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Abstract

This paper gives a construction of sticky flows on the circle. Sticky flows give
examples of stochastic flows of kernels that interpolates between Arratia’s
coalescing flow and the deterministic diffusion flow. They are associated with
systems of sticky independent Brownian particles on the circle, for some fixed
parameter of stickyness.

It is proved that the noise generated by Brownian sticky flows is black.
A new proof of the fact that the noise of Arratia’s coalescing flow is black is
given.

Introduction

The purpose of this note is to give examples of stochastic flows of kernels as
defined in [4], which naturally interpolate between the Arratia’s coalescing
flow associated with systems of coalescing independent Brownian particles on
the circle and the deterministic diffusion flow associated with independent
Brownian particles (actually, the results are given in the slightly more general
framework of symmetric Levy processes for which points are not polar). The
construction is performed using Dirichlet form theory and the extension of
De Finetti’s theorem given in [4]. The sticky flows of kernels are associated
with systems of sticky independent Levy particles on the circle, for some
fixed parameter of stickyness. Some elementary asymptotic properties of the
flow are also given.

In section 2, it is proved that, in the case the one-point motion is sym-
metric stable process of order a €]1,2], the noises generated by the sticky
flows are black. In section 3, the noises generated by Arratia’s coalescing



flows (in the case the one-point motion is symmetric stable process of order

a €]1,2]) are black.

1 Construction of sticky flows.

1.1 Compatible family of Dirichlet forms.

Let (€,)n>1 be a family of Dirichlet forms®, respectively defined on L*(M™, m,,),
where M is a metric space and (my,),>1 is a family of probability measures
on M™. We will denote by D, the domain of the Dirichlet form &,. For all

n > 1, S, denotes the group of permutations of {1,... n}.

Definition 1 We will say that the family of probability measures (m,)n>1 is
consistent and exchangeable if for all n > 1, m,, is the law of (X1,...,X,),
where (X;)i>1 is an exchangeable sequence of M-valued random variables. By
Kolmogorov’s theorem, this holds if and only if

(i) foralln>1,0 €S, and f € L'(m,), [ fodm, = [ fdm,.
(ii) for alln > 1 and f € LY(m,), [(f ® 1)dmpyy = [ fdm,.

Let (Pgn))nzl be the family of Markovian semigroups associated with this
family of Dirichlet forms. We assume that (m,),>1 is consistent and ex-
changeable.

Definition 2 We will say that the family of Dirichlet forms (E,),>1 is con-
(n)

sistent if the family of Markovian semigroups (P;")n>1 is consistent, that is
if the following assertions are satisfied

(i) for all f € L*(m,) and o € Sn, P\ f, = (P f),, where fo(z1, ..., 2,) =
FAC T

(ii) for all f € L%(my), f @1 € L*(mpy1) and PP (F @ 1) = (P f) @ 1.

Then we can define for all n > 1 the conditional expectations m, :
L*(mn41) = L*(my) such that for all f € L*(mny1), ma(f) @ 1 is the or-
thogonal projection in L?(my,41) of f onto {g®@ 1, g € L*(m,)}.

1'We refer the reader not familiar with Dirichlet forms and symmetric Markov processes

to [3]



Proposition 3 The family of Dirichlet forms (E,)n>1 is consistent if and

only if

(i) Foralln > 1, 0 € S, and (f,g9) € D%, we have (f,,9,) € D} and
Enlfo:90) = Enlf,9)

(ii) Foralln > 1, f € Dyyy and g € D,,, we have g1 € Dyyy, mo(f) € Dy,
and

Eni(f9@01) = Eulmal(f),9); (1)
Enri(f) = &umlf) + Eupr(f — ma(f) @ 1). (2)

This proposition is an immediate corollary of the following theorem.

Theorem 4 Let & and € be two Dirichlet forms respectively defined on
L*(Ey, Fi,m1) and on L*(Ey X Ey, Fi @ Fz,m), with domain Dy and D,
where my and m are probability measures on Ey and on Ey X Ey satisfying
J(g @ 1)dm = [ gdmy for all g € L'(my). Let P} and P, be the associated

Markovian semigroups. Then, (1) and (i1) are equivalent, where
(i) For all g € L*(m4), Py(g® 1) = (Pig) @ 1.
(ii) For all g € Dy and f € D, we have n(f) € D1, g®@1 € D and

g(f,g@l) = Sl(’”(f):g>a (3>

E(f) = &ar(f)+ef —=(f)el). (4)
where 7(f) @ 1 is the orthogonal projection of f in L*(m) onto {g ®
17 g € LQ(ml)}

Proof. Suppose first (1).
For all f € L?(m), £(f) is the increasing limit as ¢ — 0+ of
1

= (10 my = P2 U3

and f € D if and only if £(f) < oo. Using this relation and (i), we show that
for all g € L*(my1), E(g @ 1) = &1(g). Thus g € Dy if and only if g® 1 € D.

Let f € L?(m) and u = f — 7(f) ® 1. Then u is orthogonal in L?(m) to
V ={9g®1, g € L*(m1)}. Then for all positive ¢, P;u is orthogonal to V
since

(Ptu,g ® 1>L2(m) = <u, Pt(g ® 1)>L2(m) = <u, (P%g) ® 1>L2(m) = 0.
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This implies that ||Pt/2f||%2(m) = ||Pt/2u||%2(m) + ||P§/27r(f)||%2(ml). Moreover,

£y = 2y + 7)) and we prove £(F) = £(u) 4 &0(x(f)). T
follows that & (7w (f)) < £(f), which implies that 7(f) € D; when f € D.

To prove (ii), it remains to prove (3). This follows from the computation

E(fig@1) = lim l((f,g @ Dr2gmy — (s Pelg @ 1)) 12 (m))

t—0 ¢

— liml(<7r(f),g>L2(m1) —(7(£),Pi9)12(my))

t—0 ¢

= &(n(f),9)-

We now assume (ii) is satisfied. Then (i) is satisfied if for all & > 0
and g € L*(my), Gu(g @ 1) = (GLg) @ 1, where (G, and (7., are respectively
the resolvents of P; and of P!. Let &, and &£! be respectively the forms
E+ al,)repm) and & + o, )r2(m,). Let g € L*(my) and a > 0, then
(io(g @ 1) is the unique element of L*(m) such that for all f € L*(m) we
have &.(f,Ga(9 ® 1)) = (f,9 @ 1)12(m). This implies that

Elf,Galg®@ 1)) = (7(f), 92 (m1)-

Using equation (3) and the definition of G g, we also have

Ea(f,(Gag) ® 1) = E((f), Gag) = (n(f), 9)12(m)-
This proves that G,(¢g ® 1) = (GLg) @ 1 and (i) follows. [

1.2 Consistent families of probability measures and ex-
changeable random partitions.

For generalities on exchangeable random partitions, we refer to Pitman’s St
Flour course [7]. For all n > 1, we let P, denote the set of all partitions
of [n] = {1,...,n}. The number of elements of a partition 7 is denoted
|7|. A random partition II,, of [n] is called exchangeable if its distribution
is invariant under the obvious action of S, on P,. Equivalently, for each
partition {Ay,..., Ax} of [n],

P[Hn = {Ala . aAk}] = p(|A1|, B |Ak|)

for some symmetric function p, called the exchangeable partition probability

function (EPPF) of II,.



A sequence of exchangeable random partitions (Hn)nZI is called consistent
in distribution if for all 1 < m < n, the restriction, denoted by IL,, ,,, of II,
to [m] has the same distribution as Il,,. The associated sequence of EPPF's
are also called consistent. Note that being given a consistent sequence of
EPPFs (p,), it is possible to construct a sequence of exchangeable random
partitions, called an infinite exchangeable random partition o, = (II,,),>1
such that the EPPF of 11, is p, and with II,, , = II,, for all 1 <m < n.

Using Kingman’s representation theorem, given an infinite exchangeable
random partition Il., it is possible to construct a random sequence in [0, 1],
(P)is1, with .o, P <1 and the law of I, given (P;);»>; is the same as if
II., were given by random sampling from a random distribution with ranked
atoms (P;);>1. The random partition Il is called proper when . P; = 1.

For all partition 7 = {A,..., Az} of [n], let E, denote the set of all
x € M" such that for all 1 <! <k and (7,7) € A}, we have z; = z;. Then
E. is isomorphic to M*. Let A, be the probability measure on E, given by
(0r)«(A®F), where X is a probability measure on M and ¢, : M* — E, with
(Y1, --,yr))i = y; for all 7,5 such that ¢ € A;.

Let us be given a proper infinite random partition II,,. Let m, =
Y rep, PrAr, where p, = (pr)rep, is the distribution of II,,, the restriction of
e to [n]. Then (my,),> is consistent and exchangeable.

Kingman’s representation theorem then implies that m, = E[u®"], where
i is a random measure on M. This random measure can be described
with (X;)i>1 a sequence of independent M-valued random variables of law X
and an independent sequence, (FP;);>1, of [0, 1]-valued random variables with
Yo Pi =1, and p is defined by the relation p =) .., Pidx;,.

In this paper we will be interested in the case where (P;)i>1 is distributed
like a Dirichlet process of parameter 1—777 where 7 € [0, 1] is a fixed parameter.

More precisely, the sequence (P;);>1 is distributed as the jumps of a process

(M) , where (I';)s>0 is a standard T-process, i.e., the subordinator

Lo 0<u<1
whose marginal laws are given by gamma distribution of parameter s. In

this case the family (m,),>1 can be constructed by the relation m; = A and
M1 (AT, dTpy1) = mp(dz,) 7, (T, d2,qr) where 7, = (24,...,2,) and

(1 = 7)Mdwpg1) + 730, 6oy (dnygn)
(1 =7)+nr

: (5)

ﬂ-n(fm dxn+1) =



Then the EPPF p satisfies

p(nl,...,nk,l) = (1_17__):_7.“_ p(nla"'ank)a (6)
pna, gk + 1) = (G235 ) P, - ).

1.3 Construction of consistent families of Dirichlet forms
on S'.

We now let M denote the unit circle S' and X denote the Lebesgue measure
on S'. For a fixed parameter 7 € [0, 1[, assume we are given the consistent
family of probability measures (m,,),>1 defined in the previous section. Since
these measures depend on 7, we will denote them m]. We will also denote
the corresponding EPPF p7.

Let P, be the Markovian semigroup of a symmetric Levy process of ex-
ponent ¥ on S, for which points are not polar, i.e., such that

Y (a+y(k) ™ <oo (7)

kEZ

for a > 0. We denote by & the associated Dirichlet form. This Dirichlet form
is defined on L?(\).

For every integer k > 1, £9% denotes the Dirichlet form associated with
k independent Levy processes, i.e., with the Markovian semigroup P*.

For every integer n > 1, we define the Dirichlet form on C1((S!)") C
L*(m7) by the formula

& =) vt (8)
TEPn
where &, = ¢, (E£9%) (with k = |7|). More precisely, for f € C'(E,), &(f) =
EOF(f o en).

The Dirichlet form &7 being defined by the superposition of closable
Dirichlet forms, €7 is closable in L?(m,,) (see proposition 3.1.1 p.214 in [2]).
Moreover, these Dirichlet forms are regular by construction. We denote by
Pgn)’T the associated Markovian semigroup.

Remark 5 Let A7 denote the generator of £ and let A" denote the gen-
erator of PP™. (When Py is the heat semigroup, A" is the Laplacian on



Hy((SY™)). Then for f € C*((SY)™)

Arf =) (AT (fopr) o pl!) A (9)
TEPn
Proposition 6 The family of Dirichlet forms (E7) verifies the following re-
currence property :

Enly) = m ((1 - 1) ©&(g) + TZSn(gi)) , (10)

where g'(z1, ..., x,) denotes g(x1,. .., 2,, z;) and E,® & is the Dirichlet form
defined on C*((SY)™) C L*(m? @ \) associated with the Markovian semigroup
P P,

Proof. We have
|7

E1(9) = D PropenEromry(9) + Y Y 97, Ex(9), (11)

TEPn TeEPy j=1

where 7; is the partition of [n + 1] obtained by adding n + 1 to the jth set
Ajof m = {Ay,..., Ajz}. We conclude using the definition of the EPPF p”
given by (6), the fact that & (,111(9) = & © E(g) and that for all 7 € A;,
&r(9) = &(g')- O

Theorem 7 (i) The family of Dirichlet forms (£]),>1 defined above is con-

sistent.

(i1) The family of Markovian semigroups (P,ﬁ”“)nzl assoctated with this fam-
ily of Dirichlet forms are strong Feller semigroups.

Proof. (i): Fix n > 1. We denote D] the domain of £. Then C'*°((S')") is
dense in D] with respect to the scalar product £] 4 (-, -) 12~ From the def-

inition of (m])n>1, the projection operator 7 given in (5) maps C*((S')"*!)
onto C*°((S)™).

Let g € D], then using (10) it is easy to check that £ (9 ® 1) = & (g),
which impliesg® 1 € D7 .

For all f € C((SY) 1) and g € C((SH)*),

204 (£, g @ 1) = / E9*(f,, )\ (d), (12)
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where fo(z1,...,2%) = f(21,...,2k, ). This holds since
P (fg@1) = hm <<fa9 ® D2 ety — (f, (PP*g) @ 1>L2(A®(k+1))) :
This implies, using (8), that for all f € C*((SY)"*!) and g € C*>((S")"),
SEETNEREY AT

Using this relation and (10), we show that for all f € C°°((S')"*!) and
g € C=((8H)"),

n—}-l(f’g@ ) zgg(ﬂ;(f)’g) (13)
This easily implies that for all f € C°°((S')"*!)
Enp(f) = EX(mi() + €L (f —mi(f) @ 1), (14)
and that
EN(ma(f)) < € (f). (15)

Since we also have ||7r (Flz2imry < N Fllz2(m o) (15) extends to all f € D] _,.
This implies that @] maps D], onto D]. It is now easy to check that (13)
and (14) extend to all fe Dn+1 and ¢ € D]. Applying theorem 3 proves
that the family of Dirichlet forms (€7, n > 1) is consistent.

(ii): We now define an everywhere defined version Isgn)’T of Pgn)’T.

Fix n > 1. Let X be the stationary Markov process associated with
PEnH)’T. The stationary law is m; ;. Let X; and Y; be the processes defined
by

X = XZ for 1 <mn,
Y} XZ for +<n-—1,
Y = )A(ZH'I for t<T,
Y = Xf for t>T,

where T' = inf{s, X? = X™'}. Note that for t > T, X, = Y;. Moreover,
the consistency of the family (Pgn)’T)nzl and the strong Markov property
implies that (X;) and (Y;) are both stationary Markov processes associated
with (™.



In the following, © = (&y,...,2,) and y = (&1,...,&p-1,&n41). For any
bounded function f on (S')" and ¢ > 0, and any bounded function h on
(SY)y*t!, we have using the consistency of the family (Pgn)’T)nzl that

‘/(Sl)nH(PEn)’Tf(;C) — Pgn)’Tf(y))h(:i:) ml ., (d2)

EI(/(X2) = FY)A(Xo)]
2| flloE[Te<r A (Xo)]

< Afle [ IMDledlbns b)) mEg(d), (16

where ¢4(r) is the probability that two independent Levy processes of expo-
nent ¥, respectively started at  and y with r = d(x,y), have not met before
time t. Therefore, since points are not polar for the Levy process, for all
t >0, lim,ge(r) = 0.

Since the estimate (16) holds for all bounded function h, we have

|P£n)’7f(.r) - PE”)’Tf(y)| < 2||f||oo€t(d(£na in-l—l))a n+1(d$) - a.c. (17)

Using this coupling n times, we obtain

IN

P f (@) = PSS 2 ee 3 dlwi ), mi(dedy) — ae.
) <18>

Therefore there exists a continuous function P f such that m](dz)-a.
ﬁ’E“)*Tf = Pin)’ff. It can be obtained by convolution with a sequence of
continuous functions py with support in B(0,1/N) approximating do, noting
that the convolution products are equicontinuous.

Thus, this defines an everywhere defined version of PE“)’T
strong Feller semigroup. U

, which is a

Remark 8 Let f be a Lipschitz function on (S*)?. We denote by Lip(f) the
Lipschitz constant of f. Using the same coupling as in the previous proof, it
can be proved that

Y f(x) =PI F ()] < Lip(f ZE pldzey)lisrs, (19)

where under P®? o) Tt and y; are two independent S'-valued Levy processes
started at x and y, and T is the first time x; and y; meet.



1.4 Sticky flows.

Let us now apply theorem 2.4.1 in [4] to the family of semigroups constructed
in the previous section. This theorem (a generalization of De Finetti’s the-
orem) states that starting from a consistent family of Feller semigroups it
is possible to construct a stochastic flow of kernels (K, s < t) such that
E[KO%”] = Pgn)’T. Thus to the family of Dirichlet forms (£7),>1 is associated
a stochastic flow of kernels which we will call the sticky flow of parameter T
and exponent .

In [4], it is proved that every stochastic flow of kernels K admits a mea-
surable modification K’, i.e., for all s <t and z, K,;(z) = K| ,(z) a.s. and
(z,w) = Ks(x,w) is measurable. Thus, the sticky flows we will consider in
the following will be assumed to be measurable.

Proposition 9 Let (K, s <t) be a sticky flow of parameter T and expo-
nent v. Let y denote an independent random probability measure Y, .o, Pidx,,
where (P;) is a Dirichlet process of parameter == and (X;) is a sequence of

independent random variables of law A and independent of (P;). Then,

(a) For every t € R, AK_p; converges weakly as T — oo towards a prob-
ability measure on S', denoted p;. Moreover, y; has the same law as

(.
(b) The sticky flow induces a Feller process v; on the space M{(S') of prob-

ability measures on S' by the relation v; = voKoy. The stationary
distribution of this Feller process is given by the law of .

(c) Forallz € St and s <t, a.s. Ks4(x) is an atomic measure.

Proof. (a) and (b) : The fact that AK_7; converges weakly follows from
the fact that for every continuous function f, A\K_7.f = [ K_1,f(z)\(dx)
is a martingale in T', which therefore converges a.s.

The Feller property of the semigroup associated with v, can be easily
proved from the Feller properties of the semigroups P,E“)*T using the dense
algebra of polynomial functions on M7 (S?) of the form

g(v) = /g(xl, ooy xy) v(dey) - v(dey,), g€ C((SH"), meN.
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It is clear that the law of p; is a stationary distribution for this Feller
process on M{(S'). Thus it remains to show that the law of y is the unique
stationary distribution.

Note that for all n > 1, E[(1)®"] = 15" P,En)"r. Since PE“)’T is irreducible,
E[(v)®"] converges towards m] = E[p®"]. This implies that if v is a random
probability measure on S whose law is a stationary distribution, then for all
n > 1 we have E[v®"] = E[u®"]. This implies, since M7 (S?) is compact, that
v and p have the same law.

(c) Note that the set of atomic measures is a Borel set in M7 (S?). Since
i is atomic and stationary, pKy; is atomic and distributed like p. Since
pKos = [ Kot(z)u(dz), we have p(dz)-a.e. Kou(z) is atomic a.s. Thus,
since Ko and p are independent, A ® P-a.s. Ko,(z) is atomic. Using the
rotation invariance, it implies that for every z, we have that a.s., Ko(z) is
atomic. [

2 The noise of a sticky flow is black.

Let us first recall Tsirelson’s definition of a noise (see [8, 9]) : A noise consists
of a probability space (€2, F,P), a family (F;)s<: of sub-o-fields (also called
a factorization) of F and a L2-continuous one-parameter group (7} )ner of
transformations of { preserving P such that

(i) for all s <t <, Fyu = o(Fos U Fro).
(if) for all fo < -+ < tn, (Fi_, 4, )1<icn is a family of independent o-fields.
(iii) for all s <t and h € R, Th(Fs) = Fosntth-

In [4], a noise N = (Q,F,(Fs:),P, (1)) is associated to the law of a

stochastic flow of kernels on a locally compact separable metric space M,
with Q@ = [[,., E (E is the space of kernels on M), F = ®@,.B(F) (B(E) is
the Borel o-field on E), KJ,(w) = w(s,t), P the law of the stochastic flow of
kernels, Fy; the o-field o(K ,, s <u < v < t) completed by all P-negligible
sets of F and T}, defined by Ty (w)(s,t) = w(s + h,t+ h). This noise is called
the noise of the stochastic flow of kernels K°. In the following, K denotes a
measurable modification of K°.

A process X = (X,¢)s<: is called a centered linear representation of a
noise N = (O, F,(Fs.), P, (Th)) if for all s <, X, € Li(Fs,) (L3 is the set
of all L*-functions with mean 0) and for all s <¢ < u, a.s. X5, = Xss+ Xin-
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Such a process is also called a decomposable process. We denote by H%in the
space of centered linear representations of N. The linear part of N, denoted

Nlin — (Q,F, (fhtn),P,(Th)), is a subnoise of N (i.e., ]_—17itn C F:) where

f}}tn =0(Xy,, X E H%m, s <u<wv<t). A noise is called black if Nlhin g
a trivial noise, or equivalently if H(I)m ={0}.

A sticky flow of parameter 7 and exponent ¢ with ¥ (k) = o?|k|* is called
a stable sticky flow of parameter 7 and index . When o = 2 it is called a
Brownian sticky flow of parameter .

Note that condition (7) implies that o €]1,2]. The one-point motion X}
of a stable sticky flow of index « can be described with a stable process x;
of index « by the relation X! = x; [27]. We denote by P, the law of a stable
process starting from x. We recall the scaling property : If X; is a stable
process of law P, then the law of (A\™'/%zy,, t > 0) is Py—i/a,. Note also
that for all p < a, we have Eo[|z¢|?] = t*/*Eo[|z:1]] < oc.

The purpose of this section is to prove

Theorem 10 The noise of a stable sticky flow is black.
Remark 11 We conjecture the noise of any sticky flow is black.

A noise N is called continuous (see [9]) (or the factorization (F;:) is
called continuous) if for all s < ¢, Ues0Fsqet—e generates Fy; and US2 F_,
generates JF.

Note that a noise N is continuous as soon as L*(2,F,P) is separable
(see remark 3e3 in [9] and lemma 2.1 in [8]). Indeed, the continuity of N
follows from the continuity of the filtrations (F_oo)ier and (Fs oo )ser. Due
to the separability, the sets of discontnuities of these filtrations are at most
countable and are invariant under the action of the shift operators (7% )ner.
Thus these sets are empty and the filtrations are continuous. This implies
that the noise of a stochastic flow of kernels is continuous (the separability
condition is satisfied).

From now on, N, , denotes the noise of a stable sticky flow of parameter
7 and index a.

Let Hi = {Z € LA, F,P) : ((Zos = E[Z|Fud]))sze € HIP} be the first
chaos of N. Let Hi(s,t) = {Zs; : 7 € H(I)m} = H, N L*(Q, F,4,P). For
every Z € L3(Q), H,;(Z) denotes the orthogonal projection of Z on H,(s,1).

12



We set H = Hy;. Since N, , 1s continuous,

on

H(Z) = lim 3 E[Z|Fmrypmn par] (20)
k=1

(see theorem 6.a.4 in [9]). Note that N,, is black if H(Z) = 0 for all
7 € L%(P), or equivalently for all Z € L2(Fo1).

In the following Pﬁd) denotes the Feller semigroup associated with the
d-point motion of a sticky flow of parameter 7 and exponent .

Proposition 12 Let f be a Lipschitz function on (S') and h be a nonneg-
ative continuous function on S!, then

H <<[(§);[f’ h>L2(m2) — <Pgd)f, h>L2(m5)) = 0. (21)

Proof in the Brownian case.
Set Z = (K& f.h)r2mzy — (PY” £, h)12(mz). The result holds if

on

> E[Z] Fketyamn pa-n]

k=1

converges towards 0 in L*(P) as n — oo. Since the terms in the sum are
independent, this holds if

Tim Y E [(E1Z1Fprypmr ia=r))’] = 0. (22)
k=1

Forall 0 <s <t <1,
ENKSLE, R 12y | Foa] = (POREPD, FhY 12m.

Set us(dz) = fxoe(sl)d h(20)PY (2o, dz)m7(dzo), g = PV, f and e = t — s.
Then ‘
E[(E[Z|F.a])’] = 15 (PC (g @ 9:) = PL%*(g: @ 1))
(2d)

where P;”" is the semigroup of the 2d-point motion of the sticky flow and
Pgd)@ is the semigroup of two independent d-point motions. The measure p;

is absolutely continuous with respect to m} and we have ;:;’ <Aoo < o0
d

(indeed, for f >0, pio f = (P £, ) 2 (r) = (f, POR) 2y < [[B]lcomnl f).
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Lemma 13 There exists a contant C' such that for all t € [0, 1] we have that
Lip(g:) < CLip(f).

Proof. For t > 0, z and y in S!,

E?ﬁy) [d(Xta E)ltSTA] < EHd(.I, y) + Bt|1tST]a

where B is a Brownian motion starting from 0 with E[B?] = 2¢*¢ and T is
the first time d(z,y) + By = 0. Since M; = d(z,y) + B; is a martingale, we
have

Elld(z,y) + Billicr] = E[Min] = d(x,y).
We conclude using remark 8. [

(”))

It is easy to check, using the consistency relations of the family (P;
that for all (z,y) € (S)? x (S')?
(PEY(g: ® ge) = P (g0 @ g1)) ()

= SEDREM)(g(X) — (V)] (23)

where under Pgd;) (resp. under PEi)ff) (X;,Y;) is the 2d-point motion started
at (z,y) (resp. X; and Y; are independent d-point motions respectively
started at = and y).

Lemma 14 There exists Cy = C1(d, ) a positive constant such that for all
Lipschitz function g on (SY)%, t >0, z and y in (S*)%, we have

(E(25 = ECO(9(X) = g(Y0))*] < Ch(Lip(g))* x t. (24)

(z,y) (zy

Proof. We have

(El)52 — Eéx ;)>[<g<xt> — g(¥)))?]
= (EQDS = EED)((9(Xe) — g(2)) + (9(y) — 9(¥i)))]
+ <E<d P EL)(g(2) — ()]

(=,
+ 2(El >®f — EC)(g(x) = () ((9(X0) = g(2)) + (9(y) — g(¥))].
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It is easy to see that the second and the third terms vanish. Thus

(EQS — €20 [(9(X0) — g(V0))7]
< Z%[((g( ) g9(2)) + (9(y) — 9(¥)))’]
< 2B [(9(X0) — g(x))* + (9(y) — (V)] (25)
< < ip(g))*E ??ﬁ[ (X 2)? +d(V:,y)?] . (26)
< 2(Lip(g))? x (2do%t). (27)

This proves the lemma. [

Set T = inf{t, {X:}n{Y:} # 0} = inf1<;,j<q T, ;, where T; ; = inf{t, X] =
v}

Lemma 15 There exists a constant Cy = C3(d) such that for all positive ¢,

WoalT < ] < Cav/E. (28)

Proof. We have PE )82 &2 [T <el < Xicijed 52?)?@2 [T5,; < ¢]. Let us remark
that for all 7, 5

(d) 1 : ,
P( 'r)®2 [Tz] < 5] 271’ /O<I<y<27r Py_x[T S ZE]dZEdy,

with 7' = inf{t, B, € {0,27}} and where, under P,, B, is a Brownian motion

starting at z (we use the fact that the laW of (Y;/2 XZ/Z, t < 2T) under

Pgi)y) is the same as the law of (B, t < T') under P,). Since P,[T < 2¢] <

P.[To < 2e] 4+ Por_,[To < 2¢], where Ty = inf{t, B; = 0}, we have

P IT . < ¢] <

(ma)®

SN

/ Pz[TO < 26] dz.
0

Using the reflection principle, we get P,[Ty < 2e] < 2Po[Bs. > z]. Thus

4 27
P IT < o] < —/ Po[Ba. > z] dz
™ Jo

(mg)®?

4
< ;\/%Eo[lfhl].

This proves the lemma. [
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Lemma 16 There exists a constant Cs = C3(d, Lip(f),||h]s) such that for
all<s<t<lande=t-—s,

pu? (PP (g: ® gi) = PLY*%(g: @ g1)) < Ca x %2 (29)

Proof. Using first the fact that ((Xs,Y;), s < T') has the same law under

Pgidg{ and under PE?®)2, then the strong Markov property at time 7' and

finally lemma 14, we have for all Lipschitz function ¢

(ED22 — ECD[(g(X.) — g(Y2))]
= (B2 — ELY ) lre(g(X.) — g(¥2))?]

z,y) (z,y
d)R? d 2d
B | Lrea(E{R55, ) — EL o (9(Xeor) — g(Yerr))?]

< (Oi(Lip(9))?) x & x PELYIT <)

Using the fact that for all ¢ € [0, 1], Lip(¢:) < CLip(f) and equation (23),
we get

1E2 (PP (g, @ g,) — PD%(g, @ g1))
< (CUCLID(P) % e x [ udn,dyPUTIT < o

(z,y)

< (C{(CLip(f)?[[k]2) x & x POSL[T < . O
Lemma 16 and lemma 15 implies that
E[(E[Z|F(ro1y2-np2—n])’] < C3 x 27772,
Thus

271.
) " E[(E[Z|Fporyz=npa—r])?] < Cs x 272, (30)
k=1

which converges towards 0 as n — oo. Therefore H(Z) = 0. This proves
proposition 12. [

Proof in the case 1 < o < 2.

The proof is essentially the same. We replace lemma 13 by
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Lemma 17 Let f be a Lipschitz function f. Then there exvists a constant
C = C(Lip(f),d) such that for all t € [0,1], we have

(i) Pgd)f is Holder of exponent a — 1, and
(ii) for all x and y in (S')?,

P f(y) — PPg(y)| < C x d(z,y).

Before proving this lemma we recall this result
Lemma 18 There exists ¢ > 0 such that ast — oo,
PO[TI > S] ~ CS_H_I/CY; (31)

where Py is the law of a stable process x; of index o starting from 0 and T}
is the first time it hits 1.

Proof. For ¢ > 0,
/ qe™ 1 Po[Ty > s]ds =1 — Ey[e™7™].
0

Corollary 18 and Theorem 19 in the section II.5 in [1] imply

0 1 _ 0 -1
([ ) ([ %)
0 q+t 0o gttt

m - cos(if)diL _ / - Cos(t)dt <o
=0 fy  q+1° ; o

/°° dt =q_1+1/0‘/00 dt .
o g+t o 1+t~

Thus there exists a constant ¢ > 0 such that as ¢ — 0+, 1 — F;[e” 7] ~
cq' =2, We conclude using the Tauberian theorem. [
Proof of lemma 17. We still use remark 8. Note that

We have

and

E((%U%y) [d(xs, y1) Li<tn] < Bagoy) [zl i<,

17



where z; is a stable process of index a (with ¥(k) = exp(—2c|k|*)) and T
(respectively, T}) is the first time it hits 0 (respectively, r). Set r = d(z,y)
and s = r=*t. We have

Eflzelli<r] = (Erflzel] = Bollzel]) + (Bollzel] = Erfl2|lizzp])- (32

Note that
|Ex[[2e] = Eo[|2:[]] = |Eollr + 2| — [z]]| < 7.

We have Eo[|z|] = t'/%Eq[|z1]]. Using the strong Markov property at T and
the scaling property we have

E-llzlsn] = Erllisn(t —To)/?] x Eof|z]]
= Eo[lisr, (t = T,)"*] x Eq[|1]].

Thus,
Eollzel] — E[lzellismy) = #1/(1 = Eo[list, (1 = T0./1)/]) x Eo[|za]].  (33)
Since under Py, T, is distributed like 17}, we have
Eollio, (1 = T./t)"/°] = Eo[lszr, (1 = T1/s)'/?].
We then have

1 — Eo[lisr, (1 = T,/t)"?] 1 — Eqo[lism, (1 = Ti/s)"°]

= PO[TI > 3] + E0[132T1(1 - (1 - Tl/S)l/a)]'

We remark that

1
EO[lsZTl(l - (1= Tl/s)l/a)] = a/ Polvs < Ty < s](1 — ,U)—1+1/adv
0
1
< a/ Polvs < Th](1 — v)_l"'l/"‘dv_
0

Since as s — 00, Po[T} > s| ~ cs_l"'l/"‘, there exists a constant ¢’ such that
Po[Ty > s] < s s> 0.

Thus

1
Eollest, (1 — (1 =Ty/s)"™)] < ozc’s_lH/a/ p Y] — )T gy
0

CS—1+1/04

18



where (' is a finite constant. Finally the second term in (32) is dominated
by (¢ 4 C)Eg[|z1[Jt/@s™ 1+, Since s = r~2¢, ¢t < 1 and a < 2,

e ra—1t2—7‘1 < ro=1

This proves the lemma (for r < 1, r < r*~1). [

We replace lemma 14 by

Lemma 19 There exists Cy = C1(d, ) a positive constant such that for all
Holder function g of order o — 1 on (SY), ¢t > 0, z and y in (S')?, we have

(ED%2 — EP)[(g(X0) — g(Y0)2) < Cu(Hillg))? x 255, (34)

where Héllg) = sup,.,, l9(y) — g(x)l/d(z,y)*~".
Proof. We follow the proof of lemma 14 up to (25) and we dominate the
term (25) by

2d( X, 2) 7 4 d( Xy, y)2e )],

Y

2(Hél(g))*E|

d
(z

We have for p € S!

E (X, 2)* Y] < T VED[A(X, p) Y]

d2(a—1) E0[|$t|2(a_1)] )

VAN VAN

Note that since 2(a — 1) < a,
E0[|$t|2(a_1)] — t2(a_1)/an[|fC1|2(a_l)] < 00.

This proves the lemma. [

We replace lemma 15 by
Lemma 20 There exists a constant Cy = C3(d) such that for all positive ¢,
PE%@)@ [T < e] < Coe'/e. (35)
Proof. We have

Ployes[T < €] < e, [T < ]
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where Ta is the first time z; = y;. We also have for  and y in S' and
r=|z—y| € [0, 7] (below, under Py, x¢ is a stable process of index « starting
at 0)

P?ﬁy)[TA <e|l = Po[Ft<e, z,=r[27]
< PO[S‘E 2 7’]7

where S. = sup,, |z;|. The scaling property implies that
PolS. > 7] = Po[S) > e71/r].

Thus for some constant C',

PEQ%Q[T <e < c/ PolS1 > e~ Yor]dr
0
—1/a

< Celle / Po[Sy > r]dr.
0

Since there exists a constant k& > 0 such that Po[S; > r] ~ kr™ as r — oo
(see proposition VIII.4 in [1]), fooo Po[S1 > r]dr is finite. This proves the
lemma. [

We replace lemma 16 by

Lemma 21 There exists a constant C3 = C3(d, Lip(f),||h]|e) such that for
all<s<t<lande=1t—s,

Ms®2 (Pgd)(gt @ gt) — Pﬁdm(gt ® gt)) < (O3 X g2, (36)

Proof. This is the same proof but now we use lemmas 19 and 20 instead
oflemmas 14 and 15. [

We end the proof of proposition 12 by replacing the upperestimate (30)
by C527" by an upperestimate by C52~"(1=1/2) which also converges towards
0. O

Proof of the theorem.
We are going to show that H(Z) = 0 for Z € L3(Fo1). Let V denote the

vector space spanned by constants and functions of the form
7 = H K2 b o, (37)
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foralln > 1,d > 1, (f;); a family of Lipschitz functions on (S*)?, (k;) a family
of nonnegative continuous functions on (Sl)d and 0 =to <t <---<t,=1.
Let Vo be the set of functions in V' such that E[Z] = 0. Then V is dense in
L*(Fo.1) and Vp is dense in LZ(Foy). Thus to prove that H(Z) = 0 for all
7 € Li(Foq), it is enough to prove H(Z) = 0 for all Z € Vi. Let Z be in the

form (37), then for all 7, there exists a constant ¢; such that
E[Z|]:t¢—1¢z‘] = cZ< {Sdl tif h' >L2 7

Thus, if we take Z such that for all i, E(K? , f, h*) 2 (mm] = 0, E[Z] = 0

(Vo is spanned by functions in this form) and

H(Z) = ZHti—l,ti(Z
=1

= Z c’thi—lﬂfi (<I{§ill ,t,‘fiv hi>L2 (mg))

=1

Proposition 12 shows that H(Z) = 0. This proves the theorem. [

3 Arratia’s coalescing flows.

Let P; be the Feller semigroup of a Levy process on S! for which points are
not polar. Using theorem 4.3.1. in [4], starting from the consistent family of
Feller semigroups (P$"), we construct a consistent family of Feller semigroups
(P2™%), such that for every x € (S')”, if X" denotes the associated n-
point motion starting from x and 7; ; = inf{t, XZ-(n)’C(t) = X](-n)’c(t)}, then for
t> Ty X)) = XU0() and (X7, ¢ < inficijen Ty} is distributed
like n independent Levy processes respectively starting from z,...,z, and
stopped at the first time two of them hit.

To this family of Feller semigroups is associated a coalescing flow. We
call it a Arratia’s coalescing flow of exponent v». When (k) = o*|k|* with
a €]1,2], we call it a Arratia’s coalescing flow of indez o.

Theorem 22 The noise generated by a Arratia’s coalescing flow of index «
is black.

Remark 23 In the case the one-point motion is a Brownian motion, this
result was proved by Tsirelson (cf [9]). The proof we give here is based on
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a criterium he gave to prove that a noise is black (zero quadratic variation),
but involves different techniques.

Proof. We follow the proof of theorem 10. For d > 1, set my = mé. We let
@ be an Arratia’s coalescing flow of index a.

Like in the proof of theorem 10, we only need to prove that if f is a
Lipschitz function on (S!)¢ and A is a nonnegative continuous function on

S, H(Z) = 0, where
/= <f o] (,9897‘%, h>L2(md) - <Pgd)’cf, h>L2(md)-

In the following, in order to simplify the notation, we denote P?d’c by
Pﬁd). Forall 0 <s <t <1,

E[(f 0 @3S h)i2gna|Fadl = (PYOKIPIL f, B sagng).
where K () denotes d,, ().
Set ps(dz) = fxoe(sl)d h(z0)PY (2o, dx)ma(dzo), g = P\, f and e =t — 5.
Then
E [(E[Z|Fa)?] = 1 (PED(g: @ g1) = PO (g0 @ g1)) -
Lemma 24 There exists a positive constant D1 = D1(d) such that for all

T € Py, )\WP@ s absolutely continuous with respect to my, with

P
T <D,
dmd - !
Proof. For m € Py, let j, : (SY)? — E, defined by (j.(z1,...,24))r =
(y1,...,yx) with y; = z;, where j is the smaller element of the set of «

containing 1.

The coalescing d point Levy process Xt(d) can be constructed starting
with d independent Levy processes X! by applying progressively in time the
following rule : when two paths meet at time ¢, the path of higher index is
replaced after time ¢ by the path of lower index. Then for each time ¢, there
exists a random partition m;, € Py such that Xt(d) = i (X}, ., X3).

Thus, for all positive function f,

POf(e) = E2L |, [foin(XL. . XD

T geeny rq
< D ER Llfoin(XE . X))
7r€73d
< Z P?d(foj,r)(:c).
7r€Pd
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This implies that for all © € Py,

NPIF <Y D NSRS 0 i) ().

WEPd
< Y Mlfod) = D ASf
T€Py TEPy

Note also that for 7 € Py, )\WPEd)f = )\®|”|P£|ﬂ|)f 0 ¢, (pr was defined in
section 1.2). The lemma easily follows. [

This lemma implies the existence of a constant D such that the measure
s is absolutely continuous with respect to my with ijZ < D||h]| -
Then, we just follow the proof of theorem 10. [
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gap in a preliminary version of this work.
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