBorelσ-field ofS. EndowΓ (the laws ofmotion: a family ofmaps from
S into S) with a σ-field Σ such that the map (γ, x) → γ(x) on (Γ × S, Σ ⊗ S)
into (S,S) is measurable. Let Q be a probability measure on (Γ,Σ). On some
probability space (Ω,�, P ), let (αn)∞n=1 be a sequence of i.i.d. random functions
fromΓ with a common distributionQ. For a given random variableX0 (with values
in S), independent of the sequence (αn)∞n=1, define

X1 ≡ α1(X0) ≡ α1X0, (1.1)

Xn+1 = αn+1(Xn) ≡ αn+1αn...α1X0. (1.2)

WewriteXn(x) for the caseX0 = x. ThenXn is aMarkovprocesswith a stationary
transition probability p(x, dy) given as follows: for x ∈ S, C ∈ S,

p(x,C) = Q({γ ∈ Γ : γ(x) ∈ C}). (1.3)

In this review we focus primarily on stable random dynamical systems. The
Markov process Xn [defined by (1.2)] is stable if Xn converges weakly (in dis-
tribution) to a unique invariant distribution π (see (2.2)) irrespective of the initial
X0. In Section 3.1 we elaborate on two properties: ‘splitting’ and ‘contraction’.
In Section 3.2 we derive one of the “classical” results on the stability of Markov
processes (Doeblin’s theorem) as an application of Theorem 3.1. In Section 4,
we sketch some further applications of our results to models of stochastic growth
(descriptive as well as optimal), linear and non-linear time series models, statistical
estimation of invariant distributions and random iterates of quadratic maps.

Of the main results, Theorem 3.3 on random Lipschitz maps seems to be new
in its present generality.

2 Evolution

To study the evolution of the process (1.2), it is convenient to define the map T ∗

[on the space M(S) of all finite signed measures on (S, S)] by

T ∗µ(C) =
∫
S

p(x,C)µ(dx) =
∫
Γ

µ(γ−1C)Q(dγ), µ ∈ M(S). (2.1)

Let P(S) be the set of all probability measures on (S, S). An element π of P(S)
is invariant for p(x, dy) (or for the Markov processXn) if it is a fixed point of T ∗,
i.e.,

π is invariant iff T ∗π = π. (2.2)

Now write p(n)(x, dy) for the n-step transition probability with p(1) ≡ p(x, dy).
Then p(n)(x, dy) is the distribution of αn.....α1x. Define T ∗n as the n-th iterate
of T ∗:

T ∗nµ = T ∗(n−1)(T ∗µ) (n ≥ 2), T ∗1 = T ∗, T ∗0 = Identity. (2.3)
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Then for any C ∈ S,

(T ∗nµ)(C) =
∫
S

p(n)(x,C)µ(dx), (2.4)

so that T ∗nµ is the distribution of Xn when X0 has distribution µ. To express T ∗n

in terms of the common distribution Q of the i.i.d. maps, let Γn denote the usual
Cartesian product Γ ×Γ × ...×Γ (n terms), and letQn be the product probability
Q×Q× ...×Q on (Γn, Σ⊗n)whereΣ⊗n is the product σ-field on Γn. ThusQn

is the (joint) distribution of α = (α1, α2, ..., αn). For γ = (γ1, γ2, ..., γn) ε Γn let
γ̃ denote the composition

∼
γ := γnγn−1...γ1. (2.5)

Then, since T ∗nµ is the distribution ofXn = αn...α1X0, one has, by the indepen-

dence of α̃ and X0, (T ∗nµ)(A) =Prob(X0 ε
∼
α

−1
A), where

∼
α = αnαn−1....α1.

(T ∗nµ)(A) =
∫
Γn

µ(
∼
γ

−1
A)Qn(dγ) (AεS, µ εP(S)). (2.6)

The stationary transition probability p(x, dy) is said to be weakly continuous
or to have the Feller property if for any sequence xn converging to x, the sequence
of probability measures p(xn, ·) converges weakly to p(x, ·). It is easy to show that
if Γ consists of a family of continuous maps, p(x, dy) has the Feller property.

Finally, we come to the definition of stability. A Markov process Xn is stable
in distribution if there is a unique invariant probability measure π and p(n)(x, dy)

converges weakly to π for all x. In the case one has (1/n)
n

Σ
m=1

p(m)(x, dy) con-
verging weakly to the same invariant π for all x, we may define theMarkov Process
to be stable in distribution on the average.

3 Splitting and contraction

In this sectionwe review two classes of random dynamical systems that are stable in
distribution. In Section 3.1 we deal with the concept of splitting.We apply the basic
Theorem 3.1 to derive a well-known result on the stability of Markov processes
(Corollary 3.3), and then move on to Lipschitz maps in Section 3.3.

3.1 A general theorem under splitting

Recall that S is the Borel σ-field of the state space S. For a given set A ⊂ S, define
d(µ, ν) := sup

AεA
|µ(A) − ν(A)| (µ, νεP(S)). (3.1)

Consider the following hypothesis (H1) :

(1) (P(S), d) is a complete metric space; (3.2)
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(2) there exists a positive integer N such that for all γ ε ΓN , outside a set of
QN -probability zero, one has

d(µ0
∼
γ

−1
, ν0

∼
γ

−1
) ≤ d(µ, ν) (µ, νεP(S)); (3.3)

(3) there exists δ > 0 such that ∀AεA, and with N as in (2), one has

P ((αN ...α1)−1A = S or ϕ) ≥ δ. (3.4)

Remark 3.1 For (3.4), we have assumed the set within parentheses to be measur-
able. If it is not, then assume that there exists FAε�, with P (FA) ≥ δ, on which
(αN ...α1)−1A = S or ϕ.

Theorem 3.1 Assume the hypothesis (H1). Then there exists a unique invariant
probability π for the Markov process Xn := αn...α1X0, where X0 is independent
of {αn : n ≥ 1}. Also, one has

d(T ∗nµ, π) ≤ (1 − δ)[n/N ] (µεP(S)) (3.5)

where T ∗nµ is the distribution of Xn when X0 has distribution µ, and [n/N ] is the
integer part of n/N .

Proof. Let AεA. Then (3.4) holds, which one may express as

QN ({γεΓN :
∼
γ

−1
A = S or ϕ}) ≥ δ. (3.6)

Then, ∀µ, νεP(S),∣∣(T ∗Nµ)(A) − (T ∗Nν)(A)
∣∣ = ∣∣∣∣∫

ΓN

(µ(
∼
γ

−1
A) − ν(

∼
γ

−1
A))QN (dγ)

∣∣∣∣ . (3.7)

Denoting the set in curly brackets in (3.6) by Γ1, one then has∣∣(T ∗Nµ)(A) − (T ∗Nν)(A)
∣∣

=
∣∣∣∣∫

Γ1

(µ(
∼
γ

−1
A) − ν(

∼
γ

−1
A))QN (dγ)

+
∫
ΓN \Γ1

(µ(
∼
γ

−1
A) − ν(

∼
γ

−1
A))QN (dγ)

∣∣∣∣∣
=

∣∣∣∣∣
∫
ΓN \Γ1

(µ(
∼
γ

−1
A) − ν(

∼
γ

−1
A))QN (dγ)

∣∣∣∣∣ (3.8)

since on Γ1 the set
∼
γ

−1
A is S or ϕ, so that µ(

∼
γ

−1
A) = 1 = ν(

∼
γ

−1
A), or

µ(
∼
γ

−1
A) = 0 = ν(

∼
γ

−1
A). Hence, using (3.3) and (3.4)∣∣(T ∗Nµ)(A) − (T ∗Nν)(A)

∣∣ ≤ (1 − δ)d(µ, ν). (3.9)

Thus
d(T ∗Nµ, T ∗Nν) ≤ (1 − δ)d(µ, ν). (3.10)
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Since (P(S), d) is a complete metric space by assumption (H1)(1), and T ∗N

is a uniformly strict contraction onP(S) by (3.10), there exists a unique fixed point
π of T ∗N , i.e., T ∗Nπ = π, and

d(T ∗kNµ, π) = d(T ∗N (T ∗(k−1)Nµ), T ∗Nπ)
≤ (1 − δ)d(T ∗(k−1)Nµ, π) ≤ ... ≤ (1 − δ)kd(µ, π). (3.11)

Also,

d(T ∗π, π) = d(T ∗T ∗kNπ, π) = d(T ∗kNT ∗π, π)
≤ (1 − δ)kd(T ∗π, π) → 0 as k → ∞.

Hence d(T ∗π, π) = 0, which implies T ∗π = π. Thus π is a fixed point of T ∗. If
π1 is another fixed point of T ∗ then π1 is a fixed point of T ∗N . By the uniqueness
of the fixed point of T ∗N , π1 = π. Finally, since d(µ, ν) ≤ 1 one has, with
n = [n/N ]N + r(r = 1, 2, ..., N − 1),

d(T ∗nµ, π) = d(T ∗[n/N ]NT ∗rµ, T ∗[n/N ]Nπ) ≤ (1 − δ)[n/N ]. (3.12)

We now derive two corollaries of Theorem 3.1 applied to i.i.d. monotone maps.
Corollary 3.1 extends a result of Dubins and Freedman (1966, (Thm. 5.10)), to
more general state spaces inR and relaxes the requirement of continuity of αn. The
set of monotone maps may include both nondecreasing and nonincreasing ones.

Let S be an interval in R. Denote by dK(µ, ν) the Kolmogorov distance on
P(S) : if Fµ and Fν are the distribution functions of µ and ν, then

dK(µ, ν) ≡ sup
xεS

|Fµ(x) − Fν(x)| ≡ sup
xεR

|Fµ(x) − Fν(x)| (3.13)

It should be noted that convergence in the distance dK on P(S) implies weak
convergence in P(S).

Corollary 3.1 Let S be an interval or a closed subset of R. Suppose αn(n ≥ 1) is
a sequence of i.i.d. monotone maps on S satisfying the splitting condition (H):

(H) There exist x0εS, a positive integer N and a constant δ > 0 such that

P (αNαN−1...α1x ≤ x0 ∀xεS) ≥ δ,

P (αNαN−1...α1x ≥ x0 ∀xεS) ≥ δ.

Then there exists a unique invariant probability π for the Markov process Xn

generated by αn(n ≥ 1) and, irrespective of the initial distribution µ of X0,

dK(T ∗nµ, π) ≤ (1 − δ)[n/N ]. (3.14)

Proof. First let S be a closed set. To apply Theorem 3.1, let A be the class of all
sets A = (−∞, y] ∩ S, yεR. then d = dK . Completeness of (P(S), d) may be
established directly, but also follows from a more general result in Bhattacharya
and Lee (1988, Correction (1997)). Hence the condition (1) of (H1) holds.

To check condition (2) of (H1) note that if γ is monotone nondecreas-
ing and A = (−∞, y] ∩ S, then γ−1((−∞, y] ∩ S) = (−∞, x] ∩ S or
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(−∞, x) ∩ S, where x = sup{z : γ(z) ≤ y}. Thus ∣∣µ(γ−1A) − ν(γ−1A)
∣∣ =

|µ((−∞, x] ∩ S) − ν((−∞, x] ∩ S)| or, |µ((−∞, x) ∩ S) − ν(−∞, x) ∩ S)|. In
either case,

∣∣µ(γ−1A) − ν(γ−1A)
∣∣ ≤ d(µ, ν), since µ((−∞, x − 1/n] ∩ S ↑

µ((−∞, x) ∩ S) (and the same holds for ν). If γ is monotone nonincreasing, then
γ−1A is of the form [x,∞) ∩ S or (x,∞) ∩ S, where x := inf {z : γ(z) ≤ y}.
Again it is easily shown,

∣∣µ(γ−1A) − ν(γ−1A)
∣∣ ≤ d(µ, ν). Finally, (3.4) holds

for all A = (−∞, y] ∩ S, by (H).
If S is an interval which is not closed then there is a strictly increasing (con-

tinuous) homeomorphism h on S onto one of the following closed subsets of
R : (−∞,∞), (−∞, a], [a,∞), depending on whether S is an open interval or
semi-closed (c, d], [c, d). Since h preserves both the order and the topology of S,
one may lift the state space to the closed set h(S).

To state the next corollary, let S be a closed subset of Rk. Define A to be the
class of all sets of the form

A = {y : φ(y) ≤ x}, φ continuous and monotone on S into Rk, xεRk. (3.15)

Also, we will mean by “ ≤ ” the partial order: x = (x1, ..., xk) ≤ y = (y1, ..., yk)
iff xi ≤ yi ∀i = 1, 2, ..., k. In the following corollary we will interpret (H) to hold
with this partial order ≤, and with “x ≥ y” meaning y ≤ x.

Corollary 3.2 Let S and A be as above. If αn(n ≥ 1) is a sequence of i.i.d.
monotone maps which are continuous, and the splitting condition (H) holds, then
there exists a unique invariant probability π and

d(T ∗nµ, π) ≤ (1 − δ)[n/N ] ∀µεP(S), n ≥ 1 (3.16)

where d(µ, ν) := sup{|µ(A) − ν(A)| : AεA}.

Proof. As in the proof of Corollary 3.1, the completeness of (P(S), d) follows from
Bhattacharya and Lee (1988, Correction (1997)), where the proof of completeness
does not depend on whether the φ in (3.15) are only monotone nondecreasing, or
simply monotone. Condition (2) in (H1) is immediate. For ifA = {y : φ(y) ≤ x},
and γ is continuous and monotone, then γ−1A = {y : (φ◦γ)y ≤ x}εA since φ◦γ
is monotone and continuous.

It remains to verify (H1) (3). Let A in (3.15) be such that φ is monotone
nondecreasing. If φ(x0) ≤ x, then, by the splitting condition (H),

δ ≤ P (αN ...α1z ≤ x0∀zεS) ≤ P (φαN ...α1z ≤ φ(x0)∀zεS)
≤ P (φαN ...α1z ≤ x∀zεS) = P (αN ...α1zεA∀zεS)
= P ((αN ...α1)−1A = S). (3.17)

If x in the definition of A in (3.15) is such that φ(x0) � x (i.e., at least one
coordinate of φ(x0) is larger than the corresponding coordinate of x), then

δ ≤ P (αN ...α1z ≥ x0∀zεS) ≤ P (φαN ...α1z ≥ φ(x0)∀zεS)
≤ P (φαN ...α1z � x∀zεS) ≤ P (αN ...α1zεA

c∀zεS)
= P ((αN ...α1)−1A = ϕ). (3.18)
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Now letφ in the definition ofA in (3.15) bemonotone decreasing. Ifφ(x0) ≤ x,
then

δ ≤ P (αN ...α1z ≥ x0 ∀zεS)
≤ P (φαN ...α1z ≤ φ(x0)∀zεS) ≤ P (φαN ...α1z ≤ x∀zεS)
= P (αN ...α1zεA∀zεS). (3.19)

If φ(x0) � x, then

δ ≤ P (αN ...α1z ≤ x0 ∀zεS) ≤ P (φαN ...α1z ≥ φ(x0)∀zεS)
≤ P (φαN ...α1z � x∀zεS) = P (αN ...α1zεA

c ∀zεS). (3.20)

Thus (H1) (3) is verified for all AεA.

Remark 3.2 Corollary 3.2 extends the main theorem in Bhattacharya and Lee (Cor-
rection, ibid, 1997) to i.i.d. monotone maps which may include both types – in-
creasing as well as decreasing.

3.2 A link with the classical approach to stability

Recall that in the standard (“classical”) approach, a Markov process on a state
space (S,S) is described by (a) an initial distribution π0 and (b) the one-step
transition probability p(x,A)which satisfies (i) for eachxεS, p(x, ·) is a probability
distribution onS and (ii) for anyfixedAεS p, (·, A) isS-measurable.A fundamental
result on the stability of a Markov process is stated below as another example of
the application of Theorem 3.1.

Corollary 3.3 Let p(x,A) be a transition probability on a Borel subset S of a
complete, separable metric space with S as the Borel sigmafield on S. Suppose
there exists a nonzero measure λ on S and a positive integer m such that

p(m)(x,A) ≥ λ(A) ∀xεS, AεS (3.21)

Then there exists a unique invariant probability π for p(·, ·) such that

sup
x,A

∣∣∣p(n)(x,A) − π(A)
∣∣∣ ≤ (1 − δ)[n/m], δ := λ(S). (3.22)

For a proof of this result of Doeblin and for some applications see Doob (1953,
p. 197), or Bhattacharya and Waymire (1990, pp. 180, 181, 198, 199). We now
show that (3.22) is an almost immediate consequence of Theorem 3.1. For this
express p(m)(x,A) as

p(m)(x,A) = λ(A) + (p(m)(x,A)− λ(A)) = δλδ(A) + (1− δ)qδ(x,A) (3.23)

where

λδ(A) :=
λ(A)

δ
, qδ(x,A) =

p(m)(x,A) − λ(A)
1 − δ

(3.24)



8 R. Bhattacharya and M. Majumdar

Let βn(n ≥ 1) be an i.i.d. sequence of maps on S constructed as follows. For each
n, with probability δ let βn ≡ Zn where Zn is a random variable with values in S
and distribution λδ; and with probability 1−δ, let βn = αn where αn is a sequence
of i.i.d. randommaps on S such that P (αnxεA) = qδ(x,A) (see Kiefer, 1986, p. 8;
or Bhattacharya andWaymire (1990, p. 228), for constructing αn). Then Theorem
3.1 applies for the transition probability p(m)(x,A) (for p(x,A)), and withA = S,
N = 1. Note that P (β−1

1 A = S or φ) ≥ P (β1(·) ≡ Z1) = δ. Hence (3.4) holds.
Since A = S in this example, completeness of (P(S), d) and the condition (3.3)
obviously hold.

As the corollaries indicate, the significance of Theorem 3.1 stems from the fact
that it provides geometric rates of convergence in appropriate metrics for different
classes of irreducible as well as nonirreducible Markov processes. The metric d
depends on the structure of the process.

We now turn to the necessity of the splitting condition (H) for the existence of
a unique invariant probability. For αn(n ≥ 1) i.i.d. nondecreasing and continuous
on S = [a, b] it was proved by Dubins and Freedman (1966, Theorem 5.17), that,
barring the case of a.s. all maps having a common fixed point, the splitting condition
(H) is necessary for the existence of a unique invariant probability. It turns out that
if the maps are a.s. nonincreasing then splitting is not in general necessary for the
existence of a unique invariant probability, even in the case S = [a, b] and αn

continuous (see Bhattacharya and Majumdar, 1999, Sect. 4).

3.3 Lipschitz maps

Now, let S be a complete separable metric space, and write ρ for the metric. A map
f from S into S is Lipschitz if for some finite L > 0,

ρ(f(x), f(y)) ≤ Lρ(x, y)

for all x, y ∈ S. Let Γ be a family of Lipschitz maps from S into S.
Let {αn : n ≥ 1} be an i.i.d. sequence of random Lipschitz maps from Γ .

Denote by Lk
j (k ≥ j) the random Lipschitz coefficient of αk.....αj , i.e.,

Lk
j (·) := sup {ρ(αk....αjx, αk...αjy)/ρ(x, y) : x �= y}. (3.25)

As before, Xn(x) = αn.....α1x, and let Yn(x) = α1....αnx denote the backward
iteration (n ≥ 1; x ∈ S). Note that, for every n ≥ 1, Xn(x) and Yn(x) have the
same distribution for each x, and we denote this by:

Xn(x)
d= Yn(x).

Before deriving the general result of this subsection, namely, Theorem 3.3, we first
state and prove the following simpler special case, which suffices for a number of
applications.

Theorem 3.2 Let (S, ρ) be compact metric, and assume

−∞ ≤ E log Lr
1 < 0 for some r ≥ 1. (3.26)

Then the Markov process Xn has a unique invariant probability and is stable in
distribution.
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Proof. First assume (3.26) with r = 1. A convenient distance metrizing the weak
topology ofP(S) is the bounded Lipschitzian distance dBL (Dudley, 1989, p. 317):

dBL(µ, ν) = sup{
∣∣∣∣∫ fdµ −

∫
fdν

∣∣∣∣ : fεL}
L : = {f : S → R, |f(x)| ≤ 1∀x, |f(x) − f(y)| ≤ ρ(x, y)∀x, y}. (3.27)

By Prohorov’s theorem (see, e.g., Billingsley, 1968, p. 37), the space (P(S), dBL)
is a compact metric space. Since T ∗ is a continuous map on this latter space, due
to Feller continuity of p(x, dy), it has a fixed point π - an invariant probability. To
prove uniqueness of π and stability, write Lj = Lj

j (see (3.25) and note that for all
x, y ε S one has

ρ(Xn(x), Xn(y)) ≡ ρ(αn....α1x, αn...α1y)
≤ Lnρ(αn−1...α1x, αn−1....α1y)

..............

≤ LnLn−1...L1ρ(x, y) ≤ LnLn−1...L1M, (3.28)

where M = sup{ρ(x, y) : x, y ε S}. By the strong law of large numbers, the
logarithm of the last term in (3.28) goes to − ∞ a.s. since, in view of (3.28) (with
r = 1), 1

n

∑n
j=1 log Lj → E log L1 < 0. Hence

sup
x,yεS

ρ(Xn(x), Xn(y)) → 0 a.s. as n → ∞. (3.29)

Let X0 be independent of (αn)n≥1 and have distribution π. Then, arguing condi-
tionally, (3.29) yields

sup
xεS

ρ(Xn(x), Xn(X0)) → 0 a.s. as n → ∞. (3.30)

Since Xn(x) has distribution p(n)(x, dy) and Xn(X0) has distribution π one then
has (see (3.27))

dBL(p(n)(x, ·), π) = sup{|Ef(Xn(x)) − Ef(Xn(X0))| : fεL}
≤ Eρ(Xn(x), Xn(X0))} → 0 as n → ∞. (3.31)

This completes the proof for the case r = 1.
Let now r > 1 (in (3.26)). The above argument applied to p(r)(x, dy), regarded

as a one-step transition probability, shows that for everyxεS, ask → ∞, p(kr)(x, ·)
converges in dBL-distance (and, therefore, weakly) to a probability π which is
invariant for p(r)(·, ·). This implies that T ∗krµ → π (weakly) for every µεP(S).
In particular, for each j = 1, 2, ..., r − 1, p(kr+j)(x, ·) ≡ T ∗krp(j)(x, ·) → π as
k → ∞. That is, for every xεS,

p(n)(x, ·) converges weakly to π as n → ∞ (3.32)

In turn, (3.32) implies T ∗nµ → π weakly for every µεP(S). Therefore, π is the
unique invariant probability for p(·, ·) and stability holds.
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Remark 3.3 The last argument above shows, in general, that if for some r > 1, the
skeleton Markov process {Xkr : k = 0, 1, ...} has a unique invariant probability π
and is stable, then the entire Markov process {Xn : n = 0, 1, ....} has the unique
invariant probability π and is stable.

Remark 3.4 A direct application of Theorem 3.2 leads to a strengthening of the
stability results in Green and Majumdar (1975, Theorems 5.1–5.2) who introduced
(i.i.d.) random shocks in the Walras-Samuelson tatonnement.

We now turn to the main result of this subsection which extends Theorem 3.2
and which will find an important application in Section 4.

Theorem 3.3 Let S be a complete separable metric space with metric ρ. Assume
that (3.26) holds for some r ≥ 1, and there exists a point x0 ∈ S such that

E log+ ρ(αr....α1x0, x0) < ∞ (3.33)

Then the Markov process Xn(x) := αn....α1x (n ≥ 1) is stable in distribution.

Proof. First consider the case r = 1 for simplicity. For this case we will show that
the desired conclusion follows from the two assertions (a), (b) below:

(a) sup{ρ(Yn(x), Yn(y)) : ρ(x, y) ≤ M} → 0 in probability as n → ∞,
for every M > 0.

(b) The sequence of distributions of ρ(Xn(x0), x0), n ≥ 1, is relatively
weakly compact.

Assuming (a), (b), note that for every real valued Lipschitz fεL (see (3.27))
one has for all M > 0,

sup
ρ(x,y)≤M

|Ef(Xn(x)) − Ef(Xn(y))| ≤ sup
ρ(x,y)≤M

E[ρ(Xn(x), Xn(y)) ∧ 2] → 0

(3.34)
as n → ∞, by (a). Now,

|Ef(Xn+m(x0)) − Ef(Xn(x0))| = |Ef(Yn+m(x0)) − Ef(Yn(x0))|
≡ |Ef(α1...αnαn+1...αn+mx0) − Ef(α1...αnx0)| (3.35)

≤ E[ρ(α1...αn αn+1...αn+m x0, α1...αn x0) ∧ 2].

For a given n and arbitrary M > 0, divide the sample space into the disjoint sets:
(i) B1 = {ρ(αn+1...αn+mx0, x0) ≥ M}
and
(ii) B2 = {ρ(αn+1...αn+mx0, x0) < M}.
The last expectation in (3.35) is no more than 2P (B1) onB1. OnB2, denoting

for the moment X = αn+1...αn+mx0, one has
ρ(α1...αn αn+1...αn+mx0, α1...αnx0) ≡ ρ(α1...αnX, α1...αnx0)
≡ ρ(Yn(X), Yn(x0)) ≤ sup{ρ(Yn(x), Yn(y)) : ρ(x, y) ≤ M} = Z, say.

The last inequality holds since, on B2, ρ(X, x0) ≤ M . Now, for every δ > 0,
E(Z ∧ 2) = E(Z ∧ 2 · 1{Z>δ}) + E(Z ∧ 2 · 1{Z≤δ}) ≤ 2P (Z > δ) + δ. Hence,

|Ef(Xn+m(x0)) − Ef(Xn(x0))| ≤ 2P (ρ(αn+1...αn+mx0, x0) ≥ M)
+2P (sup{ρ(Yn(x), Yn(y)) : ρ(x, y) ≤ M} > δ) + δ. (3.36)
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Fix ε > 0, and let δ = ε/3. Choose M = Mε such that

P (ρ(α1...αmx0, x0) ≥ Mε) < ε/6 for all m = 1, 2, ... (3.37)

This is possible by (b). Now (3.36), (3.37) and (a) imply that there exists nε such
that for all m = 1, 2, ..., and fεL,

|Ef(Xn+m(x0)) − Ef(Xn(x0))| < ε for all n ≥ nε. (3.38)

In other words, recalling the definition (3.27) of the bounded Lipschitzian distance
dBL(µ, ν),

sup
m≥1

dBL(p(n+m)(x0, dy), p(n)(x0, dy)) → 0 as n → ∞. (3.39)

This implies that p(n)(x0, dy) is Cauchy in (P(S), dBL) and, therefore con-
verges weakly to a probability measure π(dy) as n → ∞, by the completeness
of (P(S), dBL) (Dudley, 1989, p. 317). Since p(x, dy) has the Feller property,
it follows that π is an invariant probability. In view of (a), p(n)(x, dy) converges
weakly to π, for every xεS. This implies that π is the unique invariant probability.

It remains to prove (a), (b).
To prove (a), write Ln for the Lipschitz coefficient of αn, i.e., Ln =

sup{ρ(αnx, αny)/ρ(x, y) : x �= y}, and as in (3.28),

ρ(Yn(x), Yn(y)) = ρ(α1α2...αnx, α1α2...αny)
≤ L1ρ(α2...αnx, α2...αny) ≤ ... ≤ L1L2...Lnρ(x, y)
≤ L1L2...LnM for all (x, y) such that ρ(x, y) ≤ M. (3.40)

Take logarithms to get

sup
{(x,y):ρ(x,y)≤M}

log ρ(Yn(x), Yn(y)) ≤ log L1

+... + log Ln + log M → −∞ a.s. as n → ∞, (3.41)

by the strong law of large numbers and (3.26).
To prove (b), it is enough to prove that ρ(α1...αn x0, x0) converges almost

surely and, therefore in distribution, to some a.s. finite limit (Use the fact that
ρ(Yn(x0), x0) = ρ(α1...αn x0, x0) and ρ(Xn(x0), x0) = ρ(αn...α1x0, x0) have
the same distribution). For this use the triangle inequality to write

|ρ(α1...αn+mx0, x0) − ρ(α1...αnx0, x0)| ≤ ρ(α1...αn+mx0, α1...αnx0)

≤
m∑
j=1

ρ(α1...αn+jx0, α1...αn+j−1x0)

≤
m∑
j=1

L1...Ln+j−1ρ(αn+jx0, x0). (3.42)
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Let c := −E log L1(> 0). First assume c is finite and fix ε, 0 < ε < c. It follows
from (3.26) and the strong law of large numbers that there exists n1(ω) such that,
outside a P-null set N1,

L1...Ln′ < e−n′(c−ε/2) for all n′ ≥ n1(·). (3.43)

In view of (3.33),
∞∑
k=1

P

(
log+ ρ(αkx0, x0)

ε/2
> k

)
=

∞∑
k=1

P

(
log+ ρ(α1x0, x0)

ε/2
> k

)

≤ E log+ ρ(α1x0, x0)
ε/2

< ∞. (3.44)

Therefore, by the Borel-Cantelli Lemma, there exists n2(ω) such that, outside a
P-null set N2,

ρ(αkx0, x0) ≤ ekε/2 for all k ≥ n2(·). (3.45)

Using (3.43) and (3.45) in (3.41) one gets

sup
m≥1

|ρ(α1...αnαn+1...αn+mx0, x0) − ρ(α1...αnx0, x0)|

≤
∞∑
j=1

e−(n+j−1)(c−ε/2)e(n+j)ε/2

≤ ec−ε/2e−n(c−ε)
∞∑
j=1

e−j(c−ε)

for all n ≥ n0(·) := max{n1(·), n2(·)}, (3.46)

outside the P-null set N = N1 ∪ N2. Thus the left side of (3.46) goes to zero
almost surely as n → ∞, showing that ρ(α1...αnx0, x0)(n ≥ 1) is Cauchy and,
therefore, converges almost surely as n → ∞. The proof of (b) is now complete if
−E log L1 < ∞. If −E log L1 = ∞, then (3.43), (3.46) hold for any c>0. This
concludes the proof of the theorem for r = 1 (in (3.26)). Now, the extension to the
case r > 1 follows exactly as in the proof of Theorem 3.2 (see Remark 3.3).

Remark 3.5 The theorem holds if P (L1 = 0) > 0. The proof (for the case
E log L1 = −∞) includes this case.But the proofmaybemade simpler in this case
by noting that for all sufficiently large n, say n ≥ n(ω), Xn(x) = Xn(y) ∀x, y.

Remark 3.6 The moment condition (3.33) under which Theorem 3.3 is derived
here is nearly optimal, as seen from its specialization to the affine linear case in
the next section. Under the additional moment assumptionEL1

1 < ∞, the stability
result is proved in Diaconis and Freedman (1999) (for the case r = 1), and a
speed of convergence is derived. The authors also provide a number of important
applications as well as an extensive list of references to the earlier literature.

Remark 3.7 Random iterates of linear and distance-diminishing maps have been
studied extensively in psychology: the monograph by Norman (1972) is an intro-
duction to the literature with a comprehensive list of references.
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4 Applications

4.1 Linear time series models

For motivating the main result of this section (which is proved by appealing to
Theorem 3.3), let us consider briefly the linear autoregressive model of order one
(the AR(1) model). Let b be a real number and {εn : n ≥ 1} an i.i.d. sequence of
real-valued random variables defined on some probability space. Given an initial
randomvariableX0 independent of {εn} define recursively the sequence of random
variables {Xn : n ≥ 0} as follows:

Xn+1 = bXn + εn+1. (4.1)

Then Xn is a Markov process with initial distribution given by the distribution of
X0, and the transition probability (of going from x to some Borel setC ofR in one
step)

p(x,C) = Q(C − bx)

where Q is the common distribution of εn. To be sure, in terms of our earlier
notation,

αn(x) = bx + εn. (4.2)

Note that from (4.1) we get

Xn = bnX0 + bn−1ε1 + ..... + bεn−1 + εn (n ≥ 1) (4.3)

The distribution of Xn is the same as that of

Yn = bnX0 + ε1 + .... + bn−1εn (4.4)

Assume that
|b| < 1 (4.5)

and |εn| ≤ c with probability one for some constant c. Then it follows from (4.4)
that

Yn →
∞∑
n=0

bnεn+1 a.s. (4.6)

regardless of X0. Let π be the distribution of the random variable on the right side

of (4.6). Then Yn converges in distribution to π as n → ∞. As Xn
d= Yn, Xn

converges in distribution to π. Hence π is the unique invariant distribution for the
Markov process {Xn}.

The assumption that the random variable ε1 is bounded can be relaxed; indeed,
it suffices to assume that

∞∑
n=1

P (|ε1| > cδn) < ∞ for some δ <
1
|b| and for some c > 0. (4.7)

Since the sumon the left equals
∞∑
n=1

P (|εn+1| > cδn), one has, by theBorel-Cantelli

Lemma,
P (|εn+1| ≤ cδn for all but finitely many n) = 1
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This implies that, with probability 1, |bnεn+1| ≤ c(|b| δ)n for all but finitely many
n. Since |b| δ < 1, the series on the right side of (4.6) converges and is the limit of
Yn.

For the sake of completeness, we state a more definitive characterization of the
process (4.1).

Theorem 4.1 (a) Assume that ε1 is nondegenerate and

E(log |ε1|)+ < ∞ (4.8)

Then the condition

|b| < 1 (4.9)

is necessary and sufficient for the existence of a unique invariant probability π for
{Xn}∞

n=1. In addition, if both (4.8) and (4.9) hold, thenXn converges in distribution
to π as n → ∞ no matter what X0 is.

(b) If

E(log |ε1|)+ = ∞ (4.10)

and |b| ≥ e−1, then {Xn}∞
n=0 does not converge in distribution (irrespective of

X0) and does not have any invariant probability.

Proof. One may express Xn as

Xn = bnX0 +bn−1ε1 +bn−2ε2 + ..+bεn−1 +εn = bnX0 +
n∑

j=1

bn−jεj . (4.11)

Now, recalling the notation d
=
for equality in distribution, note that for each n ≥ 1,

n−1∑
j=0

bjεj+1 d
=

n∑
j=1

bn−jεj(n ≥ 1). (4.12)

To prove sufficiency in part (a), assume (4.8) and (4.9) hold. Then bnX0 → 0
as n → ∞. Therefore, we need to prove that

n−1∑
j=0

bjεj+1 converges in distribution as n → ∞. (4.13)

Now choose and fix δ such that

1 < δ <
1
|b| . (4.14)
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Then δ |b| < 1, and writing Z = (log+ |ε1|)/ log δ one has (see the Lemma 4.1
below for the last step)

∞∑
j=0

P (
∣∣bjεj+1

∣∣ ≥ (δ |b|)j) =
∞∑
j=0

P (|εj+1| ≥ δj)

=
∞∑
j=0

P (|ε1| ≥ δj) =
∞∑
j=0

P (log |ε1| ≥ j log δ)

=
∞∑
j=1

P ((log |ε1|)+ ≥ j log δ) + P (log |ε1| ≥ 0)

=
∞∑
j=1

P (Z ≥ j) + P (log |ε1| ≥ 0)

= E[Z] + P (log |ε1| ≥ 0), (4.15)

where [Z] is the integer part of Z. By (4.8), E[Z] < ∞. Hence, by the (first)
Borel-Cantelli Lemma,

P (
∣∣bjεj+1

∣∣ < (δ |b|)j for all but finitely many j) = 1. (4.16)

Since δ |b| < 1, this implies the existence of a (finite) random variable X such that

n−1∑
j=0

bjεj+1 → X a.s. as n → ∞. (4.17)

Therefore,
∑n−1

j=0 bjεj+1 converges in distribution to X . Therefore, by (4.12) (and
the fact bnX0 → 0), Xn converges in distribution to X . That is, if π denotes the
distribution of the a.s. limit in (4.17), the distribution ofXn converges weakly to π,
irrespective of X0. Since the transition probability p(x, dy) of the Markov process
(which is the distribution of bx+ε1) is a weakly continuous function of x (onR into
P(R)), it follows that π is invariant. π is obviously the unique invariant probability.
For if π′ is another invariant probability (different from π) then, letting X0 have
distribution π′, the process {Xn}∞

n=0 is stationary with common distribution π′

and, therefore, Xn trivially converges in distribution to π′. This is a contradiction,
since we have shown that Xn converges in distribution to π, irrespectively of X0.

To prove the necessity of (4.9), first let |b| > 1. Choose θ̂ such that 1 < θ̂ < |b|.
Then

∞∑
j=0

P (
∣∣bjεj+1

∣∣ ≥ θ̂) =
∞∑
j=0

P (|εj+1| ≥
(

θ̂

|b|

)j

)

=
∞∑
j=0

P (|ε1| ≥
(

θ̂

|b|

)j

) = ∞, (4.18)
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since P (|ε1| ≥
(

θ̂
|b|
)j

) ↑ P (|ε1| > 0) > 0 as j ↑ ∞. But (4.18) implies, by the

(second) Borel-Cantelli Lemma that

P (
∣∣bjεj+1

∣∣ ≥ θ̂j for infinitely many j) = 1, (4.19)

so that
∑n−1

j=0 bjεj+1 diverges a.s. as n → ∞. By a standard result on the series of

independent randomvariables (seeLoeve 1963, p. 251) it follows that
∑n−1

j=0 bjεj+1

does not converge in distribution. By (4.12), therefore,
∑n

j=1 bn−jεj does not
converge in distribution. If X0 = 0, we see from (4.11) that Xn ≡ ∑n

j=1 bn−jεj
does not converge in distribution.

Now, ifX0 �= 0, then the same argument applies to the process Yn := Xn−X0,
since Yn+1 = bYn + ηn+1, with {ηn : n ≥ 1} i.i.d., ηn := εn + (b − 1)X0. Since
Y0 = 0, we see thatYn does not converge in distribution. Therefore,Xn ≡ Yn+X0
does not converge in distribution.

To complete the proof of necessity in part (a), consider the case |b| = 1. Let
c > 0 be such that P (|ε1| > c) > 0. Then

∞∑
j=0

P (
∣∣bjεj+1

∣∣ > c) =
∞∑
j=0

P (|εj+1| > c) =
∞∑
j=0

P (|ε1| > c) = ∞. (4.20)

By the (second) Borel-Cantelli Lemma, P (
∑n−1

j=0 bjεj+1 converges a.s.) = 0.
Therefore

∑n−1
j=0 bjεj+1 does not converge in distribution (Loeve, 1963, p. 217).

Hence
∑n

j=1 bn−jεj does not converge in distribution. Since bnX0 = X0 in case

b = +1, and bnX0 = ± X0 in case b = −1, Xn ≡ bnX0 +
∑n−1

j=1 bn−jεj does
not converge in distribution.

(b) Assume (4.10) and let 1 ≥ |b| ≥ e−1. Then

∞∑
j=0

P (
∣∣bjεj+1

∣∣ ≥ |be|j) =
∞∑
j=0

P (|εj+1| ≥ ej)) =
∞∑
j=0

P (|ε1| ≥ ej)

=
∞∑
j=0

P (log |ε1| ≥ j) =
∞∑
j=1

P ((log |ε1|)+ ≥ j) + P (log |ε1| ≥ 0)

= E[(log |ε1|)+] + P (log |ε1| ≥ 0)
≥ E(log |ε1|)+ − 1 + P (log |ε1| ≥ 0) = ∞. (4.21)

We have used Lemma 4.1 in the next to the last step.
Hence, by the (second) Borel-Cantelli Lemma,

P (
∣∣bjεj+1

∣∣ ≥ |be|j for infinitely many j) = 1 (4.22)

Hence
∑n

j=1 bn−jεj does not converge in distribution. Therefore, Xn does not
converge in distribution, no matter whatX0 may be. It follows that {Xn}∞

n=0 does
not have any invariant probability.
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Remark 4.1 In proving that Xn does not have any invariant probability in case
|b| ≥ 1 we did not require the hypothesis E(log |ε1|)+ < ∞. The hypothesis
’ε1 is nondegenerate’ in the theorem is also not quite needed, except for the fact
that if P (εn = c) = 1 and b �= 1, then Xn = bnX0 + c(bn − 1)/(b − 1), and
−c/(b − 1) = z, say is a fixed point, i.e., δz is an invariant probability. But even
in this last case, if |b| > 1 then Xn does not converge if X0 �= z. If b = +1
and εn = 0 a.s., then x is a fixed point for every x, so that δx is an invariant
probability for every x εR. If b = −1 and εn = c a.s., then x = c

2 is a fixed
point and {x,−x + c} is a periodic orbit for every x �= c

2 ; it follows in this case
that 1

2δx + 1
2δ−x+c are invariant probabilities for every x εR. These are the only

possible extremal invariant probabilities for the cases |b| ≥ 1. In particular, if (4.8)
holds (irrespective of whether ε1 is degenerate or not), then (4.9) is necessary and
sufficient for stability in distribution of {Xn}.

The following lemma has been used in the proof.

Lemma 4.1 Let Z be a nonnegative random variable. Then
∞∑
j=1

P (Z ≥ j) = E[Z], (4.23)

where [Z] is the integer part of Z.

Proof.

E[Z] = 0.P (0 ≤ Z < 1) + 1.P (1 ≤ Z < 2) + 2.P (2 ≤ Z < 3)
+3.P (3 ≤ Z < 4) + ... + j.P (j ≤ Z < j + 1) + ...

= {P (Z ≥ 1) − P (Z ≥ 2)} + 2{P (Z ≥ 2)
−P (Z ≥ 3)} + 3{P (Z ≥ 3) (4.24)

−P (Z ≥ 4) + ... + j{P (Z ≥ j) − P (Z ≥ j + 1)} + ...

= P (Z ≥ 1) + P (Z ≥ 2) + P (Z ≥ 3) + ... + P (Z ≥ j) + ....

A significant generalization of part (a) of Theorem 4.1 is the following Theorem
4.2. Although it holds with respect to other norms also, for specificity we take the
norm of a matrix A to be defined by

‖A‖ = sup
|x|=1

|Ax| (4.25)

where |x| denotes the Euclidean norm of the vector x.

Theorem 4.2 Let S = Rk, and (Ai, Bi)(i ≥ 1) be an i.i.d. sequence with Ai’s
random (k × k) matrices and Bi’s random vectors (k-dimensional). If, for some
r ≥ 1,

−∞ ≤ E log ‖A1....Ar‖ < 0, E log+ |B1| < ∞, (4.26)

and
E log+ ‖A1‖ < ∞, (4.27)

then the Markov process defined recursively by Xn+1 = An+1Xn+Bn+1(n ≥ 0)
is stable in distribution.
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Proof. To apply Theorem 3.3 with αi(x) = Aix+Bi, and Euclidean distance for
P , note that

ρ(αr...α1x, αr...α1y) = ρ(Ar...A1x, Ar...A1y)
= |ArAr−1...A1(x − y)| ≤ ‖Ar...A1‖ · |x − y| . (4.28)

Thus the first condition in (4.26) implies (3.26) in this case. To verify (3.33) take
x0 = 0. If r = 1 then ρ(α1(0), 0) = |B1|, and the second relation in (4.26)
coincides with (3.33). In this case (4.27) follows from the first relation in (4.26):
E log+ ‖A1‖ is finite because E log ‖A1‖ exists and is negative. For r > 1,

ρ(αr...α10, 0) = |Ar...A2B1 + Ar...A3B2 + ... + ArBr−1 + Br|

≤
r∑

j=2

‖Ar‖ ... ‖Aj‖ · |Bj−1| + |Br| ,

log+ ρ(αr...α1(0), 0) ≤
r∑

j=2

log(‖Ar‖ ... ‖Aj‖ · |Bj−1| + 1)

+ log( |Br| + 1),
log(‖Ar‖ ... ‖Aj‖ · |Bj−1| + 1) ≤ log(‖Ar‖ + 1) + ... + log(‖Aj‖ + 1)
+ log(|Bj−1| + 1). (4.29)

NowE log(‖A1‖+1) ≤ E log+ ‖A1‖+1, andE log(|B1|+1) ≤ E log+ |B1|+
1 are finite by (4.26), (4.27). Hence (4.29) implies E log+ ρ(αr...α1(0), 0) < ∞,
i.e., the hypothesis of Theorem 3.3 are satisfied.

For the case r = 1, Theorem 4.2 is contained in a result of Brandt (1986). For
r > 1, the above result was obtained by Berger (1992) using a different method.

In dimension k = 2, by an appropriate choice of a finite set of affine contrac-
tions Aix + Bi chosen with probabilities pi(i = 1, 2, ...,m) one is often able to
approximately reproduce (and encode) a fractal image by the (empirical plot of
the) invariant probability π of Theorem 4.2 (see Diaconis and Shashahani, 1986;
Barnsley and Elton, 1988).

4.2 Non-linear autoregressive processes

There is a substantial and growing literature on non-linear time series models (see
Tong, 1990; Granger and Terasvirta, 1993; Diks, 1999). A stability property of the
general model

Xn+1 = f(Xn, εn+1)

(where εn is an i.i.d. sequence) can be derived from contraction assumptions [see
Lasota and Mackey (1989) and Theorem 3.3 above; as an application of Corollary
3.3, we consider a simple first order non-linear autoregressive model (NLAR(1)].

Let S = R, and f : R → [a, b] be a (bounded) measurable function. Consider
the Markov process

Xn+1 = f(Xn) + εn+1
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where (A.1) {εn} is an i.i.d. sequence of random variables whose common dis-
tribution has a strictly positive continuous density φ̂ with respect to the Lebesgue
measure.

LetX0 be a random variable (independent of {εn}). The transition probability
of the Markov process Xn has the density

p(x, y) = φ̂(y − f(x))

Note that if we define ψ(y) as:

ψ(y) ≡ min{φ̂(y − z) : a ≤ z ≤ b} > 0,

it follows that for all xεR

p(x, y) ≡ φ̂(y − f(x)) ≥ ψ(y)

Since (3.21) holds with λ having density ψ, the Doeblin-stability result Corollary
3.3 applies directly.

4.3 An estimation problem

Consider a Markov chain Xn with a unique stationary distribution π. Some of
the celebrated results on ergodicity and the strong law of large numbers hold for
π-almost every initial condition. However, even with [0, 1] as the state space, the
invariant distribution π may be hard to compute explicitly when the laws of motion
are allowed to be non-linear, and its support may be difficult to determine or may
be a set of zero Lebesgue measure. Moreover, in many economic models, the initial
conditionmay be historically given, and theremay be little justification in assuming
that it belongs to the support of π.

Consider then a random dynamical system with state space [c, d] (without loss
of generality for what follows choose c > 0). Assume Γ consists of a family of
monotone maps from S to S, and the splitting condition (H ) holds. The process
starts with a given x. There is, by Corollary 3.1, a unique invariant distribution π of
the random dynamical system, and (3.14) holds. Suppose we want to estimate the

equilibrium mean
∫
S
yπ(dy) by sample means 1

n

n−1∑
j=0

Xj . We say that the estimator

1
n

n−1∑
j=0

Xj is
√

n-consistent if

1
n

n−1∑
j=0

Xj =
∫

yπ(dy) + Op(n−1/2) (4.30)

where Op(n−1/2) is a random sequence εn such that
∣∣εn/n−1/2

∣∣ is bounded in
probability. Thus, if the estimator is

√
n-consistent, the fluctuations of the empirical

(or sample-) mean around the equilibriummean isOp(n−1/2). We shall outline the
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main steps in the verification of (4.30) in our context. For any bounded (Borel)
measurable f on [c, d], define the transition operator T as:

Tf(x) =
∫
S

f(y)p(x, dy)

By using the estimate (3.14), one can show that (see Bhattacharya, and Majumdar,
2001, pp. 217–219) if

f(z) = z − ∫ yπ(dy)
then

sup
x

∞∑
n=m+1

|Tnf(x)| ≤ (d − c)
∞∑

n=m+1

(1 − δ)[n/N ] → 0 as m → ∞.

Hence, g = −
∞∑
n=0

Tnf [where T 0 is the identity operator I] is well-defined, and

g and Tg are bounded functions. Also, (T − I)g = −
∞∑
n=1

Tnf +
∞∑
n=0

Tnf ≡ f .

Hence,

n−1∑
j=0

f(Xj) =
n−1∑
j=0

(T − I)g(Xj)

=
n−1∑
j=0

((Tg)(Xj) − g(Xj))

=
n∑

j=1

[(Tg)(Xj−1) − g(Xj)] + g(Xn) − g(X0).

By the Markov property and the definition of Tg it follows that

E((Tg)(Xj−1) − g(Xj) |Fj−1) = 0.

whereFr is the σ-field generated by {Xj : 0 ≤ j ≤ r}. Hence, (Tg)(Xj−1) −
g(Xj)(j ≥ 1) is a martingale difference sequence, and are uncorrelated, so that

E

 n∑
j=1

(Tg(Xj−1) − g(Xj))

2

=
n∑

j=1

E((Tg)(Xj−1) − g(Xj))2 (4.31)

Given the boundedness of g and Tg, the right side is bounded by n.K for some
constant K. It follows that

1
n
E

n−1∑
j=0

f(Xj)

2

≤ η′ for all n,
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where η′ is a constant that does not depend on X0. Thus,

E

 1
n

n−1∑
j=0

Xj −
∫

yπ(dy)

2

≤ η′/n

which implies,

1
n

n−1∑
j=0

Xj =
∫

yπ(dy) + Op(n−1/2)

For a unified exposition of
√

n-consistent estimation and other results see
Athreya and Majumdar (2002).

4.4 Stability of invariant distributions in models of economic growth

Models of descriptive as well as optimal growth under uncertainty have lead to
random dynamical systems that are stable in distribution. We look at a “canonical”
example and show how Corollay 3.1 can be applied. A complete list of references
to the earlier literature which owes much to the pioneering efforts of Brock and
Mirman, is in Majumdar, Mitra and Nyarko (1989).

As a matter of notation, for any function h on S into S, we write h(n) for the
nth iterate of h, i.e., h(n) is the n-fold composition h ◦ h ◦ ... ◦ h.

Consider the case where S = R+; and Γ = {F1, F2, ..., Fi, ..., FN} where the
distinct laws of motion Fi satisfy:

F.1. Fi is strictly increasing, continuous, and there is some ri > 0 such
that Fi(x) > x on (0, ri) and Fi(x) < x for x > ri.

Note that Fi(ri) = ri for all i = 1, ..., N . Next, assume:
F.2. ri �= rj for i �= j.
In other words, the unique positive fixed points ri of distinct laws of motion

are all distinct. We choose the indices i = 1, 2, ..., N so that

r1 < r2 < .... < rN

Let Prob (αn = Fi) = pi > 0(1 ≤ i ≤ N).
Consider the Markov process {Xn(x)} with the state space (0,∞). If y ≥ r1,

then Fi(y) ≥ Fi(r1) > r1 for i = 2, ...N , and F1(r1) = r1, so that Xn(x) ≥ r1
for all n ≥ 0 if x ≥ r1. Similarly, if y ≤ rN , then Fi(y) ≤ Fi(rN ) < rN for
i = 1, ..., N − 1 and FN (rN ) = rN , so that Xn(x) ≤ rN for all n ≥ 0 if x ≤ rN .
Hence, if the initial state x is in [r1, rN ], then the process {Xn(x) : n ≥ 0}
remains in [r1, rN ] forever. We shall presently see that for a long run analysis we
can consider [r1, rN ] as the effective state space.

We shall first indicate that on the state space [r1, rN ] the splitting condition
(H) is satisfied. If x ≥ r1, F1(x) ≤ x, F

(2)
1 (x) ≤ F1(x) etc. The limit of this

decreasing sequence F
(n)
1 (x) must be a fixed point of F1, and therefore must be

r1. Similarly, if x ≤ rN , then Fn
N (x) increases to rN . In particular,

lim
n→∞F

(n)
1 (rN ) = r1, lim

n→∞F
(n)
N (r1) = rN .
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Thus, there must be a positive integer n0 such that

F
(n0)
1 (rN ) < F

(n0)
N (r1).

This means that if z0 ε [F (n0)
1 (rN ), F (n0)

N (r1)], then

Pr ob(Xn0(x) ≤ z0 ∀xε[r1, rN ])
≥ Pr ob(αn = F1 for 1 ≤ n ≤ n0) = pn0

1 > 0
Pr ob(Xn0(x) ≥ z0 ∀xε[r1, rn])

≥ Pr ob(αn = FN for 1 ≤ n ≤ n0) = pn0
N > 0

Hence, considering [r1, rN ] as the state space, and using Theorem 3.1, there is
a unique invariant probability π with the stability property holding for all initial
xε[r1, rN ].

Now, fix the initial state xε(0, r1), and define m(x) = min
i=1,...,N

Fi(x).

One can verify that (i)m is continuous; (ii)m is strictly increasing; (iii)m(r1) =
r1 and m(x) > x for xε(0, r1), and m(x) < x for x > r1. Let x ε (0, r1). Clearly
m(n)(x) increases with n, and m(n)(x) ≤ r1. The limit of the sequence m(n)(x)
must be a fixed point ofm and is, therefore, r1. Since Fi(r1) > r1 for i = 2, ..., N ,
there exists some ε > 0 such that Fi(y) > r1(2 ≤ i ≤ N) for all yε[r1 − ε, r1].
Clearly there is some nε such thatmnε(x) ≥ r1 −ε. If τ1 = inf{n ≥ 1 : Xn(x) >
r1} then it follows that for all k ≥ 1

Pr ob(τ1 > nε + k) ≤ pk1 .

Since pk1 goes to zero as k → ∞, it follows that τ1 is finite almost surely. Also,
Xτ1(x) ≤ rN , since for y ≤ r1, (i) Fi(y) < Fi(rN ) for all i and (ii) Fi(rN ) < rN
for i = 1, 2, ..., N − 1 and FN (rN ) = rN . (In a single period it is not possible to
go from a state less than r1 to one larger than rN ). By the strong Markov property,
and our earlier result, Xτ+m(x) converges in distribution to π as m → ∞ for all
xε(0, r1). Similarly, one can check that asn → ∞,Xn(x) converges in distribution
to π for all x > rN .

Note that the result sketched above is derived without the restrictive “ordering”
assumption F.2 in Bhattacharya and Majumdar (2001). The assumption that Γ is
finite can be dispensed with if one has additional structures in the model.

4.5 Random iterations of quadratic maps

4.5.1 Qualitative analysis The quadratic maps Fθ(x) = θx(1−x), xε[0, 1], with
the parameter θ ranging over [0, 4], constitute one of the most important families of
dynamical systems.The apparent simplicity of this family ofmaps belies its richness
and complexity. Few other families have provided as much insight into chaotic
phenomena as it has (see, e.g., Collet and Eckmann, 1980; Davaney, 1989; Day,
1994; May, 1976; de Melo and Van Strien, 1993). This family of maps originally
arose in population biology and, for θ in the chaotic range, these maps may even
model certain forms of turbulence (Ruelle, 1989). In the context of economics,
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this entire family of maps has been shown to arise as optimal programs in dynamic
optimizationmodels (Majumdar andMitra, 2000). Since physical systems are often
stochastically excited (Eckmann andRuelle, 1985), and since uncertainty is inherent
in most economic systems, in many applications a randomly perturbed system is a
more appropriatemodel than a deterministicmapFθ. This provides amotivation for
our review in this section of the process (1.2)withαn = Fεn

(·), where{εn : n ≥ 1}
is an i.i.d. sequence with values in the parameter space [0, 4]. That is, we consider
here

Xn = Fεn ....Fε1X0 (n ≥ 1), (4.32)

withX0 independent of {εn : n ≥ 1} and taking values in [0, 1]. Not unexpectedly,
these randomly perturbed dynamical systems comprise a mathematically rich class
of Markov processes.

In our investigation into the stability in distribution of the processXn in (4.32),
we take the state space to be S = (0, 1). As Fθ(0) = 0 for all θε[0, 4], it follows
that δ{0} is an invariant probability ofXn if the state space is taken to be [0, 1]. Our
main interest here is to seek coinditions for the existence of an invariant probability
π other than δ{0} such thatXn(x) converges in distribution to π for every xε(0, 1).
The end point 1 needs to be excluded also to ensure that Xn(x) does not leave the
state space.

In the first specific study of the process (4.32), Bhattacharya and Rao (1993)
considered a two-point distribution of εn. Let Q denote the distribution of εn, and
let Q({θ1}) = γ, Q({θ2}) = 1 − γ (0 < γ < 1). If 1 < θ1 < θ2 ≤ 2, then,
denoting by pθ = 1 − 1

θ the non-zero fixed point of Fθ(1 < θ ≤ 4), the interval
[pθ1 , pθ2 ] is invariant under both maps Fθ1 , Fθ2 : Fθi(x) ε [pθ1 , pθ2 ] if x ε [pθ1 , pθ2 ].
Now Fθi is monotone increasing on I = [pθ1 , pθ2 ] ⊂ (0, 1

2 ]. Therefore, using the
fact that pθi is an attractive fixed point of Fθi(i = 1, 2) it is simple to check that
the splitting condition (H) holds and Corollary 3.1 applies, when the state space is
restricted to [pθ1 , pθ2 ]. Hence there exists a unique invariant probability π for this
process on I . Also, one can show that if x ε (0, 1)\[pθ1 , pθ2 ], then there exists an
a.s. finite integer nx(·) such thatXn(x) ε [pθ1 , pθ2 ] for all n ≥ nx(·). It follows that
π is the unique invariant probability for Xn on the state space S = (0, 1) and Xn

is stable in distribution on S. This technique of finding θ1 < θ2 such that (1) both
Fθi

(i = 1, 2) are invariant on a subinterval I of (0, 1/2] (so that Fθi
are monotone

increasing on I) or of [ 12 , 1) (so that Fθi
are monotone decreasing on I), and (2)

the splitting condition (H) holds, applies also to those pairs (θ1, θ2) satisfying
2 < θ1 ≤ 3 < θ2 ≤ 1+

√
5, θ1ε[ 8

θ2(4−θ2)
, θ2). These results of Bhattacharya and

Rao (1993) on stability (applying Corollary 3.1) are extended in Bhattacharya and
Majumdar (1999) to include certain pairs (θ1, θ2) satisfying 3 < θ1 < θ2 < 1+

√
5.

In the latter case, Fθi have attractive two-period orbits (i = 1, 2), and each map
leaves an appropriate interval I ⊂ [ 12 , 1) invariant. Here Xn does not satisfy the
splitting condition (H) on I . However, on each of two disjoint subintervals I1,
I2 of I , the skeleton process {X2n : n = 0, 1, ...} satisfies the hypothesis of
Corollary 3.1. Hence X2n has two distinct ergodic invariant probabilities π1, π2,
say,with supports contained in I1, I2, respectively. Thus the processXn on I moves
cyclically between I1 and I2, yielding aunique invariant probabilityπ = 1

2π1+ 1
2π2,
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and stability in distribution holds on the state space S = (0, 1) in the average sense:
1
n

n∑
m=1

p(m)(x, dy) converges weakly to π as n → ∞, for every xεS = (0, 1).

The following theorem extends the above results on stability in distribution to
a much broader class of distributions, using the technique of splitting of Corollary
3.1.

Theorem 4.3 (Bhattacharya and Waymire, 1999). Let Q be a probability measure
on (1, 4), and let θ1, θ2 be the infimum and the supremum, respectively, of the
support of Q, with 1 < θ1 < θ2 < 4. Assume

(a) Fθi
has an attractive periodic orbit of period mi, and let qi be a point

of this orbit (i = 1, 2);
(b) there is an interval I contained either in (0, 1

2 ] or [ 12 , 1) which is left
invariant by maps Fm

θi
for some common multiple m of mi(i = 1, 2);

(c) qiεI , and F km
θi

I → {qi} as k → ∞ (i = 1, 2);
(d) for every xε(0, 1), Pr ob(τi < ∞|X0 = x) = 1 where τi = inf{n ≥

1 : XnmεI}(i = 1, 2).
Then the Markov process Xn has a unique invariant probability, on S = (0, 1),

and it is stable in distribution on the average.

Proof. Consider the skeletonMarkov process {Xkm : k = 0, 1, 2, ...}. By assump-
tions (a), (b), its state space may be restricted to I , on which it is defined by random
iterations of the i.i.d. monotone maps βk := Fεkm

...Fε(k−1)m+1(k = 1, 2, ...). By
assumption (c), the splitting condition (H) of Corollary 3.1 holds for the process
{Xkm : k = 0, 1, 2, ...}, with any x0 lying in the interior of the interval join-
ing q1 and q2. Hence this skeleton process {Xkm : k = 0, 1, ...} has a unique
invariant probability π on I , and it is stable in distribution on I . Finally, assump-
tion (d) ensures that π is the unique invariant probability of the Markov process
{Xn : n = 0, 1, 2, ...} on S = (0, 1) and that it is stable in distribution on the
average (see Remark 3.3).

Using techniques similar to those for Lipschitz maps in Section 3.3 (Theorem
3.2), Carlsson (2002) has recently shown that ifQ has a two-point support {θ1, θ2}
and 1 < θ1 < θ2 ≤ 3, then the Markov process {Xn : n = 0, 1, ...} has a unique
invariant probability on S = (0, 1) and that it is stable in distribution.

Judging by the rather severe restrictions imposed onQ above to ensure the exis-
tenceof a unique invariant probability onS = (0, 1), onemayexpect nonuniqueness
to occur in many instances. So far the only concrete examples of nonuniqueness
are due to Athreya and Dai (2002), who take a Q with support {θ1, θ2} satisfying
1
θ1

+ 1
θ2

= 1, Fθipθi = pθi(i = 1, 2) and Fθ1pθ2 = pθ1 , Fθ2pθ1 = pθ2 , so that
{pθ1 , pθ2} is left invariant by bothmapsFθ1 , Fθ2 . It follows that there is an invariant
probability π with support {pθ1 , pθ2}. It is shown in Athreya and Dai (2002) that
there is at least one more invariant probability on S = (0, 1) for every θ2 in the
range (3, θ0

2] where θ0
2 = 3.67...is the solution of x3(4 − x) = 16.

In a somewhat different, but related, direction Athreya and Dai (2000) proved
that for an invariant probability to exist on S = (0, 1) one must have

E log ε1 > 0. (4.33)
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In other words, if E log ε1 ≤ 0 then Xn converges in distribution (and in proba-
bility) to 0. To prove this use the recursion Xn+1 = εn+1Xn(1 − Xn) to express
logXn+1 as logXn+1 = log εn+1+logXn+log(1−Xn). If there exists an invari-
ant probabilityπ then lettingX0 havedistributionπ, the process{Xn : n = 0, 1, ...}
is stationary. Assume, for simplicity, that E logX0 is finite. Then taking expec-
tations of both sides in the last equation, and using E logXn+1 = E logXn, in
the last equation, one arrives at E log ε1 ≡ E log εn+1 = −E log(1 − Xn) ≡
−E log(1 − X0) > 0, proving (4.33) under the assumption E logX0 is finite. The
proof without this finiteness assumption may be given by a truncation argument.
Athreya and Dai (2000) also show that (4.33) and the condition

E |log(4 − ε1)| < ∞ (4.34)

together are sufficient for the existence of at least one invariant probability on
S = (0, 1). Of course, (4.33) and (4.34) together do not imply the existence of
a unique invariant probability, as demonstrated, e.g., by the counter example dis-
cussed earlier. The following result proviodes a broad criterion for stability when
the distribution Q of εn has a density (component) w.r.t. Lebesgue measure on
(0, 4).

Theorem 4.4 (Bhattacharya and Majumdar, 2002). Assume (4.33), (4.34) hold,
and that Q has a nonzero absolutely continuous component whose density is
bounded away from zero on some nondegenerate open interval in (1, 4). Then the
Markov process {Xn : n = 0, 1, 2, ...} on S = (0, 1) in (4.32) has a unique invari-

ant probability π and 1
N

N∑
n=1

p(n)(x, dy) converges to π in total variation distance

as N → ∞.

The invariant probability π in Theorem 4.4 is absolutely continuous with re-
spect to Lebesgue measure, at least if Q is absolutely continuous. For discrete Q,
however, very little is known about the nature of the invariant distribution, even
under stabilitiy.

For the case of a two-point support of Q, say {θ1, θ2}, 1 < θ1 < θ2 ≤ 2, one
has a unique invariant distribution π with support S(π) contained in [pθ1 , pθ2 ] and
an interesting result due to Bhattacharya and Rao (1993) is the following:

if−1/2+ 1
2 (

√
17) < θ1 < 2 and θ2 = 2,S(π) is a Cantor set (closed, nowhere

dense and does not have any isolated point) of Lebesgue measure zero.
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